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Preface 


This book is the first of its kind to present several numerical methods 
for obtaining the steady state solutions of multicomponent distillation 
problems. In the last decade the availability of high speed computers has 
changed the approach to solving problems of this type. Instead of seeking 
exact analytical solutions for models that roughly approximate the actual 
system, researchers have put a vast amount of effort into the development 
of iterative procedures in which progressively better initial values of the 
independent variables are selected for each successive trial. That part of 
the iterative procedure concerned with the selection of successively im¬ 
proved sets of independent variables is called the “convergence method." 

Major emphasis is placed on the convergence method and on the e(|ua- 
tions that describe the operation of various units rather than on general 
ideas and philosophies, such as the selection of the particular type of di.s- 
tillation unit to be employed for a given separation. The formulation and 
testing of convergence methods offer the reseaniher moments of both exalta¬ 
tion and despair. To the statement of a convergence method “on paper," 
the normal reaction of the casual observer is “How can it fail?" Many times 
the first application will give a beautiful demonstration of the answer to 
this question. 

The proposed calculational procedures and the convergence method an: 
based on the solution of a wide variety of problems. The “fl-method" of 
convergence is used exclusively in Chapters 7 through 15 because no other 
single method has been extended to include all of these applications 

Other convergence methods, as well as the fundamental concepts of 
multicomponent distillation, are presented in the first five chapters. In 
each of the subsequent twelve chapters, a special application is pre.sented, 
such as complex column, total reflux, minimum reflux, systems of columns 
with recycle, and the use and determination of plate efficiencies. All of 
these applications are treated by the same general method, a combination 
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of the Thiele and Geddes calculational procedure and the ^-method of 
convergence. 

The last two Chapters, 16 and 17, are concerned with the correlation of 
the physical properties of multicomponent mixtures. The thermodynamic 
principles involved are given in Chapter 16, and the applications of the 
principles are presented in Chapter 17. , 

The use of a single approach for the treatment of this wide variety of 
units and operating conditions represents a unification greatly needed in 
this field. Certain other contributions to the theory of distillation are 
presented. 

When this book is used as a text, the author recommends that the first 
seven chapters be covered in the order given. Except where two chapters 
deal with the same subject, the remaining chapters are independent of one 
another and may l)e covered in any order desired without loss of continuity. 

The author is deeply indebted to the many co-workers who participated 
in the development of the calculational procedures presented here. The 
tenacity and determination demonstrated by graduate students throughout 
the development of the various extensions of the ^-method of convergence 
is appreciated. The encouragement, suggestions, and assistance given by 
Mr. W. M. Harp, Dr. K. K. McMillin, Mr. G. W. Wilson, Mr. W. N. 
Lyster, and Mr. H. L. Bauni (all of the Humble Oil and Refining Company ) 
promoted the rapid development of the 0-method. Also, the contributions 
of Mr. R. H. .Johnston, Dr. Ralph Cecchetti, Mr. J. T. Kurzeja, and Mr. 
Joe Niedzwicki (all of the Esso Research and Engineering Company) 
made possible the successful extension of the 0-method of (convergence to 
the wide \’ariety of units. The valuable advice, encouragement, and as¬ 
sistance given by Dr. J. D. Lindsay made these investigations possible. 
The projects upon which this book is based received financial support from 
the Humble Oil and Refining Company, the Esso Research and Engin('ering 
Company, and tht* National Science Foundation. The author is grateful 
for the a.s.sistan(*e given by Mr. R. L, Smith and other members of the Data 
Processing Center of the A. and M. College of Texas. Helpful suggestions 
made by othfT members of the faculty are appreciated—in particular those 
offerc^d by Professors R. R. Davison, L. D. Durbin, P. T. Eubank, J. K. 
Gladden, E. C. Klipple, and B. C. Moore. Finally, the author wishes to 
express his appreciation to Hydrocarbon Processing & Petroleum Refiner 
(formerly published as Petroleum Refiner) for publi.shing many of the articles 
upon which this book i.s based. 


C.D.H. 
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Fundamental Concepts Involved in 
Multicomponent Distillation 

Calculations 



The advent of high speed computers has caused a re-examination of 
the rigorous methods for making multicomponent distillation calculations. 
Instead of approximate solutions based on a variety of simplifying assump¬ 
tions, solutions well within the accuracy of the data may be obtained by 
use of computers. Some of the procedures presently in use for effecling 
these solutions are presented in this book. These procedures each consists 
of a prescribed way for making successive approximations until a set of 
values is found for the variables that satisfy simultaneously all of the 
equations describing the system. 

Common to all of these procedures are certain fundamentals. Each of 
the procedures presented is concerned with finding the steady state solu¬ 
tion. For this case the law of conservation of mass gives 

Input — Output = 0 (1-1) 

This law is the basis for the material balances used to describe the various 
distillation systems. Also used in the description of multicomponent 
systems is the first law of thermodynamics, 


£^H -b AK.E. + AP.E. = Q - W, (1-2) 

Usually the kinetic and potential energy changes as well as the shaft-work 
may be neglected to give 


AH - Q (1-3) 

This equation is the basis for the enthalpy balances used to describe dis¬ 
tillation systems. In addition to the law of conservation of mass and the 
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first law of thermodynamics, the condition of physical equilibrium is 
involved in the description of distillation systems. Henry’s law 

yi = /Cia:, (1-4) 

may be used to express the condition of equilibrium for component i. 
Although if is a function of pressure, temperature, and (c — 1) composi¬ 
tions, the effect of composition is neglected in the statement of most of the 
calculational procedures. 

Use of the fundamental concepts represented by Equations (1-1), 
(1-2), and (1-4) permits the complete description of a system in which a 
multicomponent distillation is being performed. Unfortunately, the non¬ 
linear form of the resulting equations appears to eliminate the possibility 
of obtaining a general analytical solution. When certain simplifying assump¬ 
tions are made, analytical solutions may be obtained as shown by several 
investigators (1, 2, 5). 


TRIAL AKD ERROR PROCEDURES 

• Since the equations which describe distillation systems can not be 
solved explicitly for the unknowns, numerous trial and error procedures 
have been developed. The procedures have as their objective the selection 
of a set of values for all of the unknowns that satisfy all of the equations 
simultaneously. Seldom is the correct set selected for the first trial. After 
a set of values has been picked and the first trial has been completed and 
the results have been examined, a better set can generally be selected for 
making the second trial. In carrying out such a series of calculations 
manually, the value of each variable for each trial may be selected by a 
completely unrelated and different type of logic from that employed in 
any previous trial. Furthermore, the logic to be employed need not be 
stated in advance and may be changed throughout the course of the solu¬ 
tion of the problem. However, in order to perform calculations on a digital 
computer in an efficient manner, all of the logic to be employed in the 
solution of a problem must be stated in advance. In general, this rules out 
the origination of logic during the course of the solution of a problem. 
Descriptions of some well-known procedures for solving trial and error 
problems follow. 


1. Direct-iteration 

In the literature, this procedure is commonly referred to by the name 
of “iteration.” However, since the “number of iterations” and the “number 
of trials” are frequently used synonymously, the term “direct-iteration” 
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was selected in order to identify the following procedure for making trial 
calculations. Anyone who has solved a trial and error problem has no doubt 
employed direct-iteration because it appears to be the natural procedure. 
However, it does not always converge to the solution. This defect may 
have gone unnoticed by many who have employed this procedure because, 
whe^ it gave what appeared to be a poor set of values for the variables for 



Figure 1-1. When the slope of the function is less than unity, 
the method of direct-iteration converges to the desired solution. 


the next trial, it was abandoned and a better set of values was selected by 
use of some other logic. The properties of the method of direct-iteration 
are best illustrated by numerical examples. First; suppose it be desired to 
find the value of x which satisfies the following equation 

X — — 2 = 0 (1”5) 

Although the answer, x = 4, is readily obtained by inspection, it is in¬ 
formative to solve this problem by the method of direct-iteration. Equa¬ 
tion (1-5) may be rearranged to the following form. 

x«+i = "f 2 


( 1 - 6 ) 
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The subscript “n" denotes the number of the trial. For the nth trial the 
assumed value for » (the independent variable) is denoted by Xn and the 
calculated value of x (the dependent variable) by Xn+v Thus the problem 
is to find that assumed value of x such that the value of x calculated by 
Equation (1-6) is equal to it. In the method of direct-iteration the first 
assumed value for x is selected arbitrarily. Corresponding to the assumed 
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Figure 1-2. When the elope of the function is greater than unity, 
the method of direct-iteration fails to give the solution. 

value for x, the calculated value is obtained by Equation (1-6). In the 
second trial the assumed value of x is taken equal to the value calculated 
by the first trial. Continuation of the procedure leads to the correct value 
of X for .some problems. The results obtained by starting with an assumed 
value of X equal to unity are shown in Figure 1-1. Observe that the slope 
of the line x„+i versus x„ is less than unity and that the procedure of direct- 
iteration does converge to the solution x = 4. 

The fact that convergence was obtained when the x in Equation (1-5) 
with the coefficient of unity was taken as the dependent variable can not 
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be taken to mean that convergence will be obtained when the other x 
appecying in Equation (1-5) is selected as the dependent variable. That 
is, suppose Ek)uation (1-5) to be rearranged to the following form. 

x«+i = 2xn - 4 (1-7) 

Asehown in Figure 1-2, when the procedure of direct-iteration is initiated 
by use of any assumed value of x less than 4, the calculated values of x are 
progressively further away from the desired solution. Similarly, when 
calculations are initiated by use of a value of x greater than 4, the calculated 
values of X are again progressively further away from the solution, x = 4. 
Direct-iteration fails to give the desired solution because the slope of the 
function is greater than unity at and in the neighborhood of the desired 
solution. 

When the slope is a function of the assumed value of x, the procedure 
of direct-iteration may or may not lead to a solution depending upon the 
initial choice for the assumed value of x. This fact is illustrated by the 
following example Suppose it be de.sircd to find the root.s of the following 
equation, 

- 4x - 4 = 0 (1-8) 

By use of the familiar quadratic formula, the roots, x = (2 -f 2\7) and 
X = (2 — 2V2), are readily found. If the x with the coefficient of ( — 4) is 
taken to be the dependent variable. Equation (1-8) may be written as 
follows: 

= \xl - 1 ( 1 -^) 

For any initial value of x less than (2 -f- 2 n/ 2) , the method of direct-itern.- 
tion converges to the root x = (2 — 2%^), as shown in Figure J-3. For an> 
initial value of x greater than (2 -f- 2\^), direct-iteration fails to give the 
other root. In the remainder of the argument, the right-hand .side of an 
equation .such as Equation (1-9) is represented by the functional notation 
/(x). Then Equation (1-9) can be stated as 

X = fix) (1-10) 


where it is understood that 


fix) = ix® - 1 


An examination of the results obtained for all of the functions considered 
shows that a sufficient condition for the method of direct-iteration to 
converge to the solution is that 


df(x) 


< 1 


dx 


( 1 - 11 ) 
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at and in the neighborhood of the desired soiution. This is not a necessaiy 
condition because there is the chance that the correct value of » will be 
selected as the assumed value of x for the first trial. Also, convergence ma^ 
be obtained in some instances where the initial value selected for x is such 
that the absolute value of the slope of the function is equal to or greater 



Figure 1-3. When the slope of a function depends upon the as* 
Burned value of x, the success or failure of the method of direct- 
iteration also depends upon the initial value assumed for x. 


than unity, such as in the initial choice of x = 4 as shown in Figure 1-3. 
For a system of three independent equations containing the three variables 
X, y, and z and of the forms 


X = f\{x, y, z) 

y = y.«) 

* “ hix, y, z) 


( 1 - 12 ) 
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a sufficient condition for the method of direct-iteration to converge is that 

< 1 




djt 

-f- 

d/3 

■f 

— 

dx 


Bx 


Bx 

dh 

+ 

Bfi 

+ 

Bfi 

— 

dy 




dy 

dh. 

+ 


+ 

Bfi 

— 

dz 


Bz 


dz 


< 1 


(1-13) 


at and in the neighborhood of the desired solution. This criterion for con¬ 
vergence of the method of direct-iteration has been stated by Nielsen (3). 
He also points out that unless the sum of these derivatives is in each case 
substantially less than 1, convergence is very slow. 

The method of direct-iteration, as such, is seldom used because for many 
problems it converges too slowly. After a calculated value has been ob¬ 
tained, a better value than this one for the next assumed value of the 
variable may be selected by any one of several schemes referred to as con¬ 
vergence methods. However, the complete calculational procedure which 
includes the convergence method may be regarded as direct-iteration. The 
criterion for convergence may be applied to the complete calculational 
procedure. 

Unfortunately, for many problems, applying the criterion for conver¬ 
gence is almost as difficult as solving the problem analytically. The usual 
approach is to check a proposed convergence method by the solution of a 
wide variety of numerical examples. Although direct-iteration is seldom 
used throughout a complete problem, it is usually involved in many steps 
of a complex problem. Hence, the importance of the selection of the best 
set of dependent variables is not to be minimized. 

The properties of direct-iteration that have been demonstrated serve 
as valuable background information needed for the proper interpretation 
of the numerical results obtained for complex problems. 


2. Newton's method 

* 

One systematic procedure for solving a trial and error problem is the 
method proposed by Newton. Suppose it be desired to find the value of x 
such that f(x) = 0. Newton's method consists of the repeated use of the 
first two terms of the Taylor series expansion of f(x) about some value of 
X, say Xn, as follows: 


fix) =/(x») +/'(Xn)(X-X,) 


(1-14) 



8 Fundamental ConeegftM 


Since only the first two terms of the expansion are used, this is in ^neral 
an approximation of the function f(x). Now let x — Xn+i, the value of x 
that makes/(a:) — 0. Then Equation (1-14) reduces to 


x«+i = x« — 


fM 

fM 


(1-15) 


Graphically, Newton’s method may be regarded as the linear extension 
of the function from the point (x», f(Xn )) to the point (x^i-i, 0), as shown 
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Figui« According to Newton’s method the next best value 
for the root is given by the straight line extrapolation with the 
slope/'(X b) from [x«,/(x„)] to (x«+i, 0). 

in Figure 1-4. The slope of this line is /' (xn). If the approximation of the 
function represented by Equation (1-14) were correct (that is if f(x) is a 
straight line), the value of Xn+i computed by the first trial would be the 
correct value. In Figure 1-4 the use of Newton's method to solve for the 
positive root (i = 2 + 2\H) which satisfies Equation (1-8) is shown. 
Although direct-iteration failed for this case, it is seen that Newton’s 
method converges rapidly to the desired solution. Also, it is to be observed 
that if the first assumed value for x lies to the right of x — 2, Newton’s 
method converges to the root x = (2 4- 2\5). If the first assumed value 
of X lies to the left of x = 2, Newton’s method converges to the root 
X = (2 — 2\^). Also, if the value x = 2 is selected initially, Newton’s 
method fails because /'(2) — 0; and if a point of inflection occurs in the 
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neighborhood of the root, Newton's method may fail to converge as shown 
by Sokolnikoff (4). 

Before Newton's method i^ould be employed, the behavior of the func¬ 
tion in the neighborhood of the root should be established and the initial 
value of X selected accordingly. Certain corrective measures to be taken 
in |he application of Newton's method to functions containing several 
roots are discussed as the need for them arises in the application of this 



Figure 1-5. By interpolation the intersection of the straight 
line connecting the points lz»,/(*«)] and [z,+i,/(in+i)] with the 
z-axis gives the next best value for x. 


method. Although Newton’s method has some shortcomings, it may be 
successfully applied to solve many of the trial and error problems associated 
with distillation calculations. 


3. Interpolation (regula fold) 

« 

Some of the limitations of Newton's method are overcome by the method 
of interpolation (4), which may be demonstrated by use of the previous 
example in which it was desired to find the positive root of Equation (1-14). 
First, for two arbitrarily selected values of x, the correspon ding values of 
the function are calculated. Let these be xi = 2 and xa = 6.5, which give, 
respectively,/(2) « — 8and/(6.5) = 12.25. Now, let these two points be 
connected by a straight line as shown in Figure 1-5. This line intersects 
the x-axis at x — 3.777, which is a better value than either x = 2 or x = 
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6.5. Corresponding to«» = 3.777,/(xa) —4.86. When the last two points 

(6.5, 12.25) and (3.777, —4.86) are connected by a straight line, a still 
better value for x, x 4 . 55 , is obtained. Continuation of this procedure 
leads to the desired root. 

The interpolation formula is readily developed as follows. The equa¬ 
tion of the straight line connecting points (xn, /(*«)) and (x»+i,/(xn 4 .i)$ is 

fix) - fiXn) fiXn) -/(Xn+l) 

- — - (1-16) 

, X - Xn Xn - X«.n 

Let the value of x at which fix) = 0 be denoted by Xn+j. Then for x = x„+a, 
Equation (1-16) is readily solved for Xn+a to give 


Xn+2 


Xn/(Xn+l) - Xn+lf{x„) 
fiXn+l) - SiXn) 


(1-17) 


It is to be observed that this method does not fail as did Newton’s 
method when a value of x is selected for which /' (x) = 0. However, like 
Newton's method, if fix) is a straight line, the correct value for x is deter¬ 
mined by the first trial. Also worthy of note is the fact that the derivative 
of the function is not involved in the calculation of the next best value of 
X. .However, as in Newton’s method, provisions must be made in the treat¬ 
ment of functions having several roots in order to be assured that calcula¬ 
tions will be carried out in the interval containing the desired root. 


4. Newton-Raphson method 

The extension of the method of Newton to functions of several variables 
is called the Newton-Raphson method (3). It is developed in a manner 
analogous to that shown for Newton’s method. Suppose the set of values 
of X and y is to be found that makes/i(x, y) = 0 and /j(x, y) = 0 , simul¬ 
taneously. If each function is represented by a Taylor series expansion 
about the set of values (x„, yn), the following result is obtained when all 
terms which contain derivatives of higher order than the let are neglected, 

/i(x, y) = fiiXn, yn) + (x - Xn) 

dx 


. d/i(x«, y,)^ 

H-:- iy - y») (1-18) 

dy 


Mx, y) « /j(Xn, yn) + — ■ (x 

dx 


*») 


-f 


BfijXnt yn) 

dy 


(y - yn) 


(1-19) 
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For the set (zh+i, of values which give 


( 1 « 20 ) 


( 1 - 21 ) 


Also, it is to be understood that the functions and their derivatives are 
evaluated a.tx = Xn and y = The problem then reduces to two equations 
in the two unknowns, Axn+i and Aj/n+i- The values calculated and 
by the nth trial are used as the assumed values for (n -f l)st trial. 
This procedure is repeated until the desired accuracy of the roots is 
obtained. 

The geometrical interpretation is illustrated by Figure 1-6. Equation 
(1-20) may be represented geometrically by projections in planes that 
are parallel to the frx and the fi-y planes. This series of projections begins 
at the point/i(xn, y„) on the surface of the function fi(x, y) and terminates 
at the point (xn+i, y^+i)- As shown in Figure 1-6, the first projection has 
the slope of d/i/dx, and it begins at /i(x„, y,) and extends a distance 
Axn+i as measured along the x-axis. This projection is followed by a second 
one which has a slope of dfi/dy and which extends a distance Ay^^i as 
measured along the y-axis. This projection lies in a plane parallel to the 
/i>y plane, and it terminates in the x<y plane at the point (xn+i, yn+i). The 
geometrical interpretation of Equation (1-21) is analogous to that of 
Equation (1-20) as demonstrated by Figure 1-6. However, it is to be 
emphasised that the same values of Ax,h-i and Ayn+i are involved in the 
projections extending from/ 2 (xn, y«) to the point (Xn+i, yn+i) as those used 
for the projections from/i(x«, y«) to (xn^i, y»+i). It should also be remarked 
that when both fi and ft are linear in both x and y, the correct set values 
for X and y are obtained by the first trial. 

With regard to the convergence of the Newton-Raphson method to 
the desired solution, it is recommended that this phenomenon be investi¬ 
gated by the direct application of the method to a wide variety of problems 
of the type for vdiich solutions are desired. The use of different initial sets 
of values for the variables should be investigated. Also, if only the positive 


/i(®»+i, y«+i) = Mx»+i, y»+i) = 0, 

Equations (1-18) and (1-19) reduce to 

0 = /i + “ Ax»+i -f ” Ayn+i 
ax dy 


and 


respectively, where 


d/a dft 

0 — ft + AXn+i “I-Ayn+i 

ox dy 


AXn+l — Xr^^l Xn 
Ayn+l = Vn+l - yn 
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roots of the functions are desired, provisions should be made for an alternate 
selection of variables for the next trial when one or more negative values 
are computed by an intermediate trial. This direct attack is recommended 
because it is generally more difficult to produce an analytical proof of either 
the convergence or divergence of the Newton-Raphson method for a given 
system of equations than it is to find an example which converges to the 
desired solution for one or more sets of conditions and diverges for other 



Figure Geometrical representation of the Newton-Raphson 

method. 


sets of conditions. As thi.*? method is applied, the conditions for which 
convergence may be expected will be stated. 

Although only four methods have been described for solving problems 
by trial and error process, others such as those described by Nielsen (3) 
are available. However, the methods presented are the ones most frequently 
applied in subsequent chapters. 


NOTATION 

Ki = Multiplier required to relate the mole fractions of component t in the 
vapor and liquid phases at equilibrium (t.e., yi — K^i) 

Q = heat absorbed by the system per lb-mass of material flowing 
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W ,» shaft work done by the system on the surroundings per Ib-mass of 
mateiial flowing 

Xi — mole fraction of component i in the liquid phase 

Xn, Xn +1 = independent and dependent variables for the nth trial for all methods 
« except interpolation {regida falsi). In this method the independent 

variables are denoted by Xn and Xn+i and the de{)endent variable by Xn+j 

yi = mole fraction of component t in the vapor phase ' 

A/f enthalpy of the output irom minus the enthalpy of the input to the 
system per lb>mass of material flowing 

AK.E. = kinetic energy of the output from minus the kinetic energy of the input 
to the system per Ib^ass of material flowing 

AP.E, == potential energy of the output from minus the p)otential energy ot the 
input to the system per lb-mass of material flowing 
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Calculational Procedures for Bubble 
Point and Dew Point Temperatures 
and Flash Distillations 
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Since each of these calculational procedures is involved in all of the 
different calculational methods for solving multicomponent distillation 
problems, they are treated separately. In the introduction of these, it will 
be assumed that all of the components of the system under consideration 
are volatile, that is, that they are capable of appearing in both phases. 
After systems of this type have been considered, the treatment of those 
systems containing single phase lights and heavies is presented. In the 
developments that follow, the equilibrium constant. A”,, for each component 
i is taken to be independent of composition and thus a function of tempera¬ 
ture and pressure alone. Also, the enthalpies for the pure components are 
taken to be indeptmdent of pressure and a function of temperature alone. 
The enthalpy of a mixture at a given temperature T is taken to be the sum 
of the products of the enthalpies of the pure components (evaluated at the 
given T) times their respective mole fractions. 


CALCULATION OF BUBBLE POINT AND DEW POINT TEMPERATURES FOR 
SYSTEMS IN WHICH ALL OF THE COMPONENTS ARE VOLATILE 

In order for a two-phase, multicomponent system to be at equilibrium, 
it is necessary that the temperatures as well as the pressures of both phases 
be the same. Furthermore, if these two phases possess their equilibrium 
composition, no transfer of material from one phase to the other (or change 
in composition) will be observed when they are placed in intimate contact. 
For such a system the vapor is at its dew point temperature and the liquid 
in equilibrium with it is at its bubble point temperature; these temperatures 
are of course the same. Hereafter, the names bubble point temperature and 
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dew point temperature ue used primarily from a calcuiational point of 
view. If the equilibrium temperature is calculated on the basis of the com¬ 
position of the liquid phase, it is called the bubble point temperature; and 
if it is calculated on the basis of the vapor composition, it is called the dew 
point temperature. 


1» Calculation of the Bubble Point Temperature 

A problem frequently encountered is the determination of the bubble 
point temperature when the composition of a liquid and the total pressure 
are specified. If for a system of c components Henry’s law (y, = K,z,) is 
applied, c equations are obtained. Since the sum of the ^.’s is unity, (c — 1) 
values of y* are unknown. Although c values of K,- are unknown, they may 
all be expressed as a polynomial in the unknown temperature. Since the 
sum of the i/,’s is equal to unity, this system of c equations in c unknowns 
((c — 1) values of y, and the temperature) is reduced to one equation in 
one unknown by the addition of the expressions, for each component, to 
give 


( 2 - 1 ) 

i-i 

The problem is then to find a value of T such that Equation (2-1) is satis¬ 
fied. The procedures described in Chapter 1 for solving problems of this 
type are more readily applied when Equation (2-1) is restated in functional 
notation as follows; 


/( r) = i: KiX, - 1 (2-2) 

l-l 

Thus the positive value of T is to be found such that /(IT) = 0. Since 
each of the Ki’s increases with temperature, /( T) has only one positive 
root. Newton’s method is applied to find the desired root in the following 
manner. If T* is the assumed value of T for trial number n, a better value 
of T (denoted by for trial number (n + 1) is given by Newton’s 
formula 


Tn+l = Tn 


fjTn) 

f(T.) 


(2-3) 


The first derivative of /( T) is 
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If Ki = o< + hiT + CiT* + di'P, where a,-, 6,-, c,-, and d< are constants, then 


f(Tn) = i; Xiibi + 2c.T» + 3<i.r») 


Amundson and Pontinen (1) and Lyster et oZ. (5) were among the first to 
apply Newton’s method for the calculation of bubble point temperatures. 
They found that this method converges very rapidly to the bubble point 
temperature. However, certain checks should be included in the calcula- 



m 



Temperature 

Figure 2-1. If the calculated temperature Tn+t is greater than 
the upper limit Tp. t. of the curve fits, take 

- (T,+, + Tv.u)/2. 


tional procedure in order to prevent the use of temperatures outside the 
range of values for which the curve-fits for the K-data are applicable. The 
checks and prot'isions presented for use with the method of interpolation 
for the calculation of the bubble point temperature may also be employed 
with Newton’s method. 

The method of interpolation (regula falsi) is initiated by the selection 
of two arbitrary values of T within the range of the curve-fits for the K- 
data. Denoting these values of T by Tn and Tn+i, the next best value of T 
by the method of interpolation is computed as follows: 

^ T^(Tn+l) - W(7’n) 

In+i — 




(2-4) 
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The next best value of temperature, is calculated on the basis of 
Tn+i and ITn+s. Each value of T computed in this manner must be checked 
to determine whether or not it is within the range of the curve-fits. This 
check is necessary because the roots of the function K lie outside the range 
of the curve-fits. 

TJhe provisions needed are easily seen by consideration of Figures 2-1 
and 2-2. If /(T) is concave upward as shown in Figure 2-1, it is possible 
to compute a value of T greater than the upper limit of the curve-fits. 



Figure 2-2. If the calculated temperature T^t is less than the 
lower limit 7 ’l.l. of the curve fits, take Tn+i + (Tn+i + 7’l.l.)/2. 

Instead of using this value of T, it is suggested that the next best value be 
computed as follows: 




Tn+l + 7’u.L. 


(2-5) 


If a T > Tu-l. is computed several trials in succession, this implies that 
the bubble point temperature is greater than Tv.t.. After this event has 
occurred a specified number of times, it is suggested that the bubble point 
temperature be taken equal to Tv.l.- If /( T) is concave downward as shown 
in Figure 2-2, the possibility of computing a T < Tl.!. exists. If this occurs, 
take the next best value of T to be the one given by 




T^i -f Th.h. 


2 


(2-6) 
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Again, the calculation of a T < Tl.l. several trials in succession implies 
that the bubble point temperature is less than the lower limit, Tux.', and 
when this event occurs a specified number of times, the bubble point tem¬ 
perature is taken equal to Tux.. 


2. Calculation of the Dew Point Temperature 


In the statement of this problem, (c — 1) compositions in the vapor 
phase and the total pressure are specified and it is required to find the dew 
point temperature. Although the individual values of the x,’s are unknown, 
the value of their sum is unity. Since x, = yi/Ki, it follows that 


1 



W'hich fact may be stated in functional notation as follows: 


(2-7) 


F{T) 


zl-i 

t-i A,' 


( 2 - 8 ) 


Needed for the application of New'ton’s method is the first derivative, 


r(T) = 



Dew point temperatures may be determined by using either Newton’s 
method or interpolation in a manner analogous to that shown previously 
for bubble point temperatures. 


3. Calculation of Bubble Point and Dew Point Temperatures by Use of Relative 
Volatilities 


TTiis method is particularly convenient when the relative volatilities are 
independent of temperature. However, it may also be used to compute 
the bubble point and dew point temperatures for systems composed of 
components whose relative volatilities vary with temperature. The relative 
volatility is defined as follows: 


Vilxt 

Vblxb 

and where Henry’s law applies 


(2-9) 


a* = Ki/Kb 


( 2 - 10 ) 
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The base component *(denoted by the subscript “b") is usually selected 
as one of the components of the mixture. For the base component yb/xb = Kb 
and Ob = 1.0. Expressions needed for the calculation of the bubble point 
and dew point temperatures are developed in the following manner. For 
any component t, 

’i ■ ©0 

which may be rearranged to 


Vi 

Kb 


(2-12) 


Summation of both sides of this expression over all components yields 

1 * * 1 
— == 2 or Kb = — - (2-13) 

Kb 1-1 'lA 

1-1 

Elimination of Kb from Equations (2-12) and (2-13) gives 


OtiXi 

- (2-14) 

£ CKiZ, 

i-I 

In an analogous manner it is readily shown that 


and that 


Kb yt/ 

1-1 


Xi — 


Vifoit 

i, y^/oti 

1-1 


(2-15) 


(2-16) 


If the relative volatilities are independent of temperature, the value of Kb 
corresponding to a given set of either x,’s or yiS is calculated by use of 
Equation (2-13) or (2-15), respectively. The temperature required to give 
the computed value of Kb is readily obtained from a graph of Kb versus 
temperature or from an algebraic relationship of T as a function of Kb. 

When the relative volatilities vary with temperature, Newton's method 
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and interpolation are more readily applied for the calculation of the bubble 
point temperature when Equation (2-13) is restated in the following form. 

/(r)=K.--7i— (2-17) 

1-1 

In order to apply Newton’s method, the first derivative is needed. 


f'iT) = 


^6 

df 


2 Xiidui/dT) 
1-1 



(2-18) 


Similarly, the following form of Equation (2-15) is recommended for the 
calculation of the dew point temperature by use of either Newton's method 
or interpolation (regtda falsi). 


Fm = Kt- T, !/>.■ 

i-i 

The first derivative of F{T) is 



(2-19) 


( 2 - 20 ) 


Calculation of either the bubble point or dew point temperature by use of 
Equation (2-17) or (2-19), respectively, is performed in the same manner 
as described previously for Equation (2-2). When relative volatilities are 
used, the ui« of interpolation for the calculation of either the bubble point 
or dew point temperature requires less programming than does Newton’s 
method. 


CALCULATION OF BUBBLE POINT AND DEW POINT TEMPERATURES FOR 
SYSTEMS WHICH CONTAIN SINGLE PHASE COMPONENTS 

A single phase light component is defined as one which appears in the 
gas phase alone; that is, it has & K of infinity. This type of component is 
identified by the subscript “L.” These components are frequently referred 
to as inert or noncondensible gases. Components which appear in the 
liquid phase alone are referred to as single phase heavies and denoted by 
the subscript “H.” 

When single phase lights and heavies are present in the respective 
phases of a system at equilibrium, the calculation of the temperature of 
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the syst^ is effected in about the same way as was described previously. 
The bubble point temperature is calculated by use of Equation (2-22) 
which is developed as follows. When each side of the expression = K^i 
is summed over all of the volatile components, the following result is 
obliained. 

1 - Z “ Z (2-21) 

Since all of the K/^’s are zero, it is not necessary to include these compo¬ 
nents in the sum of the K,x^s. The sum of the mole fractions of the single 
phase lights in the gas phase is denoted by X) Vi- For the volatile compo- 

L 

nents, the /iC,’s are evaluated at the total pressure of the system and at the 
bubble point temperature. The mole fractions of the volatile components 
in the liquid phase are computed on the basis of the presence of the single 
phase heavies in the liquid. Restated in functional notation, Equation 
(2-21) takes the form 

S(T) = E Kd, - (1 - EvO (2-22) 

The bubble point temperature is that positive value of T which makes 
f{T) =0. Usually the problem to be solved is as follows; Find the corre¬ 
sponding bubble point temperature when the composition of the liquid 
phase, the total mole fraction of single phase lights (Z 

L 

pressure of the system are given. This calculation may be carried out by 
use of either Newton’s method or interpolation (regula falsi) as described 
previously. 

In an analogous manner to that shown for Equation (2-22), the follow¬ 
ing expression for the calculation of the dew point temperature is readily 
developed. 


= Z - (1 - Z*») (2-23) 

A large number of bubble point and dew point temperatures have been 
determined in which the calculations were performed by use of eight digit 
arithmetic. Newton’s method and interpolation have been used to solve 
most of the forms of the bubble point and dew point functions, f(T) and 
F(T), shown here. The lower limit of accuracy which may be required is 
about 10“*; for example, the trial procedure for the calculation of the bubble 
point temperature may be continued until a T is found such that 

1/(7’) 1^10-* (2-24) 

Requirement of better accuracy may lead to an excessive number of trials 
for the calculation of the bubble point or dew point temperatures. 
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FLASH DISTILLATION CALCUUTIONS 

The process of flash distillation is the separation of a multicomponent 
mixture by means of a single equilibrium stage. Mixtures composed pri¬ 
marily of very light and very heavy components are frequently separated 
into a vapor and a liquid stream by this method. Also, when a feed enters 
a distillation column, this process may be involved. The results obtained 
from the following considerations may be applied to the general problem 
of multicomponent distillation. 

Generally, the flash problem to be solved is of the following type. A 
feed of a given composition is to be flashed at a given temperature and 
pressure. The determination of the total moles of vapor and liquid formed 
amd the compositions of the respective streams are required. A procedure 
for solving a problem of this type follows. 


1. Calculation of the Motes of Vapor and Liquid Formed by the Flash Process 
(All Components Volatile) 

A feed of a given composition may be divided into two phases provided 
the specified temperature of the flash, Tf, lies between the bubble point, 
Tb.p., and dew point, Td.p., temperatures of the feed, where the latter are 
evaluated at the specified pressure of the flash. Thus, if Tf satisfies both 
of the following conditions, 

/(Tp)>0 (2-25) 

F(Tp) > 0 (2-26) 

where the bubble point and dew point functions are defined by 

rm = t, KrtXi - 1 (2-27) 

1-1 

and 

FiTr) (2-28) 

respectively, it is possible to separate the feed into two phases at the 
specified conditions of the flash. Alternately, a direct comparison of tem¬ 
peratures may be made. This requires the prior determinations of the 
bubble point and dew point temperatures of the feed, which are computed 
by finding the values of T that give/( T) — 0 and F{T) =0, respectively. 

The following development of the flash equations follows closely that 
given by Holland and Davison (3). When the flash temperature and pres¬ 
sure are specified such that a two-phase mixture exists, the folloMdng ma- 
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terial balance for component i applies at steady state, 

FXi = Vryn + LfXyi 

Since the flash is considered to be an equilibrium process, 


FXi = 


V^fi + 


LryFi 

~kZ 


Then, 


VFi = 


FXi 


F — Ijf “b 


K 


Fi 


(2-29) 


(2-30) 


(2-31) 


since F = Vf Lf. Upon dividing both numerator and denominator of 
Equation (2-31) by F and rearranging, the following result is obtained. 


Vf. = 



(2-32) 


The sum over all components of both sides of Equation (2-32) yields 



(2-33) 


Now for convenience, let Lf/F be denoted by ^ and let the function pi^f) 
be defined as follows: 


pW 



(2-34) 


The desired solution of this equation is obtained when a value of > 0 
is selected which gives p(^) = 0. The composition of the vapor, Vf, formed 
by the flash is given by substitution of this value of ^ (the one which gives 
p(^) = 0) into Equation (2-32). For the corresponding liquid phase, Lf, 
the composition may be computed by use of the equilibrium relationship, 
!>^Fi ~ yFi/KFi- Needed in the examination of the function p(^) and in the 
application of Newton’s method is the first derivative. 



(2-35) 
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The function haa c roots. Only two of these have physical significance, 
the value ^ = 0 and the desired root ^ = ir- Since p(0) = 0, p'(0) < 0, 
p"(0) > 0, and p(l) > 0, the function has a minimum between \^=0 and 
= 1. Thus the general form of the function is as shown in Figure 2-3. 
The most important point illustrated by this plot is that the desired ffoot, 
^r, of the flash equation is greater than the value of ^ at which p(^) is a 
minimum and less than unity. If the value ^ = 1 is taken as the initial 
assumption, Newton’s method converges to the desired root since p(^). 




Figure 2-3. Graphical representation of the flash function p(^) 
for a feed composed of volatile components. (Reproduced by per¬ 
mission of Hydrocarbon Processing & Petroleum Refiner) 


p'(^), and p"(^) are positive for all values of V'which satisfy the condition 
ij/r ^ ^ 1. If a value oi 4' < were taken for the first assumed value of 

the root, then the application of Newton’s method would lead to the root 
^ — 0, since for 0 ^ pii') < 0, and p’(^) < 0. Traces of the func¬ 

tion p(^) are also shown for the cases where Tf > Tv.t. and Tf < Tb.p., 
where Tf refers to the specified temperature of the flash and Tb.p. and 
Td.p. denote the bubble point and dew point temperatures, respectively, 
of the feed at the specified pressure of the flash. The determination of 
by use of Newton’s method is illustrated by the following numerical 
example. 
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Illustrative Example 2 -1 


This problem is a modification of one used by Brown and Associates 
(2). Instead of the flash temperature of 110®F employed by the;se authors, a 
temperature of loO^F was selected for the purpose of making the problem 
more difficult to solve by using Equations (2-34) and (2-3r»). For their 
problem = Lf/F - 0.93, whereas for the modified form of the problem, 
a value of 0.457 was obtained. The statement and solution of this example 
are shown in Table 2-1. The detail steps are shown for the first trial, and 
for the remainder of the trials the final results are shown. The rapidity 
which which the method converges to the root is evident. 


Also, the flash expression, Equation (2-34), may be solved for the 
desired root by use of interpolation {regula falsi). Examination of the 
graph of piij/) shows that convergence to the desired root by this method 
is assured if the first two values of \j/ (those used to initiate the interpolation 
procedure) give positive values for p(\p). The value of ^ = 1 satisfies this 
condition, and it is taken as the first value of ^ (denoted by ^i). The 
second value of ^ is selected in the following manner. A value of 4', say 
yj/k, lying between = 0 and ^ = 1 is selected arbitrarily. If p(^*) < 0, 
the value of ^ equal to (1 + 4^k)/2 is investigated. Values of ^ closer and 
closer to are examined until one that gives p(^) >0 is found. 'Phis 
value of ^ is denoted by Use of these two values of ^ (^i and ^s) 
permit the selection of a bettor value, by use of the interpolation 
formula. Equation (1-17). 

The process of flash distillation may be described by functions of several 
different forms. For example, if ypt is replaced by in Equation (2-29) 
instead of by xpi by ypt/Kn, the following expression is obtained: 




Xi 


“ l - 4^(1 - Kf,) 
which has a first derivative of the form 


- 1 


(2-3G) 


FW = Z 


A'.O - X,.) 


“ [1 - »(1 - Kr .)? 


(3-37) 


The quantity is used to denote Vp/F. Then the problem reduces to 
finding the positive value of > 0 that makes P(4^) =0. For values of 
^ in the range 0 ^ ^ 1, the shape of P(^) is the same as that shown 

for p(^) in Figure 2-3. In the use of Newton's method for solving P{^) = 0, 
convergence to the desired positive root is assured if the initial value of 
unity is selected for 
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2. Calculation of the Moles of Vapor and Liquid Formed by the Flash Proce» 
(Single Phase Components Present) 


Where the feed contains both single phase lights and heavies and volatile 
components, the flash function takes the form 


pW = 



(2-38) 


where it is understood that for any single phase light component {I/Kfl) = 
0. For any specified set of flash temperatures and pressures, it is possible 
to obtain a real solution to Equation (2-38) (one that is physically pos¬ 
sible) . Also, for ^ny value of T between zero arid infinity, the value of ^ 
that gives p(^) =0 is bounded as follows: 

T,X.>h>T,X« (2-39) 

i5«JL H 

The lower Iwund represents the formation of a liquid phase composed of 
the single phase heavies alone, whereas the upper bound corresponds to 
the formation of a liquid phase consisting of all components except the 
single phase lights. 

For a feed that consists of single phase lights and volatile components, 
there exists a physically possible tp that gives p(^) = 0, provided the 
specified temperature of the flash is less than the dew point temperature 
of the feed at the specified pressure. That is if 

F(7’^)>0 (2-40) 

where F{Tf) is defined by Equation (2-28), the feed may be separated 
into two phases. For 0 < 7'/- < 7’d.p. (of the feed), the value of > 0 
that gives p(^) =0 is bounded as follow's: 

EA-. >^, >0 (2-41) 

Similarly, for a feed composed of single phase heavies and volatile 
components, there exists a physically possible yp such that p(i^) = 0, pro¬ 
vided the specified temperature of the flash is greater than the bubble 
point temperature of the feed at the specified pressure. Thus if 

S{Tf)>Q (2-42) 

where /(Tf) is defined by Equation (2-27), the feed may be separated 
into two phases. For 7’b.p. < Tp < the quantity is bounded as 
follows: 


X! < 1 


(2-43) 
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Instead of the theoretical upper and lower limits of temperature of zero 
and infinity, the practical limits are, of course, Tvx. and 

For a system containing one or more volatile components and both 
single phase lights and heavies, the function P(^) takes the following 
form: 


P(^) = 


z 


1 - > 1^(1 - K^i) 


- 1 


(2-44) 


For a single phase heavy the value Kfh = 0 is of course employed in the 
above expression. 

It should be remarked that in solving p(^) =0 for the value of ^ > 0 
by use of either Newton's method or interpolation, the largest value 
that is physically possible is selected as the first value of 4'- This va|ue, 
denoted by tpi, is calculated as follows: 


Z FXi 

*1 = - = Z i (2-45) 

F 

Similarly, for P(4') the largest value of 4^ which is physically po.ssible is 
selected; this value is computed in the following manner: 

"LFXi 

= Z (2-40) 

The application of Equation (2-44) is demonstrated by solution of the 
following example. 


Illustrative Example 2-2 

When 0.2.5 moles of a single phase light component are added to one 
mole of hydrocarbons having the .same composition as shoAvn for Example 
2-1, the composition of the feed shown in 'Fable 2-2 for Example 2--2 is 
obtained. Beginning with a value of 

= Z FX,/(F) = 0 . 8 , 

Newton’s method gave 4/r = Lr/F — 0.102 and 

i: ypi - 1 = 0.0074 


in‘five trials. 



Table 2-2 Statement and Solution of Illustrative Example 2-2 
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p{4'*) “ 0.0074 



£ FX. 

FiirtTriJ: - «■— - - 0.8 - 0.1884*- - 0.162 
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ENTHALPY REQUIREMENTS FOR FLASH PROCESSES WHICH ARE CARRIED OUT 
ADIABATICALLY 

With regard to the enthalpy requirement the solutions for the two types 
of problems presented below are the ones most frequently required. In the 
first of these the temperature and pressure of the flash are specified, and 
the temperature which the feed must have in order for the process to occur 
adiabatically at the specified conditions is to be determined. In the second 
type of problem, both the temperature of the flash and the amount 
flashed are to be found when the temperature of the feed and the pressure 
of the flash are specified. 

1. Determination of the Temperature of the Feed Required for the Flash to Occur 
at the Specified Temperoture and Pressure 

The first step in the solution of a problem of this type is the determina¬ 
tion of the moles of vapor formed by the flash process and the corresponding 
compositions, and yr^B. Then the enthalpy of each of the product 
streams is computed as follows: 

hp — ^ hptXpi (2-47) 

and 

Hy = Z (2-48) 

i-J 

Thus the enthalpy which the feed must possess in order for the flash process 
to occur adiabatically is given by 

The problem now reduces to finding the temperature of the feed corre¬ 
sponding to this value of H. When all of the components are volatile, the 
enthalpy of a superheated liquid feed is computed as follows: 

= Z hiXi (2-50) 

i-l 

For feeds composed of single phase lights, heavies, and volatile components, 
the enthalpy is calculated in an analogous manner. Let the function 
BniTn) be defined as follows: 


5„{Tn) ^H-Ih 


(2-51) 
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where H ^enot^ the fixed value of the enthalpy as calculated by Equation 
(2-49) and Hn represents the value of enthalpy given by Equation (2-50) 
for the assumed temperature Tn. The desired temperature is the one which 
pves SniTn) = 0. Either Newton’s method or interpolation {regula falsi)^ 
may be employed to find this particular temperature. 


2. Determination of Tf and the Amount of Feed which is Flashed when the Pressure 

of the Flash and the bithalpy of the Feed are Specified 

In addition to the stipulations above the fiash process is to be carried 
out adiabatically. Two methods for solving this problem are shown here. 
The first of these makes use of the method of interpolation, which is initiated 
as follows. For each of two flash temperatures (denoted by Tn and T^i) 
that satisfy the necessary conditions for the formation of two phases, 
either Equation (2-34) or Equation (2-36) is solved for Lf (or Yf) by 
use of either Newton's method or interpolation {regula falsi) as described 
previously. Then the total enthalpy of the feed corresponding to each of 
these values of T is computed by use of Equation (2-49). In this procedure 
let 


H = Specified enthalpy of the feed 

Hn, Hn+i - Enthalpies of the feed given by Equation (2-49) for the 
flash temperatures Tn and 7’„+i, respectively. 

Bn = H - Hn 


After these quantities have been computed, a better value for the flash 
temperature is found by use of the interpolation formula, 


Tb+2 = 


Bn+lTn — BnTn-i-l 
Bn+l Bn 


(2-52) 


If, for a feed composed of volatile components alone, a value of Tn+z is 
computed by Equation (2-52) that is less than the bubble point or greater 
than the dew point temperature of the feed at the specified pressure, the 
value is replaced by 


Tn+i — 


Tn+l + Tb.P. 
_ 


(2-53) 


or 

(2-M) 

respectively. 

In order to solve this type of problem by the Newton-Raphson method, 
it ist. necessary to state the enthalpy balance, Equation (2-49), as a func- 
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tion of only two variables, Lp (or Vp) and Tp. The material balance ex¬ 
pressions, Equations (2-34) and (2-36), are already of this form. In the 
following procedure. Equation (2-36) is selected for use and is identified 
by the notation Pi(^, T). Equation (2-49) is stated in terms of these 
variables by the elimination of the xp/s and j/f.’s. The j/p/s are eliminated 
in the following manner. Consider the function • 


VpHp = ^ HpiVpypt (2-35) 

i-l 

Since Vpypt = FX, — LpXp,, 

VpHp = FH(X)p - LpH(xp)p (2-56) 


where 


H(X)p = ^ HptXi = enthalpy of one mole of vapor evaluated at 

the composition of the feed and at the tem¬ 
perature of the flash. 

c 

' H(xp)p = 23 Hp^p, = enthalpy of one mole of vapor evaluated at 

the composition of the liquid formed by the 
flash and at the temperature of the flash. 


When VpHp in Equation (2-49) is replaced by its equivalent as given by 
Equation (2-56), the following expression is obtained. 


FH = FH{X)f - Lp{H(xp)p - hp2 (2-57) 

Thus 

H = H(X)p -- (1 - ^)[P^(Xi.)F - hp2 (2-58) 


In a manner analogous to that shown for the development of Equation 
(2-32), it is readily shown that 


1 - ^(1 - Kpi) 


(2-59) 


By use of this expression the c values of the xpiS may be stated in terms 
of the variables 'i' and T. Thus the desired function representing an enthalpy 
balance is 


PiiSif, T) = (1 - ^) 





1 - ^(1 <- Kpi) 


u _■ 

- Kpi). 


+ H - H(X), 


(2-60) 
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where 

Xr< ** Hfi — hrit the latent heat of vaporization for component i at 
the temperature and pressure of the flash. 

A graphical representation of Pt('9, T) is shown in Figure 2^. It is readily 
shown that Ps(0, T) > P*(l, T) and also that dPi{0, T)/d'9 and 
3Pj(l, T)/9^ are both less than zero. Also, the second derivatives of Pt 



<{1 = \/f, FRACTION OF THE FEED 
VAPORIZED BY THE FLASH 


Figure 2-4. Graphical representation of the enthalpy function 
P2i% T). 


with respect to ^ show that at some intermediate temperature the curvature 
changes from concave upward to concave downward. 

In order to find the set of values of 'i' and T which give Pi = P 2 = 0 
simultaneously by the Newton-Raphson method, the partial derivatives 
of Pi and Pi with respect , to temperature and ^ are needed. The partial 
derivative of Pi with respect to is given by Equation (2-37), and 


aPi(^, T) 
BT 






fdKrx\ 
[dT J 


(1 -^^(1 - Kn)\'J 


(2-61) 
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The derivatives of the function Pti^, T) ate as follows: 
dPii% T) ^ ^ 


dP^{% T ) 
dT 


(1 




1 - ^(1 - Kpi) 


- i^) 


c 




[1 ~ ^^(1 - K,i)J 



(2-62) 


(2-63) 


In the Newton-Raphson method, described in Chapter 1, the following 
linear equations in and AT are solved simultaneously. 


/dPi\ /dPi\ 

0 = Pi + (-J A^ + (—) AT 

\e^/ \dT/ 

(2-64) 

/dPi\ (dPt\ 

0= P2-h(— A'F+ --)aT 
/ . \dT 1 

(2-^65) 


where 


A^ = 

AT = Tn+l - Tn 

The subscripts n and n + 1 denote respectively the assumed and calculated 
values of the variables. The functions P\ and P^ and their derivatives ap¬ 
pearing in Equations (2-64) and (2-65) are evaluated at 41^ = ’i'w and 
T = Tn. After these equations have been solved for A^ and AT, the set 
of values to be assumed for the variables for the next trial arc computed 
as follows: 




t„ 4 .x = r„ -h at 

For the problems investigated, it was found that the Newton-Raphson 
method converged to the desired solution, provided the following calcula- 
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tioQal procedure was used. The first value of ^ was taken as unity. (When 
single phase heavy components are contained in the feed, is given by 
Equation. (2-46).} If in the calculational procedure a negative value for 
is computed, the value is discarded and the following one is used in 
its place. 

+*'• 

*»i -;;- ( 2 - 66 ) 

db 

Also, for the first value of the temperature, one lying between the bubble 
point and the dew point of the feed (at the specified pressure) should be 
used. If in the calculational process a value of either less than Tb.?. 
or greater than Td.v. (for a feed composed of all volatile components) is 
obtained, the value is discarded and either 


Tn+I — 


Tn + Tb.P. 


(2-67) 


or 


T^i = 


Tn + Tp-P, 
2 


( 2 - 68 ) 


is employed. 

Illustrative Examples 2-3, 2-4, and 2-5, (stated in Table 2-3) were 
selected in order to illustrate the solution of the flash problem when 
enthalpy balances are considered. In effect Examples 2-3, 2-4, and 2-5 
represent the same problem solved in different ways. In Example 2-3 the 
temperature and pressure of the flash are specified, and the problem is to 
find the moles of vapor formed by the flash and the enthalpy that the feed 
must possess in order for the flash process to occur adiabatically. Equation 
(2-36) was solved by Newton’s method and the corresponding enthalpy 
was calculated by use of Equation (2-49). The results are presented in 
Table 2-4. 

In Example 2-4 the pressure of the flash and the enthalpy of the feed 
are specified, and the problem is to find the moles of vapor formed and the 
temperature resulting from an adiabatic flash of the feed. Since the enthalpy 
of the feed obtained by the solution of Example 2-3 was specified as the 
feed enthalpy for Example 2-4, the same general solution to both examples 
is to be expected. The desired v^ues of ^ and T were found by use of 
Equations (2-36) and’(2-52). As pointed out in the development, for each 
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Tabus 2-4 Solution of Examples 2-3, 2-4, and 2-5 


ComponHone qf the Vapor and Liquid /Streams Formed by the Flash Process for AU 

Examples 


Component 

Xpi 

Vn 

C,H« 

0.012427 

0.062634 

C,H, 

0.020753 

0.082058 

C,H, 

0.044231 

0.082478 

C,H, 

0.090999 

0.150671 

f-C 4 

0.203398 

0.180872 

11-C4 

0.628193 

0.442870 


Other Results for Example 2-3 


Soluiion: ♦ ■> 0.1508, _Vjp — 15.08, Lp 84.92. Six trials were required by 
Newton’s method to give a 4' of an accuracy corresponding to 


2 xpi 


< io-< 


H (enthalpy of the feed) » 13,210.0 Btu per lb. mole. 


Other Results for Example 2-4 


Assumed* Flash 
Temp., “F 

Value of ir required to give Pi (4') «» 0 
at the assumed temperature. 

Corrected Flash 
Temp., “F 

♦ 

No. of trials required 
to give Pi (♦) « 0 

195 

0.06.3812 

8 


215 

0.68388 

4 

198.14 

198.14 

0.11534 

7 

199.31 

199.31 

0.13713 

7 


200.03 

0.15152 

7 

200.00 

• 200.00 

0.15090 

. 7 

200.00 


Tb.p. - 190.12’F and Td.p. - 219.31'’F. 


Other Results for Example 2-5 


Assumed Values 

For « and T 


Corrected Values 

For ♦and T 

* 

T 

Pi T) 

P, (*. T) 

♦ 

T 

1.0 

204.72 

0.13011 

-519.6 

0.27291 

198.01 

0.27291 


0.01482 

-559.9 

0.16468 

198.36 

0.16468 

198.36 

0.002887 

-4.004 

0.15178 

199.58 

0i15178 

199.88 

0.0001919 

0.2852 

0.15088 

200.00 

0.15088 

injjjmi 

0.000001 

0.00195 

0.15087 
































40 CatculatUmal Pro€Hiiiiure$ 


Cfiag». 2 


value of T found by Equation (2-52), Equation (2-36) is solved for the 
value of ^ which gives Pi(^, T) - 0. Since either Newton’s method or 
interpolation may be employed for this calculation, Newton’s method 
was used. The results are given in Table 2-4. 

Example 2-5 illustrates the application of the Newton-Raphson method 
to solve the same problem given by the statement of Example 2-4, This 
method is initiated as follows. On the basis of an assumed set of values 
for Slif and T (namely, ^ = 1 and T — 204.72“F), the functions Pi, Pi, and 
their partial derivatives were evaluated by use of Equations (2-36), 
(2-37), and (2-60) through (2-63). Then the Newton-Raphson equations 
[Equations (2-64) and (2-65)] were solved simultaneously for and AT 
and the next set of values for 4^ and T were computed therefrom. Continua¬ 
tion of this proce8.s leads to the results shown for Example 2-5 in Table 
2-4. Little advantage of one method over the other was found in compar¬ 
ing of the Newton-Raphson and interpolation (regida falsi) methods. The 
equilibrium and enthalpy data used to solve the illustrative examples 
were taken from the Appendix. 


NOTATION 


c = total number of components 
/(T),/'(T) = a bubble point function and its first derivative 
F(T), F'(T) = a dew point function and its first derivative 
F = molal flow rate of feed to the flash process 
H = enthalpy of one mole of feed 

hi, Hi ~ enthalpy of one mole of a pure component i in the liquid and vapor 
states, re.spectively, at the temperature of the feed 

hf, Hf = enthalpy of one mole of the liquid and one mole of the vapor, 
respectively, formed by the flash process 

hfx, Hn ~ enthalpy of one mole of a pure component i in the liquid and 
vapor states, respectively, at the temperature of the flash 

H(X)f = enthalpy of one mole calculated on the basis of the composition 
of the feed, the X,% and the vapor emthalpies, Hpfs (evaluated 
at the temperature TV) 

H{xr)p = enthalpy of one mole calculated on the basis of the composition, 
xpiS, of the liquid formed by the flash process and the vapor 
enthalpies, Hn's (evaluated at the temperature TV) 
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/i:.= 


Ljp — 

Tv.h., Ttx. — 
Tn.v., Tu.v. = 

Xi = 
XFt — 

Xi = 

yi = 
Vrt — 


enthaii^ of the fe^ evaluated at the temperature 

multiplier required to relate the mole fractions of component % in 
the vapor and liquid phases at equilibrium (i.e. ]/» = 

base component; 

06 = 1; 



v-lOli 



value of K for component i at the temperature and pressure of 
the flash process 

molal flow rate of liquid from the flash process 

upper and lower limits, respectively, of the curve-fits for the 
data 

bubble point and dew point temperatures, respectively 

molal flow rate of vapor from the flash process 

mole fraction of component t in the liquid phase 

mole fraction of component t in the liquid phase leaving the 
flash process 

total mole fraction of component t in the feed F, regardless of 
state 

mole fraction of component t in the vapor phase 

mole fraction of component i in the vapor phase leaving the flash 
zone 


Greek Letters 


oii =* relative volatility; defined by Equation (2-9) 

in{Tn) difference between the known or specified value for the feed 
enthalpy and the value at the temperature 7. 

Xjpi latent heat of vaporization for component i at the temperature Tjp 

~ sum over all of the single phase heavy and single phase li^t 
* ^ components, respectively 

B sum over all of the components in the particular system except 
the single phase heavies and lights 
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^ fraction of the feed leaving the flash process in the liquid phase; 



^ = fraction of the feed leaving the flash process in the vapor phase; 



Subscripts 


F = 8. property or quantity evaluated at the temperature and pressure 
of the flash process 

H ~ single phase heavy component; one which appears in the liquid 
phase alone 

t == a particular component, t == 1 through i = c 
n — number of the trial calculation 


PROBLEMS 

2-1 Show that for a binary mixture at equilibrium at a given temperature and 
pressure, the composition of the liquid is given by 

1 - Ki 

Xi =- 

Ki - K: 

At any given pressure a temperature can be found such that Xi is either nega¬ 
tive or greater than unity. Give the physical interpretations for these values 
of X. 

2-2 For a given binary mixture the relationship between the vapor and 
liquid phases at a given pressure may be represented by the conven¬ 
tional boiling point diagram (Figure P2-2). 



Figure P3-2 
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Show that if a feed with the composition X, is flashed at the tem¬ 
perature TV (and at the pressure consistent with the data given by 
the boilin g po int diagram) that the ratio of the length of to 

the length znXi is equal to Lr/Vr. 

2-^ For one mole of feed of a binary mixture, show that the moles of vapor (or 
liquid) formed by a flash process may be expressed in terms of the /C-values 
of the two components and the composition of the feed as follows: 

V 1 Xi{Kn-Kn) 

1-Kpi (1-Kn) 

2-4 Frequently equilibrium relationships are represented by Raoult's law, 

Pi - PiXi 

where 


Pi =■ partial pressure of component t in the gas phase; p< == Pyt, where 
P is tlie total pressure. 

Pi — vapor pressure of component i at the equilibrium temperature. 

Beginning with this equilibrium relationship, develop the expressions corre¬ 
sponding to Equations (2-22) and (2-23). 

2-5 Locate the roots of the .function P('i '), Equation (2-36), with resoect to the 
Ki’s. 


2-6 (a) Show that the real positive root of p(^) for a system which contains 
volatile components and both single phase lights and heavies is bounded 
as shown by Equation (2-39). 

(b) For a feed which contains volatile components and single phase heavies, 
show that Equation (2-42) represents a necessary condition for the flash 
to occur. 

(c) Similarly, for a feed consisting of volatile components and single phase 
lights, show that Equation (2-40) represents a necessary condition for 
the function p(^) to have a real root bounded as indicated by Equation 
(2-41). 

* 

2-7 It is desired to separate three high boiling organic acids from a soluble non¬ 
volatile material by steam-flash distillation. The initial mixture contains 80 
moles of the acids and 20 moles of the nonvolatile material. The organic acid 
mixture contains 30 moles of the low boiler and 25 moles of the other two. 
The flash distillation is to be carried out at 100**C and at a total pressure of 
200 mm of mercury. The vapor pressures of the acids are 20, 14, and 8 mm 
of mercury at 100**C. Calculate tiie moles of liquid, Lp, the moles of vapor, 
Vp, and the moles of steam required if the vapor leaving the flash is to be 95 
mole percent steam. 
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Hint: In the same mannor as shown in Reference (4), this type of vaporisation 
may be represented by 


pW = £ 


Xfi 


^ 1 - 


(1 - VlY 
Kf. . 


1 




when a value of ^ is found such that p(^) = 0, and where 

ij/ = Lf/F, where F represents the moles of feed exclusive of steam; 
Fjf “h Ljf = F. 

x/i = mole fraction of a volatile component i; based on F. 

yt = specified mole fraction of the steam in the total vapor {Vl 
(steam) -f 

Ans. Lf = 73.14 

2-8 For the case where the nonvolatile components are immiscible in the liquid 
phase, calculate the moles of steam required to vaporize all of the organic 
acids in the feed for Problem 2-7. The temperature and pressure of the flash 
are the same as those stated for Problem 2-7. 


Hint: As shown in Reference (4), this process is represented by 

Vl 


y F.VFH 

Kfx J 


1 


where 


F,® = moles of volatile component t in the volatile part of the feed F® 
exclusive of steam, 

Vl = moles of steam required, and 

H = Refers to the non-volatile, inuniscible liquid. 

Ans. 15.026 moles of steam 
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Solution of the Material Balance and 
Equilibrium Relationships for 
Conventional Distillation Columns 



A conventional distillation column is defined as one in which a single 
feed is introduced and two streams are withdrawn, the top and bottom 
products. Because of the highly nonlinear form of the equations which 
describe the process of distillation of multicomponent mixtures, it is neces¬ 
sary to solve the general problem by use of trial and error procedures. As 
discussed in Chapter 1, the use of such procedures requires the choice of 
a set of independent v^ariables. Most all of the proposed calculatioual pro¬ 
cedures stem from two basically different choices of the independent vari¬ 
ables. Lewis and Matheson (7) proposed the selection of the terminal 
rates as the independent variables; whereas Thiele and Geddes (12) se¬ 
lected the temperature of each plate as an independent variable. Until the 
advent of high speed computers, calculations were carried out by use of 
these methods combined with rather informal convergence procedures. 
After a given trial calculation had been performed, the calculated values 
of the variables were compared with the assumed values employed to make 
the given trial calculation. In some instances the calculated values were 
used to make the next trial calculation. Here this procedure is called 
direct-iteration. In other cases the results obtained by a given trial calcula¬ 
tion were used to select the assumed values of the variables for the next 
trial. 

All of the calculational procedures and convergence methods presented 
in this chapter arc based on the use of either the calculational procedure 
proposed by Lewis and Matheson (7) or that of Thiele and Geddes (12). 
In order to illustrate these fundamental procedures, a simple problem is 
solved by each method. Before consideration of this problem, certain 
principles and conventions used throughout this book are presented. 
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PRINQFLK, CONVENTION, AND NOTATION 

In the Btatement of the equations describing conventional columns, 
two types of condensers are considered, total and partial. In the case of a 
total condenser, all of the vapor leaving the top plate of the column is con¬ 
densed to the liquid state. Part of the liquid is withdrawn as the top product 
at a molal flow rate denoted by D. The remainder is returned to the column 
at the molal flow rate Lo. This stream is sometimes called the external reflux. 
The term “partial condenser" as used here means that the vapor leaving 
the top plate of the column is only partially condensed. The vapor formed 
is withdrawn as the distillate and the liquid produced is returned to the 
column as reflux. A partial condenser is treated as an equilibrium stage. 
In order to supply vapor to the column, a reboiler is located at the bottom 
of the unit. Upon leaving the bottom plate of the column, the liquid enters 
the rebciler and is partially vaporized. The vapor produced is returned to 
the bottom plate and passes back up through the column. The liquid with¬ 
drawn from the reboiler is called either the bottom product or simply, 
bottoms. The molal withdrawal rate of bottoms is denoted by B. The re- 
boiler is also treated as an equilibrium stage. 

The rectifying section of the column con.sists of the condenser and all 
plates above the feed plate; the stripping section consists of the remainder 
of the column, the feed plate and all plates below it including the reboiler. 
The plates are numbered consecutively dowm from the top of the column 
to the reboiler. The condenser is assigned the number zero, the top plate 
the number 1, the feed plate the number/, the bottom plate the number N, 
and the reboiler the number N + 1. Each stage is assumed to be perfect; 
that is, the vapor leaving a plate is assumed to be in physical equilibrium 
with the liquid leaving. 

The total molal rate at which vapor leaves plate j is denoted by Vj, 
while the rate at which vapor enters plate / — 1 is denoted by V',-. This 
notation was adopted in order to account for either the introduction or the 
withdrawal of a stream between plates. Thu-s Fy is equal to Fy provided a 
stream is neither introduced nor withdrawn between plates / — 1 and j. 
Similarly the molal rate of flow of liquid from plate j is denoted by Ly and 
the rate of flow of liquid onto plate / + 1 by Ly. The molal rates of flow of 
the individual components are used almost exclusively. These vapor and 
liquid rates are denoted by the lower case letters “r" and “f." The sub¬ 
script i is used to identify the individual rates with respect to component. 
These rates are related to the total vapor and liquid rates as follows: 

Vfi — V jj/jif I a ~ LijXji 

ffji — yh* ~ 

di = DXoi, hi — Bxai 


(3-1) 
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Figure 3-1. Conditions on the feed plate for bubble point liquid 
feeds. 

In the identification of the composition of the distiUate, the symbol "Xd” 
is used to denote the total mole fraction of component i in the distillate 
regardless of state. 



Figure 3-2. ConditionB on tiie feed plate for subcooled feeds. 
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Since the vapor and liquid streams leaving plate j are assumed to be 
in equilibrium, the flow rates of the individual components may be related 
by use of either absorption or stripping factors. This relationship is de¬ 
veloped in the following manner. Multiplication of both sides of the equilib¬ 
rium relationship 

ya ~ KiiXjt (3~2) 

by V jLj yields 




(3-3) 



feed. 


Thus 



Alternately, Equation (3-3) may be solved for la to give 




Vfi = 


(3-4) 


(3-5) 


It should be noted that An = 

Feeds having any one of five general thermal conditions are considered, 
and the action assumed to occur at the feed plate for each type of feed is 
represented schematically in Figures 3-1 through 3-5. A boiling point 
liquid feed is defined as one that enters the column as a liquid at its boiling 
point at the column pressure. A subcooled feed is defined as one that enters 
the column as a liquid at a temperature below its bubble point at the column 
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Figure 3-4. Conditions on the feed plate for a superheated feed. 

pressure. For boiling point and subcooled feeds assume that upon entering 
the column, the liquid mixes perfectly with the liquid on the feed plate 

r 



Figure 3-5. Conditions on the feed plate for a partially vapor* 
ised feed. 
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and comes to equilibrium with the vapor immediately above it. A dew 
point vapor feed is one that enters the column as a vapor at its dew point 
at the column pressure. A superheated feed enters the column as a vapor 
at a temperature above its dew point at the column pressure. For dew 
point and superheated feeds, assume that upon entering the column, the 
vapor mixes perfectly with the vapor rising from the feed plate and enters 
the plate above. (Equilibrium between the mixed vapor and the liquid on 
the feed plate is not assumed.) A partially vaporized feed consists of an 
equilibrium mixture of liquid and vapor at the flash tempera! urc (Tf) 
and at the column pressure. As illustrated in Figure 3-5, the liquid part of 
the feed flows onto the feed plate, mixes perfectly with the liquid on the 
tray, and comes to equilibrium with the vapor immediately above it. The 
vapor part of the feed is coasidered to mix perfectly with the vapor rising 
from the feed plate and then to enter the plate above the feed plate. 


THE CALCUUTIONAL PROCEDURE PROPOSED BY THIELE AND GEDDES(12) 

The choice of the temperatures throughout the column as the inde¬ 
pendent variables sets this calculational procedure apart from all others. 
The following specifications are necessary to apply this calculational pro¬ 
cedure to an existing column: the number of plates in each .section of the 
column, the rate of flow as well as the composition and thermal condition 
of the feed, and two other variables such as the distillate rate, D, and the 
reflux rate, Lo. In the following st atement of the equations for a conven¬ 
tional column, the notation differs from that originally propo.sed by Thiele 
and Geddes (12). As in Hummel’s notation (6), molkl flow' rates for the 
individual components are employed rather than the combination of total 
rates of flow and mole fractions. Absorption and stripping factors are em¬ 
ployed as suggested by Donnell and Turbin (3). In the rectifying section 
each material balance is written around a given plate and the condenser; 
in the stripping section each balance includes a given plate and the re- 
boiler. For a conventional column the followjing expressions represent a 
combination of the material balances and the equilibrium relationships. 

Rectifying Section: 

vii/di == Aoi + 1, (balance around condenser) (3-6) 

Vii/di = + 1, 2 ^ ^ - 1 (3-7) 


^fi/di — A/_i,,(y/_i,</d,) -F 1 


(3-8) 
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Stripping Seciim: 

Z/-1. t/hx — Sfxil/i/bx) 4 1 (3-9) 

= SiSiM +1, f+l^jSN (3-10) 

r 

iNi/bi = Sn+i.x + 1, (balance around reboiler) (3-U) 

where 


>lo. = Lm/KtuD for a partial condenser; for a total condenser Am = 
U/D. 

Ajx == absorption factor; An - Lj/KnVj 

If-i.x = molal rate at which component t, in the liquid state, flows 
onto the feed plate/; + In. 

In = molal rate at which component i enters the column in the 
liquid part of the feed. 

. Sn = stripping factor; iSy.- = /CyiFy/L, and <Siv+i.,- = /Cjv+i,,Vjv+i/£. 

vji = molal rate, at which component i, in the vapor state, enters 
plate / - I; Vfi = Vfx + vn. 

vn = molal rate at which component i enters the column in the 
vapor part of the feed. 

Although Equations (3-5) through (3-11) consist of combinations of 
equilibrium relationships and material balances, hereafter in the interest of 
simplicity these combinations are referred to as material balances. For the 
rectifying section Equations (3-6) through (3-8) are developed in the 
following manner. A material balance around the condenser yields 


Wit = loi + di (3-12) 

Upon dividing both sides of this equation by d. and noting that for a 
partial condenser, 

Ifii Tjuxox LoXoi Lo ^ 

di DXdx DKoiXoi KoiD 

the desired result, Equation (3-6) is obtained. Since xoi — Xoi for a total 
condenser, lo,/d, — Lo/D, which is also called Aoi. A material balance around 
any plate j and the top of the column yields 
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upon division of both sides of the expression by d,. Since 
it follows that 





(3-14) 


Sub.4titution of this expression for (Zy_i.»/d,) into Equation (3-13) gives 
the desired result, Equation (3-7). 

The equations for the stripping section are developed in a manner 
analogous to that shown for the rectifying section. A material balance 
around the reboiler may be written as follows: 


Inx 



(3-15) 


Since 


Vn+I.i _ VN+iKs+l.tXBi 

6 , Bxsi Bxb% 


Vk+iKn+I.^ 

B 


•= S. 


-V+l.i 


Equation (3-15) reduces to Equation (3-11). A balance around the bottom 
of the column and any plate j yields 


Since 


I 


j-l.i 


K 



(3-16) 



(3-17) 


the result given by Equation (3-10) is obtained. 

For a given set of LfV'f^ and temperatures, the flow rates of the in¬ 
dividual components are determined by use of Equations (3-6) through 
(3-11). It should be pointed out that with the introduction of enthalpy 
balances for the calculation of the liquid and vapor rates, the latter may be 
regarded as dependent variables for all trials after the first one. In the 
application of Equations (3-6) through (3-11), calculations are com¬ 
menced at each end of the column and continued to the feed plate. For the 
case of a boiling point liquid feed, »/, = u/,. Thus 
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where v/i/d^ is calculated by use of the equations for the rectifsdng section 
and v/i/bi by the stripping section equations; that is, Vfi/bi = Sfi(lfi/bi) 
when l/t/bx is calculated by Equation (3-10). After b^/di has been deter¬ 
mined, dt is given by 


d, = 


FX^ 

1 + (6./d.) 


(2-19) 


W’hich is obtained by making an over-all material balance. Use of this 
value of d, permits the calculation of the individual flow rates throughout 
the column. The expression for 6,/d, for a partially vaporized feed is de¬ 
veloped as follows. Equation (3-8) may be written in the form 


V/i VFx 

- ^ «-J 

di d, d, 


(3-20) 


which may be rearranged to 


Since 


and 


VFi iFt 

~FX,^ ~'fX, 

— = 1 -f 
d, di 


Equation (3-21) may be solved for 6,/di to give 

b = + (WFXi) 

d, (v/,/6,) -H (y,,/FXi) 


(3-21) 


(3-22) 


When the appropriate values for Ipi and VFt are employed, Equation (3-22) 
may be used to calculate 6,/d, for a feed of any thermal condition. For 
bubble point liquid and subcooled feeds, Ifi = FXi and vfx = 0. For feeds 
that enter the column as dew point and superheated vapors, VFi — FXi 
and Ifx = 0. 

Before presentation of further theoretical considerations, the calcula- 
tional procedure of Thiele and Geddes may be illustrated by solving a 
relatively simple distillation problem. Example 3-1. The statement of this 
example is given in Table 3-1. In order to focus attention on the funda¬ 
mental principles of this method, the total flow rates of the vapor and 
liquid streams are taken to be constant within each section of the column. 
As discussed in a later chapter, this condition may be realized for any 
column by use of intercoolers (or heaters) as required for each plate. Also, 
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Table 3-1 Statement and Specifications for Example 3-1 


Comp. No. 

fXi 

ai 

Specifications 

1 

# 

33.3 

1 

Total condenser, boiling point liquid feed, 
distillate rate (D) is 50 moles per hour, 
N - 3,/ - 2, - V, - F, - y« - 100, 

Z/o “ Z/i “ 50, In * In * 150. 

On the basis of these specifications, find the 
product distribution. 

0 

2 

33.3 

2 

3 

33.4 

3 


the relative volatilities are taken to be constant throughout the column. 
The specifications are represented schematically by Figure 3-6. The first 
trial calculation is made on the basis of an assumed temperature profile. 
Fortunately the calculational procedure is rather insensitive to the profile 
assumed initially. In view of this insensitivity, the choice of Ku = Kn = 
Kv, = 1.0 was made. Calculations were commenced at each end of the 
column and continued to the feed plate as shown in Table 3-2. Then 


Overhead vopor, k', = tOO 

















Tabi.k 3-2 Solution of Example 3-1 by the calculational procedure of Thiele and Geddes 
Trial No. 1: Assume Ku — Ktb = Ku = KAb = 1-0 
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3.0 6.0 7.0 3.0 1.9909999 I 13.999999 











































Product distribution 
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0.45509088 K» » 0.75867425 
















Table 3-2 (Continued) 
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bi/di for each component was computed after which di was obtained by 
an over-all material balance. The step-by-step calculational procedure 
used to solve Example 3-1 is sometimes called “nesting.” 


Diract-lteration 


Inasmuch as the subject Of convergence methods is treated in subse¬ 
quent chapters, it will not be dealt with to any great ext.ent here. How¬ 
ever, since the method of direct-iteration appears to be such a logical next 
step in the solution of a problem, it is presented. Including Thiele and 
Geddes (12), numerous authors among whom are those given by Refer¬ 
ences (1, 3, 4, 8, 9) have employed either direct-iteration or direct-iteration 
with modifications in order to obtain solutions to multicomponent dis¬ 
tillation problems. As described in Chapter 1, the method of direct-iteration 
consists of taking the calculated values of the variables as the assumed 
values for the next trial. In the case of Illustrative Example 3-1, observe 
that at the end of the first trial the calculated values of the variables are 
not in agreement with the specified values. For example, the sum of the 
diS is not equal to the specified value of D. Neither do the wy.’s nor IjiS 
add to give the specified values of L, and Vj. By the method of direct- 
iteration the improved temperature profile is selected on the basis of the 
calculated values of the variables as follows: 





Xjt 


ilii/di)d, {lii/hi)bi 




(3-23) 


(3-24) 


The improved temperatures (or the Kb’s) for the next trial are calculated 
by use of either the y^.’s or Xji’s and either Equation (2-15) or (2-13), 
respectively. Although the bubble point procedure was used in both sec¬ 
tions of the column in the solution of Example 3-1, the dew point procedure 
could have been used in either section. Since the bubble point procedure 
is recommended for general use in a subsequent chapter because it leads 
to a faster rate of convergence for hydrocarbon systems, it is employed 
here. For the second trial calculation the A>i’s and «S>,’s are calculated 
on the basis of the specified values of L>, V„ and D; the Kji’s appearing 
in these expressions are evaluated on the basis of the improved tempera¬ 
ture profile. The results of the second and several successive trials are 
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listed in Table 3-3. For many problems the method of direct-iteration 
gives rapid convergence to the desired solution. This method is further 
evaluated in a subsequent chapter. 


Table 3-3 Solution of Example 3-1 hy the Thiele and Geddes Calculational 

Procedure and Direct-Iteration 


Plate No. 

Calculated Values of Kb 

Trial No. 

1 

2 

3 

4* 

0 

0.455 

0.422 

0.416 

0.414 

1 

0..539 

0.487 

0.470 

0.467 

2 

0.580 

! 

0.526 

0.515 

0.512 

3 

0.663 

0.581 

0.561 

0.555 

4 

0.759 

0.661 

1 

. J 

0.639 

0.633 

D 

(Calculated) 

77.67 

57.57 

52.14 

51.09 


* All of the Kb a were correct to eight digits at the. end of the 11th trial. 


Although as shown in the following .section the calculated values of 
the flow rates of the individual components are in theory independent of 
the direction of calculation, round-off error is minimized when calculations 
are made from the top and bottom of a conventional column to the feed 
plate. 


Independence of the Individual Flow Rates of the Direction of Calculation 

Although the formula for 6,/d„ P^quation (3-22), was developed on the 
basis of making calculations up from the bottom and down from the top 
of the column to the feed plate, equivalent expressions for bi/di may be 
developed from the.equal ions which represent component-material balances 
written around either end of the column and any given plate. When balances 
are written around the bottom of the column and any plate j, Equations 
(3-fl) through (3-11) are applicable for the stripping section. A balance 
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around the bottom of the column and any plate j above the feed plate is 
represented by 


f'J-l.i 


h 



1 ^ ^ - I 


(3-25) 


Before this expression may be applied, it is necessary to evaluate bi. An 
outline of the development of the expression for 6,/d, follows. After hi/di 
has l)een determined, 6, and d, may be calculated by usr* of the over«all 
material balance, Equation (3-19). Appt^aring in the final expression for 
6,/d,' is the term e/,/6,, which is evaluated by making calculations up from 
the bottom of the column to the feed plate as indicated by Equations 
(3-10) and (3-11). After Z/,/6, has been computed by Equation (3-10), 
Vfx/bt is evaluated by use of the equilibrium relationship, 


where 


e/,/6, = SMM (3-26) 

,S/. = Kf,Vf/Lr 


The Kf^s are evaluated at the temperature of the feed plate, and F/ and 
Lf rcpre.sent the total rates at which the vafwr and liquid streams leave 
the feed plate. The development of the expre.ssion for 6,/d, is initiated by 
restating Equation (3-9) in the following form. 


6 , 6 , 



(3-27) 


For plate / — 1, Equation (3-25) gives 
h-i.i 




(3-28) 


Elimination of (If^i^^/bt) from Equations (3-27) and (3-28) yields 


•29) 


Since an over-all material balance requires that 

FX, d. 

1 -- _ 

6 , hi 



and since 
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Equation (3-29) reduces to 



Continuation of this substitutional process throughout the remainder of 
the rectifying section leads to the desired expression, 


d. 



(3-31) 


where 


(f>i = SoiSu- . . 


— SotSu- • • Sf-3,tS/-2,t + SoiSli. .. 

. . . + . • • + SoiSu “I" Soi + 1 

When component-material balances are written around the top of the 
column and any plate j, Equations (3-6), (3-7), and (3-8) are applicable 
for all plates above the feed plate. For the stripping section. 


Vji 

di 



FXA 

di )' 


f + I ^ N + I 


(3-32) 


In a manner analogous to that used to develop Equation (3-31), it is 
readily shown that Equations (3-8), (3-32), and the relationships stated 
below Equation (3-21) lead to the desired result 


bj 

di 



SI. + Wt 



(3-33) 


where 

Sl< = 1 + As+i,i + 4- ... 4* AN+i,iAffi. • • A/+i,iA/+i,i 

In order to prove that for a given set of L/F’s and K's, the flow rates 
of the individual components are independent of the direction in which the 
calculations are made, it will be shown first that all of the expressions for 
bi/di, Equations (3-22), (3-31), and (3-33) are equivalent. The equiva- 
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leoce of Equations (3-22) and (3-31) is shown by deriving Equation 
(3-22) from (3-31), First, it is to be noted that may be represented 

by the following series, which is obtained by application of the previously 
described substitutional process to Equations (3-6) and (3-7) 

« 

If-i.i/di — ,. jiot + + ... + Af-i i (3-34) 

Division of the numerator and denominator of Equation (3-31) by 0, 
gives an expression containing the ratio which may be expressed in 
terms of the AjtS as follows: 

= -d/-!,! + + ... 4* doi.. -A/-i,t 

Upon comparison of this expression with Equation (3-34), it is seen that 

(3-35) 

When in Equation (3-31) is replaced by its equivalent as given by 
Equation (3-35), the desired result, Equation (3-22), is obtained. 

In proving the equivalence of Equations (3-22) and (3-33), note that 
the following formula for V/,/6,- is obtained by combining Equations (3-10) 
and (3-11). 


V/i/hi — Sfi ... Sii+i.i + Sft ... Sn, -}-••• + S/i (3-36) 

Division of the numerator and denominator of Equation (3-33) by u* 
gives an expression that contains the ratio n,/«,. This ratio may be ex¬ 
pressed in terms of the SjiS as follows: 

Qi/u4 = Sfi ... <Sjv+i,i + Sfi ... Sffi + Sfi (3-37) 

Comparison of Equations (3-36) and (3-37) shows that the right hand 
sides are equal. Thus substitution of v/i/bi for the ratio in the expression 
obtained by division yields the desired result, Equation (3-22). 

When calculations are made from the top of the column down to a 
particular plate located n plates below the top and k plates above the feed 
plate, the following expression is obtained by combining Equations (3-6) 
and (3-7). 


I i.i" •. A\i “b • • • An—i,t 4" 1 (3 3S) 

This same result is obtained by making calculations from the bottom of the 
column to plate n as indicated by Equations (3-10), (3-11) and (3-25). 
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As shown previously, repeated application of Equation (3-25) gives 


'/-M 

6. 




\ /^y 

6 ? FXp, ~ \FXpJ irj. 


— [14- (S/_*+i,, 4- ... 4" S/_*+i,<. 



(3-39) 


Multiplication of both sides of Equation (3-39) by (S/-k,i) (bi/di) followed 
by the elimination of 6,/d, on the right hand side of the resulting expression 
by use of Equation (3-31) yields 


"dT 


= (6V-*......SV_i..) 



{Sf-k.f ■. »S/_i,,) 



{Sf^k.t 4- Sf-k+1,% 


4- ... 4- Sf-k.,...Sf.i,^) (3-40) 

Since 

<!>. 

(Sf-k.i- . . ^/-l.,) — Sf-k.i- ■ . “h . . <S/_3,, 

<t>% 

4" •. • 4~ 4" 1 4~ 4“ An-i.tAn-s., 

-f ... 4* .. Ao, (3-41) 

P^quation (3-40) reduces to the do.sired result, P^quation (3-38). 

Although other proofs may be simpler (s(*e I’roblem 3-6) than the one 
presented, the particular proof was stdected for presentation l)ecause it 
makes use of the same teehniciues used in the subsequent treatments of 
complex columns, internal loops, and separated components. 


SOLUTION OF THE MATERIAL BALANCE EQUATIONS BY USE OF MATRICES 

Many computer programs are available for the solution of a system of 
linear equations by use of matrix algebra. In order to use such programs, 
it is necessary to supply only the coefficients of the variables and the con¬ 
stants appearing in the system of (^quation.s as input information. Thus 
the use of such a program eliminates the necessity for writing a program 
to solve the material balance equations. Amundson and Pontinen (1) were 
the first to solve multicomponent distillation problems on computers by 
use of matrices. The following treatment of matrices is not intended to 
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exhaust the subject, but rather to demonstrate the fundamental operations 
of matrix algebra required to solve a system of linear equations. For more 
complete treatments see References 2, 5, and 11. 

In order to demonstrate the use of matrices to obtain the solution for 
a system of linear equations, consider the following set of equations 


vu/di - An + 1 

(3-42) 

Vii/di = Au{vii/dt) -t- 1 

(3-43) 

Vii/di = Aii(vti/di) + 1 

(3-44) 

For a column in which the feed enters as a liquid at its boiling point at the 
column pressure and which contains two plates above the feed plate. 
Equations (3-42) through (3-44) constitute the material balances for the 
rectifying section. For any given trial calculation, the 4's are regarded as 

constants. In the interest of simplicity, the subscript i 
variable (Vj/d) is replaced by Z> to give 

is dropped and the 

Zi — Ao 1 

(3-45) 

Zi — A\Zi + 1 

(3-46) 

Z% = AiZi "{- 1 

(3-47) 


Before the consideration of matrices, Equations (3-45) through (3-47) 
are solved by two algebraic methods. The step-by-step or substitutional 
process that was used to solve Example 3-1 is represented by 


= ilo + 1 (3-48) 

Zi = AiiAo + 1) + 1 (3-49) 

Zi ~ il2C'd.i(ilo + 1) + 1] + 1 = AiAiAo -}- A 2 A 1 4* -f- 1 (3-50) 

Since Equations (3-45) through (3-47) represent three equations in three 
unknowns, a solution may be obtained by algebraic elimination. Equations 
(3-45) through (3-47) may be restated in the form 

Zi = 4o + 1 

— AiZi -f- Zi — 1 

— AiZt + Zj = 1 

Performance of the following operations- yields the desired solution. 


(3-51) 

(3-52) 

(3-53) 
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Step 1 : Multiply Equation (3-51) by A\ and add the result to Equation 
(3-52) to give 


Zt = Ao + 1 

Z 2 = Ai(Ao -f- 1) + 1 

— A2Z2 “f" Zj = 1 

Step S: Multiply the second equation by ^2 and add the result to the third 
equation to give 


Zi = Ao "1“ I 

Z 2 = Ai(Ao + 1) + 1 


Z3 = A2Ai(Ao -}- 1) "1“ A2 + 1 


which is of course identical to the solution given by Equations (3-48), 
(3-49), and (3-50). 

This same solution will now be obtained by use of matrices. In the 
presentation of this method only the rule (or definition) for the multiplica¬ 
tion of two matrices is given. As will be demonstrated, the additional rules 
of matrix algebra needed here are analogous to the corresponding algebraic 
operations which may be performed on a system of linear equations. A 
matrix is defined as an array of numbers arranged in m rows and n columns, 
which is usually enclosed by brackets as follows: 



Oil 

O 12 

Oln 

A = 

021 

¥ 

022 

* • ■ • 

* • • • 



_Ow,l 

« * ■ • 

Om2 

Omn^ 


If m = n, the array is called a square matrix of order n. In the applications 
which follow all of the matrices are square, and this situation corresponds 
to the case where the number of equations is equal to the number of un¬ 
knowns. The a’s are called the elements of the matrix. Unlike a determinate, 
a matrix is not equal to any number; however, it may be equal to either 
another matrix or product of matrices. Two matrices are said to be equal 
if and only if each of their corresponding elements is equal. The multiplica¬ 
tion of matrix A and matrix B is defined only for the case where the num- 
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ber of columns of A is equal to the number of rows of B. Thus the opera¬ 
tion of multiplication implied by 


AB = C 


is defined by 


flu fll2 flis 


1 

C4 

1_ 


Cu Ci2 

fl21 fl22 fl23 


521 522 


C2I C22 

_fl31 fl32 a33_ 


_581 532„ 


_C31 C32__ 


(3-56) 


where Cu denotes the sum of the products of each element of row 1 of 
matrix A by the corresponding element of column 1 of matrix B\ that is, 


(3-55) 


Cu — Oiibu -f civibn + anbsi 


C21 — O21611 -f- 022521 + O23631 


(3-57) 


C32 — 03i5i2 + 032522 + 


It should be noted that multiplication is not generally commutative; that 
is, ^41# is not necessarily equal to BA. The definition for multiplication 
makes it possible to represent Equations (3-51), (3-52), and (3-53) as 
follows: 


1 0 0 ” 
-^1 1 0 

0 -Az 1 




do + 1 

Zi 

= 

1 



1 


(3-58) 


That these matrices do represent Equations (3-51), (3-52), and (3-53) 
is retidily proved by applying the multiplication rule. For simplicity 
Equation (3-58) is customarily written 


AZ = C (3-59) 

In order to solve for Zi, Z 2 , and Z 3 , it is necessary to find the inverse matrix 
of A. Tliis involves the use of a third order identity matrix, which is defined 
as follows: 

n 0 01 


/ = 


0 1 0 


(3-60) 


0 0 1 
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Note that lA = A, which fact follows from the application of the multi¬ 
plication rule, Equation (3-56). The inverse matrix of A is defined as that 
matrix which when multiplied by A gives /; that is, 


A~^A = / (3;-61) 

The matrix A-^ may be found by performing the same arithmetic operar- 
tions on / and A as was performed previously on the system of linear 
equations. This set of operations transforms the matrix A to the unit 
matrix I and the unit matrix I to the inverse matrix A~^. In order to demon¬ 
strate a further principle, the same operations are performed on the matrix 
C. Now consider separately the three matrices. A, /, and C. 


A 

/ 

1 

o 

o 



1— 
o 

o 

1 _ 

1 

o 



0 1 0 

1 

Cl 

1 

o 

_ 1 



o 

o 

_ 1 


C 

^0+1 

1 


1 


(3-62) 


The vertical partition lines are used to represent the fact that the matrices 
arc to be considertid separately and not as a product. Now perform the 
following matrix operations, which are analogous to the algebraic operations 
performed previously in Steps 1 and 2 on Equations (3-51), (3-52), and 
(3-53). 

Step 1: Multiply row 1 of each matrix given by Equation (3-62) by Ai 
and add the result to row 2 to give 


1 

0 

0 



0 0 " 
1 0 
0 1 


y4o + I 

..4i(i4,o + 1) + 1 

1 


Step 2: Multiply row 2 by A^ and add the result to row 3 


1 

o 

o 



1- 

o 

o 

1_ 

0 1 0 



A, 1 0 

1 

o 

o 

_1 



_^A2Ai A 2 


-4o + 1 

Ai(i4o + 1) + 1 

__A2Ai(Ao -f- 1) + Aj + 1 


(3-63) 
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The operations which transform the matrix A to the identity matrix also 
transform the identity matrix to the inverse matrix of A. This is proved 
by multiplication of the transformed matrix of I and A ; that is, 


1 

o 

o 

1 _ 


1 

o 

o 

1 _ 


1 - 

O 

o 

1^ 

1 _ 

Ai 1 0 


1 

as 

o 

II 

0 1 0 

1 

e4 

_ 1 


1 

o 

1 


-0 0 1_ 


(3-64) 


which result satisfies the definition of the inverse matrix of A, Equation 
(3-61). 

The tran^ormed matrix of C turns out to be A~^C, which fact is shown 
by application of the multiplicstion rule as follows: 


1 

o 

o 


1- 

4- 

0 

1 _ 

Ai 1 0 


1 

AjAi A 2 1_ 


-1 

_ 1 


Ao + 1 

A,iAo + 1) + 1 

_AiAi{Ao 4 " 1 ) + . 4.2 + 1 


(3-65) 


It is to be observed that the matrix A~‘C corresponds to the array of 
numbers on the right hand sides of Equations (3-48), (3-49), and (3-50). 
Since the multiplication of and C does give the same result as that 
obtained by operating on C in the manner demonstrated, it is not neces¬ 
sary to include the matrix C in Equation (3-62). 

The inverse matrix of A is used to obtain Zi, Zt, and Zi as follows. 
Multiplication of both sides of Equation (3-.59) by A~^ yields 


A-^AZ = A~^C 


Since A~^A = /, Equation (3-66) reduces to 


But IZ — Z; hence 
which represents 


IZ = 

Z = A-^C 


“zr 


.4c 4- 1 

Z2 

=s 

4i(4o 4' 1) 4“ 1 



_4.j4i(4o ri" 1) 4- 42 4- 1_ 


(3-66) 

(3-67) 

(3-68) 


(3-69) 


If two matrices are equal, their corresponding elements are equal. Thus 
the solution given by Equations (3-48), (3-49), and (3-50) is obtained. 
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THE CALCULATIONAL PROCEDURE PROPOSED BY LEWIS AND AAATHESON 

This well-known procedure has as its distinguishing feature the selec¬ 
tion of llie distribution of each component between the top and bottom 
products as an ind('f>en(lpnt variable. One might ask which procedure is 
corr<;ct—tht‘ one proposed by Thiele and Geddes {12) or the one suggested 
by Lewis and Mat he,son (7) ? The answer is that both procedures are correct 
Ix'cau.se the choice of the independent variables is arbitrary as demon- 
stratcKl in Chaplt r 1 in the consideration of Etjuation (1-5). 

If th(‘ sum(‘ .sta of .specifications are made for a conventional column 
as th(»s(' stated previously in the Lewis and Matheson procedure, step-by- 
step calculations are carried out from the top and bottom of the column 
to the feed plate on the bjisis of an assumed product distribution. The step- 
by-step calculational i^jocedure eon.si,sts of alternately making material 
balance and bubble point (or dew point) calculations. If the mole fractions 
of the Ii(jui(l leaving the hied plate obtained by making calculations down 
from the top of the column are in agreem(-*nt fomponent by component 
with those obtained by making cahmlations up from th<‘ bottom of the 
column, the (iorn^et product distribution was assumed to make the trial 
calculation. Alternately, the original a.ssump<.ion ma}' In' tested by com¬ 
parison of the mole iraelions of the vapor leaving the feed plate. 

In order to illustrate the principles of the calculational procedure pro- 
po.sed }>y JowLs and Matheson (7), J'ixample 3-1 was also solved by this 
method as .shown in 'babies 3-4 and 3-5. In order to initiate this calc.ula- 
tional procedure, the compo-sition of the distillate at the end of the first 
trial by the 'I’hii'le and Geddes method was taken as the first assumed set 
of Xj),’s as shown in Table 3-4. I’hen DX^t wa.s computed on the basis of 
th(‘ sjMH'ified value of I), and the corre.sponding value of Bxjf, was cak'ulated 
by list' of an o\f'r-a)l material balance. An examination of the results (.see 
Table 3-41 obtained by the first trial calculation shows that the assumed 
set of distillate compositions was incorrect. Lewfis and Mathe.son (7) and 
Robin.son and Gilliland (10) propo.sed methods for the selection of a set of 
corrected Xu/t,. Other m<‘thod.s arc al.so presented in a subsequent chapter. 

The fundami'iital principles of the method of direct-iteration for use 
with the Lewis and Mathe.son (7) calculational procedure was presented 
by Lyster et al (8). Although this method has not been tested to any 
appreciable extent, it did convergi; satisfactorily for Example 3-1. It is 
presented primarily for tlie purpose of demonstrating that direct-iteration 
may be used to carry out successive trial calculations by use of the procedure 
of Lewis and Matheson as well as the one by Thiele and Geddes. An out¬ 
line of the combination of the Lewis and Matheson calculation procedure 
and direct-iteration follows. On the basis of an assumed set of Xm-’s, calcu¬ 
lations are initiated at the top of the column and continued to the feed 
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Cfca|>. 5 



K,» - 0.48731903 K» --0.45624114 
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Table 3-5 Solution of Example 3-1 by the Lewis and Matheson Calculational 

Procedure and Direct-Iteration 


Plate No. 

C-alculated Values of Ki 

Trial No. 

1 

2 

3* 

0 

0.456 

1 

0.412 

0.414 

1 

0.539 

0.465 

0.468 

2 

0.598 

0.509 

0.512 

3 

i 

0.487 

0.559 

0.553 

4 

1 

0.5.54 

I 

0.635 

0.630 

D 

(Calculated') 

46.42 

i 

49.96 


* All of the Kh’a were correct to eight digits at the end of the 8th 
trial. 


plate to give a set of ^/,’s. Multiplication of each of these by Vf yields v/i. 
Division of »/, by the corresponding distillate rate gives a value for 
Vfi/di. In an analogous manner, a value for v/t/h, may be calculated on the 
basis of the results obtained by making calculations from the bottom of 
the column to the feed plate. For the case of a bubble point litiuid feed, the 
value of b,/d, by direct-iteration is 


bi Vf^/dj 
di Vfijbi 


(3-70) 


and di is given by use of Equation (3-19). The composition of the distillate 
for the next trial is calculated as follows: 


di 

Xui = -1- (3-71) 

Zd, 

Then the DXm’^ for the next trial are calculated on the basis of the specified 
value of D and the Xd/s given by Equation (3-71), and the corresponding 
values of BxBi are obtained by use of the over-all material balance, 

to. = FXi - DXoi 


(3-72) 



Cht^. 3 


Material Balance and Equilibrium Relationehipa 75 


The existence of the possibility of computing a negative value for BxBi is 
to be observed. If such a value is calculated, it is suggested that Bxsi be 
taken equal to the value of bi as calculated by the use of riqualions (3-70) 
and (3-19). 

Bfefore concluding this chapter, the reader should be cautioned against 
drawing premature conclusions concerning either the convergence or the 
rate of convergence of the calculational procedures of Thiele and Geddes 
and Ijcwis and Matheson and direct-iteration. Since it has not been shown 
analytically that the sufficient conditions stated in (’hapfer 1 for con¬ 
vergence by direct-iteration have Ix^en satisfied, it can not be assumed 
that these methods will converge for all examples be(;avih(‘ convergence 
was obtained for a single example. 


NOTATION 

A = a matrix 

Aji - absorption factor for jilatc j and comjwnent i 
fe, = molal withdrawal rate of component i in the bottom product 
B — molal withdrawal rate of bottoms 
(? = a matrix 

c — total number of comiKjnents 

(it = molal withdrawal rate of component i in the distillate 

7) = molal withdrawal rate of distillate 

/ = number of the feed plate 

/' = molal rate of flow of the entering feed 

Kjt — the Henry law constant {y = Kx) for component i at the temperature of 
plate j 

Iji = molal rate at which component t in the liquid state leaves plate j 
— molal rate of flow of component i in the liquid state onto plate / 

I 

Ifx = molal rate of flow of component i in the liquid part of a partially vaporized 
feed 

hf — total molal rate of flow of liquid from plate j 

X//_i = total molal rate of flow of liquid onto the feed plate; L/-i — L/_i -f- Lje 

Lr — molal rate of flow of the liquid part of the feed. For boiling point liquid 
and subcooled feeds, Lj? = F, and for dew point vapor and superheated 
feeds Lf = 0 
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N » total number of plates in the column. The plates are numbered down from 
the top with the top being 1, the plate above the reboiler N, and the re¬ 
boiler N •}- 1 

S,i = stripping factor for component i and for plate j ^ 

Vji — molal rate at which component i in the vapor state leaves plate j 

V/i — molal rate at which component i in the vapor state enters plate / — 1 

Vfi = molal rate of flow of component i in the vapor part of a partially vaporised 
feed 

Vy = total molal rate of flow of vapor from plate j 

Vf— total molal rate at which vapor enters plate / — = V/-j~ Vi? 

Vf = molal rate of flow of the vapor part of the feed. For boiling point liquid 
and subcooled feeds Vf — 0, and for dew point vapor and superheated 
feeds Vf = F 

XBi — mole fraction of component i in the bottoms 

Xft = mole fraction of component i in the liquid part of a partially vaporised 
feed 

Zji = mole fraction of component t in the liquid leaving plate j 

Xdx = mole fraction of component i in the distillate regardless of state in which 
it is withdrawn 

X, = total mole fraction of component i in the total feed F 

yFi ~ mole fraction of component i in the vapor part of a partially vaporised 
feed 

l/yi = mole fraction of component t in the vapor leaving plate j 

2 = a matrix 

a = relative volatility of individual components; a, = Ki/Kt 

= denotes a sum; 21 = sum from t = 1 through c 
1-1 

^t, = a product and sum of products of stripping factors; defined immediately 

following Equation (3-31) 

Sit, u>{ = a product and sum of products of absorption factors; defined immediately 
following Equation (3-33) 
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Svbaeriptt 

h =■ base component; the component for which a = 1.0 

B = bottom product 
* 

D^= top product 

F = mixture formed by a flash process 
/ = feed plate 

i — component number, t = 1 to i = c 

j = plate number; for the condenser j = 0, for the top plate j = 1, for the 
feed plate y = / and for the reboiler j — N -{■ 1 


PROBLEMS 

3-1 Verify the results shown in Table 3-3 for the second trial calculation by use 
of the calculational procedure of Thiele and Geddes and direct-iteration. 

3-2 Verify the results shown in Table 3-5 for the second trial calculation by use 
of the calculational procedure of Lewis and Matheson and direct-iteration. 

3-3 Where the ratios of the Ki’s are a function of temperature, demonstrate the 
modifications which must be made in the calculational procedures shown for 
Illustrative Example 3-1 by performing the first two trial calculations for the 
following example by use of both the Thiele and Geddes and the Lewis and 
Matheson calculational procedures. 


Component 

FX^ 

Specifications 

i-C4 

33.3 

Same as Illustrative Example 3-1. 
In addition the column is to 
operate at .^O psia. 

n-C4 

33.3 

t-C» 

33.4 


For purposes of comparison, take each temperature of the first assumed profile 
for the Thiele and Geddes procedure to be equal to the temperature required 
to give a A* of unity for isobutane at 50 psia. Also use the results of the first 
trial obtained by the Thiele and Geddes procedure to initiate the calculational 
procedure of Lewis and Matheson. 

3-4 Many authors (1, 9, 10, 12) have stated the material balance equations in 
terms of mole fractions. Show that for a conventional column 
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Vu 

Xoi 


U D 

K^Vi Fi 


(balance around the condenser) 



Stripping Section 

?t±L = ^ A. 

XBi \ L/-1 Lf-i 



f-2^j^N+l 


^ - f _j_ ^ 

* XBi \ L{f / Ln 


(balance around the reboiler) 


3-5 (a) Apf)ly the formulas developed in Problem 3-4 to describe the conven¬ 
tional columit of Illustrative Example 3-1. 

(b) Show tlmt if yit/Xot as computed by the material balances of Part (a) 
is multiplied by V 2 /D (where tliese are the values specified in the state¬ 
ment of the problem), the result is equal to the value of V 2 »/di obtained 
by use of material balances stated in terms of molal flow rates. Hint; 
Begin by showing that the equations found in Part (a) may be rearranged 
to give 

(c) On the basis of the equations found in Part (a), develop the following 



The flow rates D, B, and Ft have the values specified in the statement of 
the example. Show that the sum of this set of Xoi’B is not necessarily equal 
to unity. 
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(d) On the basis of the equations found in Part (a), suppose the calculated 
value of b{/di is defined by 



After bi/di has been determined, d, is calculated by Equation (3-19). A 
set of XdiS may be computed as follows: 

A'pi — djy'Ai 

Show that this set of A^i’s is equal to the set obtained by normalization 
of those computed by the formula given in Part (c). 

(e) Develop the formulas needed to calculate the set of 1 / 2 ,’s from the ya/Xot^ 
and the appropriate set of X^x’s whi(!h are equal component by component 
to those given by Equation (3-23). 

3-6 For the Thiele and Geddes procedure, the independence of the flow rates of 
the individual components of the direction of calculation may be shown in 
ways other than the one presenttKl in the text. 

(a) Beginning with Equations (3-4), (3-5), (3--19), and (3-25), produce 
Equations (3-6) and (3-7). 

(b) State all of the independent material balance equations including an 
nver-all material balance and equilibrium re]ationshi];)3 (Equations 8-4 
and 3-5) required to describe a conventional distillation column and show 
that the number of unknowns is equal to the number of equations. 

3-7 For the column described by Illustrative Example 3-1, the formulas of Amund¬ 
son and Pontinen (1) lead to the following set of equations. 

— Xdx 

LoXm - {ViKu + ln)xu i- = 0 

hxu- (L 2 + VzKziXsx = - FA'. 

L^i- (L,+ VJCm)xu+ V4A'*.I4. = 0 ' 

LaXu — (5 + 1 ^ 4 X 4 .) X4t = 0 

Show that the normalized mole fractions calculated by these equations are 
equal component by component to those given by use of Equations (3-4) 
through (3-11), (3-19), and (3-24). 
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3-8 State the equations required to describe a conventional column (Equations 
(3-6) through (3-8) and (3-10) through (3-11)) as a matrix equation. Ob¬ 
tain the inverse of the coeihcient matrix (the one which contains the coeffi¬ 
cients of the variables »fi/di and Iji/bi). 
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Most of the basic principles of the various convergence methods may 
be demonstrated by use of a conventional column operating at a fixed set 
of vapor and liquid rates. Modifications required when the total flow rates 
are determined by use of enthalpy balances are presented in the next 
chapter. Convergence methods involve the adjustment of the calculated 
values of the variables to give an improved set, which when used as the 
assumed values of the independent variables for the next trial give a set 
of calculated values that are closer to the correct set than those obtained 
by the previous trial. When no adjustment of the calculated values of the 
variables is made, the resulting procedure is called direct-iteration, which 
was illustrated in the previous chapter. Observe that the same order is 
being followed in the treatment of the equations describing multicompo¬ 
nent distillation as that used in the consideration of the simple algebraic 
equations in Chapter 1. First, the equations were solved by direct-iteration. 
Next, convergence methods were used to select a better value of the inde¬ 
pendent variable to be assumed for the next trial than the one obtained by 
the previous trial calculation. 

In this chapter the developments of several of the proposed convergence 
methods are presented. Application of these methods is demonstrated by 
the solution of several numerical examples. 


THE fl-METHOD OF CONVERGENCE 

This convergence method was proposed by Lyster* et al. (6) and shown 
to give satisfactory results for a conventional distillation column. Sullivan 
(10) showed that this method could be employed to solve problems in 

* Presented at a national meeting of the A.l.Ch.E. in Salt Lake City, Utah. Sep¬ 
tember 1958. 
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which various types of specifications are made. It may be used both with 
the Thiele and Geddes (11) and the I^wis and Matheson (7) calculational 
procedures. However, computational and other problems which have been 
solved in the application of the Thiele and Geddes calculational procedure 
to complex units have not been solved for the corresponding applications 
of the Lewis and Matheson procedure. Therefore, the applications shown 
in subsequent chapters make use of a combination of the Thiele and Geddes 
calculational procedure and the ^-method of convergence. The solutions to 
these problems might well represent or lead to suitable solutions of the 
corresponding problems encountered in the application of other calcula¬ 
tional procedures and convergence methods. However, the present chapter 
is not concerned with these problems, but with the presentation of the 
fundamentals of the various convergence methods. 


DEVELOPMENT OF THE ^-METHOD OF CONVERGENCE FOR USE WITH THE 
CALCULATIONAL PROCEDURE OF THIELE AND GEDDES 

First, the 6i-method is developed from an intuitive point of view. This 
is followed by a development in which the required fundamental postulates 
are stated and the method developed therefrom. Recall that in the solution 
of Illustrative Example 3-1 by the calculational procedure of Thiele and 
Geddes and direct-iteration, the sum of the calculated d,’s did not equal 
to the specified value of D until convergence was obtained. Now consider 
the adjustment of the calculated d.’s to give a corrected set that satisfies 
both an over-all material balance for each component and the specified 
value of D. Thus it is required that the corrected set of d.’s satisfy 


FXi ~ (d,)« 4* {&.).. 

(4-1) 

o = E 

(4-2) 




simultaneously. Throughout this book the subscript “co” is used to denote 
the corrected value of the variable. Note that there exist infinitely many 
sets of (6,)eoand (d,)c 9 which satisfy Equations (4-1) and (4-2) simultane¬ 
ously. The i9-method consists of one way of selecting one of these sets. For 
any given set of L/V*s and temperatures, a set of 6,/d,’s may be computed, 
which are henceforth identified by the subscript “ca.” The quantity 
{hi/di)ea embodies all of the assumptions made in order to perform a given 
trial calculation. There is also one set of 6</d,’s which represent the solu- 
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tion to the problem. They are related to the calculated set as follows: 



That is if the final solution is known and the values of {hi/di)ea are available 
for any trial, certainly the fl/s may be calculated by Equation (4-3). How¬ 
ever, the solution and hence the correct values of 6,/d, are not generally 
known. Until the solution has been obtained, insufficient information is 
available for the determination of the set of d’s defined by Equation (4-3). 
However, a single value of 6 may be found that satisfies simultaneously 
Equations (4-1) and (4-2). Thus the corrected values of 6,/d,- given by 

=* SI 



may be regarded as the first approximations of the final set. The formula 
for the calculation of 6 is developed in the following manner. Equations 
(4-1) and (4-4) may be solved for (d,)ro to give 


(d.)co = 


1 + B{bi/dt)ca 


(4-5) 


Substitution of this expression into Equation (4-2) followed by rearrange¬ 
ment yields 


9(6) = 


FXi 


,-i 1 + 6(bi/di)t 


- D 


(4-6) 


The desired value of 6 is the positive root which gives g(6) = 0. A graph 
of the function g(B) in the neighborhood of the positive root is shown in 
Figure 4-1. This positive root may be found by any one of several methods, 
two of which (Newton’s method and interpolation regula falsi) were 
presented in Chapter 1. In the application of Newton’s method the first 
derivative. 


‘ (biWeaFXi 

“x [1 + 6{bM^J 


(4-7) 


with respect to 6 is needed. Successive application of Newton’s method as 
described in Chapter 1 leads to the desired value of B, provided the first 
assumed value of 6 satisfies the inequality 0 ^6 ^Br. Since B = 0 represents 
one value that always satisfies this inequality, it may be taken as the first 
assumed value of 9. After the positive root, B = Br, has been found, the 
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corrected values for the di& are obtained by substitution of this value of 
0 into Equation (4-5). The corrected value of is given by 





( 4 -«) 


Although in theory (&.)«„ may be calculated by use of Equation (4-1), in 



Figure 4-1. Geometrical representation of the function g{B) in 
the neighborhood of the positive root Br- (Reproduced by permis¬ 
sion of Hydrocarbon Processing & Peiroleum Refiner) 


practice Equation (4-8) is preferred because the range of magnitudes of 
numbers that may be generated on present-day machines exceeds by far 
the number of significant figures which may be carried. 

When the ^method of convergence is used with the Thiele and Geddes 
calculational procedure, the following formulas are employed for the 
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calculation of the corrected mole fractions 


X 


i* ~ 



ya = 




(4-9) 


(4-10) 


Since 


(b.)«« 


(hi/di) ca(,di) ea and (5i)eo 


9 [hi/di) ea(d«) CO 


it follows that the two expressions given by Equation (4-9) for x„ are 
equivalent. Because of characteristics of the 0-method which will be dis¬ 
cussed in Chapter 6, the corrected temperatures should be calculated by 
use of the bubble point procedure and the Xj/s. As shown in succeeding 
paragraphs, Equation (4-9) and (4-10) may be developed from first 
principles. The combination of the Thiele and Geddes calculational pro¬ 
cedure and the 0-method is readily applied as illustrated by the solution of 
Illustrative Example 3-1 in the previous chapter. The calculated values of 
hi/di obtained by the first trial calculation (Table 3-2 of Chapter III) 
were used to compute a 0 of 5.6215101 by use of Equation (4-0). Corrected 
compositions, calculated by use of Equation (4-9), were used to obtain 
the profile shown in Table 4-1. The final flow rates are also given in Table 
4-1. The corrected temperature profile is used to make the next step-by- 
step calculation through the column in the same manner as shown previ¬ 
ously for direct-iteration. 

In the previous development the statement of the formulas for and 
Vji may be regarded as definitions of the mole fractions. However, Equa¬ 
tions (4-9) and (4-10) may be developed on the basis of the conventional 
definition for a mole fraction (moles of a given component in a mixture 
divided by the total moles of the mixture). In this development it is sup¬ 
posed that the Fy’s and L/s are fixed throughout the column. As mentioned 
previously, any set of total flow rates may be realized by use of appropriate 
intercoolers (or heaters). Again the problem is to find a set of terminal 
flow rates which satisfy both a component-material balance, Equation 
(4-1), and the specification D. The following postulates lead to the same 



Table 4-1 Solution of Example 3-1 by use of the 0-method and the Thiele and Geddes calculational procedure 
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5.6215101 0.94749173 0.99997452 0.99999469 
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Table 4-1 (Continued) 


Final Flow Rates 

Comp. 



No. 

b 

d 

1 

27.764577 

5.535423 

2 

16.224283 

18.075717 

3 

7.011140 

26.388860 


set of corrected distillate rates that were obtained previously. Now con¬ 
sider the following sum of products, 

± Cj] 

f*! ' Oi /ca 

Certainly this sum is related to the speeified flow rate, K,. However, it is 
not necessarily equal to Vj, since the two requirements placed on the cor¬ 
rected d,'s did not include this condition. Obviously, if the values of both 
the sum and V, are known, the single multiplier required to give an equality 
may be readily found. These observations lead to the following definitions. 
Let the multiplier try be defined by 


(vyt)eo ~ ( J ) (dt)eo 

' d|/ ea 

(4-11) 

Similarly, let t> be defined by 


= r, ff) ( 6 y)« 

' 0»/ ca 

(4-12) 

These definitions of the multipliers cry and ry imply that the sums of the 
corrected vapor and liquid rates of the individual components are equal to 
Vj and Ly, respectively; that is, 

( 7 ) 

(4-13) 

L, = r,t (A (W„ 

,.il NOt/co 

(4-14) 
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Since y>, = Va/Vj and = la/Lj by the usual definition of the mole frac¬ 
tion, Equations (4-11) through (4-14) are readily combined to give the 
desired results, Equations (4-9) and ( 4-10). 

The relationship given by Equation (4-4) may also be obtained from 
the fundamental postulates. For the case of a column with a total condenser, 
Equation (4-12) gives 


(lo*)eo — ^oi.ht/hi) eai,^i) eo 

Multiplication of both sides of this equation by D/Lo followed by re¬ 
arrangement yields. 


(6.)c« = (l/To)(b./d.)..(d.)«, (4-15) 

The single multiplier 1/to may be replaced by d to give Equation (4-4). A 
more general development of this relationship including the case where 
the column has a partial condenser follows. Suppose a plate {j = —1) to 
exist (above the condenser) on which the distillate is completely con¬ 
densed. Then for this plate Equation (4-12) gives 


idi)co = r_i(d./6.).„(6.),. (4-16) 

Replacing the single multiplier 1/t_i by $ yields the desired result. Equa¬ 
tion (4-4). Alternately, this relationship may be obtained by use of Equa¬ 
tion (4-11). In this approach all components are supposed to be completely 
vaporized on the additional plate (N -f- 2 ) located below the reboiler. 
Also, this treatment leads to the relationship, <rjv +2 = l/r_i = 6. In con¬ 
clusion, the same basic postulates which lead to expressions for the mole 
fractions also give the basic relationship between the terminal rates ex¬ 
pressed by Equation (4-4). After this relationship has been obtained, the 
quantity 6 which satisfies the two conditions placed on the corrected termi¬ 
nal flow rates is computed as described previously. 

Note that the basic postulates, Equations (4-11) and (4-12), could be 
broadened by taking a and r to be functions of each component. Where 
information is available for the evaluation of multipliers defined in this 
way, these more general definitions are useful as will be shown in the treat¬ 
ment of other units. 

As proposed by Lyster et al. ( 6 ), the 5-method of convergence may also 
be used with the calculational procedure of Lewis and Matheson (7). This 
combination is described in a subsequent section. 
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CONVERGENCE CHARACTERISTICS OF THE 9-METHOD AND THE THIELE AND 
GEDDES CALCULATIONAL PROCEDURE 


As is shown (Table 4-1) by the solution of Illustrative Example 3-1 
by use of the 9-method, the multiplier 9 gives corrections in the desired 
direction. Further insight into the 9-method may be gained by showing 
why it gives corrections in the right direction. First it will be shown that 
at a fixed set of L/F’s, the calculated values of D follow the same type 
of fluctuations with respect to temperature as might be expected of an 
actual column. If on the average the assumed temperature profile is too 
high, the calculational procedure of Thiele and Geddes gives a value of D 
that is greater than the specified value; and if the assumed temperaiure 
profile is too low, the calculated value of the D is less than the specified 
value. This is readily shown in a quantitative manner. For the sake of 
simplicity consider the case where the feed enters the column as a liquid 
at its boiling point. From Equation (3-34) of Chapter 3 it follows that 
Vfi/di is a function of the sum of the products of the yl;,’s. Since A a is in¬ 
versely proportional to Kj^, the quantity S/i/d, decreases as the temperature 
profile in the rectifying section is increased. Similarly, W/./bt is a function 
of the Sji’s that are proportional to the Kjt’s. Thus e/,/6, increases as the 
temperature profile in the stripping section is increased. This leads to the 
general result that 6,/d,- decreases with an increase in the temperature in 
either or both sections of the column. Hence by Equation (3-19), d, in¬ 
creases as the temperature profile is increased. 

Now consider Equation (4-6). If the sum of the calculated values of 
di is greater than the specified value of D, a positive value of 9 that is 
greater than unity is required to satisfy Equation (4-6); and if the sum 
of the calculated values of d, is less than the specified value of D, a positive 
value of 9 less than unity is required to satisfy Equation (4-6). Thus if 
the temperature profile for the previous trial was too low, a value of 9 less 
than unity will be obtained; and if too high, a value of 9 greater than unity 
will l)e determined. 

The use of corrected d.’s based on values of 9 < 1 and 9 > 1 gives lower 
and higher temperatures, respectively, than those predicted by the method 
of direct-iteration. This is readily shown by consideration of the variation 
of the corrected d,’s with 9 for very light and very heavy components. For 
a very light component 6,/di is very small so that Equation (4-5) reduces to 

(di)«, ^ FXi (4-17) 

For a very heavy component, hi/di is very large, rhus 


(di)«, 




FXi 

9(6,/d,).. 


(4-18) 
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Now consider the case where the temperature profile of the previous trial 
was too high. This condition leads to a value of 6 greater than unity. In 
view of Equations (4-17) and (4-18), it is seen that the formulas for the 
mole fractions for each plate (Equations (4-9) and (4-10)) give sets of 
compositions with a relatively smaller proportion of heavies than tho^ 
obtained by direct-iteration. Therefore, the equilibrium temperatures cal¬ 
culated on the basis of the corrected compositions are less than the corre¬ 
sponding temperatures calculated by the method of direct-iteration, since 
the latter are calculated on the basis of the calculated d,’s. 

The conclusions produced by the preceding analysis may be illustrated 
by comparing the temperature profile calculated by the method of direct- 
iteration (Table 3-3) with the one calculated by use of the ^-method 
(Tabic 4-1) at the end of the first trial calculation. Thus the ^-method is 
seen to correct in the desired direction. Although a proof that this correc¬ 
tion is sufficient to give convergence for all problems has not been pre¬ 
sented, this has been the case. Actually, the only problem encountered in 
the use of this method is that of over-correction. The cause and remedy 
of this is presented in a subsequent chapter as well as the proof that the 
0-method represents a direct solution to a particular problem encountered 
when a column is operated at total reflux. 


COMBINATION OF THE CALCULATIONAL PROCEDURE OF LEWIS AND 
MATHESON AND THE 0-METHOD OF CONVERGENCE 

This combination was proposed first by Lyster et al. (6). Later a varia¬ 
tion of it was proposed and tested by Peiser (8), who found that it had 
good convergence characteristics. Calculations are made through the 
column by use of the calculational procedure of Lewis and Matheson (7) 
as shown for Example 3-1 in Table 3-4. F’or the case of a boiling point 
liquid feed, values for (6,/d,),o may be calculated as shown in Table 3-4 
by use of the formula given by Lyster et al. (6). In effect, this formula 
expresses the requirement of a match (or equality) of the vapor rates (as 
calculated down from the top and up from the bottom of the column) for 
all components entering the plate above the feed plate. Based on the set 
of calculated values of so obtained, a corrected set of 6,/d,’s is calcu¬ 
lated by use of Equation (4-6), the 0-method. The corresponding corrected 
set of 6,’s and d,’s are u.sed to initiate the next trial calculation throu^ the 
column. 

In principle, a match (the equality of the flow rates for each component 
as calculated down from the top and up from the bottom of the column) 
may be required at any point in the column. However, matches in which 
subtractions are involved in the step-by-step calculations should be avoided 
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in order to eliminate the possibility of obtaining negative numbers. For the 
general case of a feed of any thermal condition, the requirement of a match 
on the vapor entering the plate above the feed plate yields 

\di/ca VfBi ,VFi 


For the case of boiling point liquid and subcooled feeds, = 0; and for 
dew point vapor and superheated feeds, vfx = FXt. If a match is required 
on the liquid flowing onto the feed plate, the general formula for 6t/d, for 
a feed of any thermal condition is 



h-i,p* I ht 


(4-20) 


For boiling point liquid and subcooled feeds, !#•. = FX,; and for dew point 
vapor and superheated feeds, vpi - FX,. Until convergence is obtained, 
each of these formulas gives a different set of values for (6,/d,)ea- Thus the 
Lewis and Matheson procedure differs from the one proposed by Thiele 
and Geddes in that the latter gives the same set of values for 6,/d, regardless 
of the plate at which the match is required. 

The use of the 0-method for the correction of the calculated values of 
6,/d, obtained by the I^wis and Matheson calculational procedure and 
Equation (4-19) is shown in Table 4-2 for Example 3-1. The use of Equa¬ 
tion (4-20) for the calculation of (6,/d,)eo was investigated and found to 
give a slower rate of convergence for Example 3-1 as shown in Table 4-8. 


THE MISMATCH CONVERGENCE METHOD 

This method is suitable for use with the calculational procedure pro¬ 
posed by Lewis and Matheson. It was developed in 1953 by Mr. W. M. 
Harp* and later tested and modified by Bonner (2), who used it in an early 
computer program. Since many problems have been successfully solved by 
the use of this convergence method, the development of it is presented and 
illustrated by a numerical example. As will bo recalled in the usual applica¬ 
tion of the procedure of Lewis and Matheson, calculations are made from 
the top and from the bottom of the column to the feed plate on the basis 
of an assumed product distribution. When the correct product distribution 
is selected to initiate the calculational procedure, a match is obtained at 

• Mr. W. M. Harp, Head, Systems Engineering Group, Humble Oil and Refining 
Company, Baytown, Texas. 



Table 4-2 Solution of Example S-1 by use of the calculational procedure of Lewis and Matheson and the 6)-method of convergence as proposed 

by Lyster ef of. (6) 

I. Calculation of a corrected set of Wa and d.-’s by the ^-method 

On the basis of the first set of calculated values of h/dt for Example 3-1 obtained by the calculational procedure of Lewis and Matheson 


92 



0.99993120 
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the feed plate. In order to distinguish between the two sets of mole frac¬ 
tions, those obtained by making calculations down from the top of the 
column are denoted by x/m and those resulting from making calculations 
up from the bottom of the column by Z/Bi. The mismatch convergence 
method seeks to improve the assumed distillate and bottoms rates on the 
basis of the corresponding mismatches produced at the feed plate. Equa¬ 
tion (3-36) may be used to relate x/bx and the value of zbx assumed to 
make the given trial calculation. Division of both sides of Equation (3-36) 
by Sfi yields 


Ifi 

7“ = • • Snx + ,.. 4- Sf-\,i -f- 1 

Oi 


(4-21) 


since S/xil/i/hi) = V/i/hi. Equation (4-21) may be rearranged to the form 

x/Bi = XBi‘yi{Tj, Vj, Li). (4-22) 

where 


B 

Vj, Lj) — —- • ‘Ss+i,i + . .Snx 

+ ... + + 1] 

Thus XfBi may be regarded as a function of the product of xb, and 7 ,. Then 
the change in Xfsi resulting from a change in both zbx and yt is given by 


dXfBx — (dXfBx/dxBi) dxBi + (.dXfBi/dyi) dyx 
From Equation (4-22) it follows that 

dXfBx = {XfBx/XBi) dXBt + Xbx dyx 


(4-23) 


(4-24) 


The first term on the right hand side of Equation (4-24) gives the change 
in the feed plate composition caused by a change in the composition of 
component i in the bottoms at constant temperature and constant total 
molai rates of flow. The second term gives the effect of a change in yt (the 
temperature and L/V profiles) at constant composition for component i 
in the bottoms. The first term is relatively easy' to evaluate, whereas the 
second is more difficult. When the contribution of the second term is dis¬ 
regarded, Equation (4-24) reduces to 


or 


dXfB = {XfBfxB) dxB (4-25) 

AJ/b = {x/b/xb) ^b (4-26) 


where the subscript i has been dropped. Note that the following equations 
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apply to any component present in the mixture. In a similar manner, it is 
readily shown that by commencing at the top of the column, 

Ax/2> = {xfit/Xit) AXjd (4—27) 

The error or mismatch at the feed plate for any component is defined by 

E — XfB — XfD (4—28) 

Now let Equations (4-26) and (4-27) be applied to two successive trials, 
the one which has just been completed and the next one which is to be 
performed. These two trials are distinguished by use of the subscripts “I” 
and “11,” Then 

Ax/b = x/Bii - xjBi (4-29) 

Ax/d = x/Dii — x/Di (4-30) 

For trials I and II the corresponding mismatches are 

El = x/Bi — X/ci (4-31) 

Eu = x/Bii - x/Bu (4-32) 

It' is to be recalled that the objective of the convergence method is the 
selection of a set of product rates such that for the next trial a match at 
the feed plate will be obtained; that is, 

En = 0 (4-33) 

When this condition is required, Equation (4-30) may be subtracted from 
Equation (4-29) to give 

Ax/b — Ax/d = X/z>i - X/Bi (4-34) 

Comparison of Equations (4-31) and (4-34) shows that 

Ax/b — Ax/i) = —El (4—35) 

When Ax/b and Ax/d are replaced by their equivalents as given by Equa¬ 
tions (4-26) and (4-27), the following result is obtained 

(x/b/xb) Axb — (x/b/Xb) AXb = —Ei (4-36) 

Since 

Axb = Ah/B and AXd = Ad/D — —Ah/D 
Equation (4-36) may be solved for A6 to give 

Ahi = —Ei/Ri (4-37) 

where the subscript I has been dropped and the subscript i has been added 
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in order to emphasize that a correction for each component is to be calcu¬ 
lated. The quantity Ri is defined as follows: 

Ri — {x/Bi/bi) + (x/Di/di) (4-38) 

where the symbols 6, and d< represent the terminal rates assumed to make 
the given trial calculation. Since the sum of the corrections calculated by 
Equation (4-37) is not necessarily equal to zero, it is necessary to force 
this sum to zero in order to obtain a solution to the problem for which D 
is fixed. 

In the application of the mismatch convergence method, Bonner (2) 
has suggested that the following procedure be employed. 

(1) Add the plus and minus corrections separately to obtain 

X (plus) and 23 (negative) 

(2) Apply the indicated corrections to the components in the order of 
decreasing values of R until the total plus and minus corrections 
are equal to 2 A6, (plus) or 2 A6, (negative), whichever is smaller. 

These corrections are used to calculate the corrected tenninal rates for the 
next trial as follows: 

{bi)eo = 6t + A6.- (4-39) 

(d.)co = dt + Ad. (4-40) 

Again 6, and d, denote the assumed values of the terminal rates used to 
make the given trial calculation. 

The application of the mismatch method of convergence to Plxample 
3-1 is demonstrated in Table 4-3. When the mismatch correction alone is 
employed, convergence to the specified value of D is not always obtained. 
Bonner (2) proposed the adjustment of the Ad.'s as reouired to prevent 
any change in D from trial to trial. One possible method for making this 
adjustment was used to solve Example 3-1. The mismatch correction was 
applied to each component as indicated by Equation (4-40). Then the 
mole fraction Xdx was computed as follows: 

Xoi = (di)„ (4-41) 

1-1 

The assumed distillate rate for each component for the next trial was 
taken to be DX^i, and the corresponding bottoms rate was found by an 
over-all material balance. In the event of the computation of a negative 
value of bi, the assumed value of the bottoms rate used to make the given 
trial was taken as the assumed rate for the next trial calculation. As shown 
in Table 4-8, this method gave a satisfactory solution to Example 3-1. 



Table 4-3 Correction of the terminal rates for EIxampIe 3-1 by use of the mismatch convergence method 
The first set of calculated values of bi/d, (see Trial No. 1 of Table 3-4) obtained by use of the Lewis and Matheson calculational procedure 
are corrected by use of Equation (4-37) as follows. _ 
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51.522050 48.477949 
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COMBINATION OF THE MISAAATCH CORRECTION AND THE fl-METHOD OF 
CONVERGENCE 

In order to further correct the terminal rates calculated by use of the 
Lewis and Matheson calculational procedure and the mismatch conver¬ 
gence method, Ball (1) suggested the use of the ft-method. Again the 9- 
method permits the selection of a corrected set of terminal rates which are 
both in material balance and in agreement with the specification D. The 
final set of corrected rates are related to those obtained by the mismatch 
convergence method as follows: 


(bi/d,)„ = »(S,/a,)„ (4-42) 

The quantity B is determined in the usual way by use of Equation (4-6). 
The quantities, ibi/d^)ta, which appear in this equation are of course 
replaced by the (6,/d,)«’8. 

Ball reports that the use of the terminal rates obtained by this applica¬ 
tion of the 5-method significantly increased the rate of convergence over 
that obtained by the mismatch correction alone. Example 3-1 was solved 
by use of this combination of convergence methods as shown in Tables 
4-4 and 4-8. In the solution of this example the mismatch correction was 
applied to each component, as indicated by Equations (4-39) and (4-40), 
instead of the procedure proposed by Bonner (2). 


USE OF THE CALCULATIONAL PROCEDURE OF LEWIS AND MATHESON AND 
THE ^-METHOD OF CONVERGENCE AS PROPOSED BY PEISER 


This method is similar to the combination of the 5-method of con¬ 
vergence and the I^ewis and Matheson calculational procedure as proposed 
by Lyster et al. (6). Instead of requiring a match on a single stream at the 
feed plate as suggested by Lyster, Peiser (8) proposed that a match be 
required for two streams, the vapor entering the plate above the feed plate 
and the liquid flowing onto the feed plate. On this basis the calculated 
value of hi/dt is defined as follows: 



(4-43) 


where again the 83 anbois &« and d,- denote the values of the terminal rates 
that were assumed in order to make the given trial calculation. The sub- 
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scripts D and B indicate that the values of the variables were obtained by 
making calculations from the top and bottom of the column, respectively. 
Peiser employed the ^method for the calculation of a corrected set of 
terminal rates. These were used to make the next trial calculation through 
the column by the calculational procedure of Lewis and Matheson. Ex¬ 
ample 3-1 was solved by this method as .shown in Tables 4-5 and 4-8. 

It should be pointed out that in principle Equation (4-43) could be 
generalized to include the requirement of matches on additional streams 
located above and below the feed plate. However, t)ecause of the possibility 
of obtaining negative flow rates as well as round-off error, this ext<*n.sion is 
not recommended. 

In the application of the I^ewis and Mathe.son calculational procedure 
to Example 3-1, a fairly good set of 6 ,'s and f/.'s were used for the first 
assumed set. Peiser (8) states that no particular care needs to 1 h‘ taken in 
making the original assumptions. However, he does recommend that the 
amounts of the very light and very heavy components be underestimated 
in the bottoms and distillate, respectively. He employed arbitrary values 
of the order of 10 “*^ moles per hour. 


THE REUXATION METHOD 

Actually this method makes use of the unsteady state equations for the 
determination of the steady state solution. It was proposed by Rose, el al. 
(9) who called it the “relaxation method.” Ball ( 1 ) found that the rate 
of convergence of this method was too slow to be of practical use and pro¬ 
posed modifications which increase the rate of convergence. Both the 
original method and the modified one are developed in this chapter. Since 
the calculational procedure proposed by Rose el al. (9) is distinctly differ¬ 
ent from tho.se of Ix?wis and Matheson (7) and Thiele and Geddes ( 11 ), 
it might well have been presented in Chapter 3 except for the fact that the 
calculational procedure and th(> convergence method are so closely inter¬ 
related. When a system is at unsteady state, the law of conservation of 
mass takes the form 

% 

Input — Output = Accumulation (4-44) 

When this equation is applied to any component i on any plate j, it is con¬ 
venient to consider an experiment of length of time At. The “Input” and 
“Output” terms of Equation (4-44) represent the moles of component t 
respectively entering and leaving plate j during time At. “Accumulation” 
is defined as the moles of component i on plate j at the end of the experi¬ 
ment (at time t -f- At) minus the moles of component i on plate j at the 



Table 4-5 Uetermination of the calculated values of bjd, at the end of the first trial for Example 3-1 by the formula proposed by Peiser (8) 
The values for d, b, vto/d, vta/b, Xw and ViytB are taken directly from Table 3-4 (Solution of Example 3-1 by the calculational procedure 
of Lewis and Matheson). The terms ho/d and Ua/b needed for use of Peiscr’s formula are evaluated. 
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60.973254 12.7418465 45.1418465 2.2413186 73.786335 
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beginning of the experiment (at time t). The following equations apply 
for any component i. This being understood, the subscript i is dropped in 
the interest of simplicity of notation. Also, plate j is selected 6 uch that 
V> = Vj and L, ~ L,; that is, no stream enters or leaves the column in the 
vicinity of plate j. Then during time At 


Input of component i 
to plate j during time 
At 



Output of component 
i from plate j during 
time At 


=r 


Vj+iyj+i dt 


/ t+ei 

LjXj dt 


(4-45) 

(4-46) 


From the definition of accumulation it follows that 


Accumulation of com¬ 
ponent t on plate j 
during time At 


— VjZj 


where 


UjXj I 


(4-47) 


’ Uj = the moles of liquid holdup on plate j. 

The vapor holdup is neglected in the material balance because it is usually 
small relative te the liquid holdup. In order to obtain the final differential 
equation, it is necessary to make use of two fundamental theorems of 
calculus. The first of these is the mean value theorem of integral calculus (3), 



Figure 4-2. Geometrical interpretation 
of the mean value tli(>orem of integral 
ealculuB. 


According to this theorem 
j f{x) dx = C/(ar)]„(6 - o) 

■'a 

(4-48) 

The function /(x) is said to take on 
its mean value at some value x that 
is bounded by x = a and x = 6. 
(»t‘ometrically, the quantities 
C/(a?)]« and (6 — a) form two 
sides of a rectangle as illustrated in 
Figure 4-2, As shown by Equation 
(4-48), the mean ordinate corre¬ 
sponds to that value of f(x) that 
gives a rectangle having an area 
equal to the one lieneath the curve 
C from X = a to X = 6 . 
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The mean wUue iheorem of differential caleulue (3) relates the value of 
a function at x + Ax to its value at x as follows: 

/(x) l,+4* = fix) 1, + Ax/'(x) I.+.A. (4-49) 

where 0 < « < 1. This theorem has the geometrical interpretation that 
between x and x + Ax there exists a point on curve C (at x -f e Ax) 
at which the tangent line is parallel to the chord AB as shown in Figure 



Figure 4-^. Graphical interpretation of the mean value theorem 
of differential calculua. 


4-3. Then by Equation (4-48), Equations (4-45) and (4-40) reduce to 

Input = (Ly_ix,_i)« At + (V,+iyj+i)r„ At (4-50) 

Output = (V/p,)m At + At (4-61) 

and by the mean value theorem of differential calculus, Equation (4-47) 
reduces to 

diUiXj) 

Accumulation = f//x>|i + At - — C//Xy|i (4-52) 

dt i+tM 

Note that Equations (4-50) through (4-52) diold for any value of Ai, since 
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* 


the theorems given by Eqtuitions (4-48) and (4-49) are valid any vidue 
of At. Substitution of Equations (4-50), (4-51), and (4r-S2) into Equation 
(4-44) yields 





<+tA( 


Xj 


dt 


l+fAi 


(4-53) 


where At has been eliminated by division. The differential equation is ol> 
tained by taking the limit of each term of Equation (4-53) as At approaches 
zero. In the limit each term approaches its instantaneous value. Rose 
et al. (9) assumed that the holdup on each plate remained constant with 
respect to time to give 


+ Vi+iyj+i - V,yi - LjXj = Uj{dxi/dl) (4-54) 


If all of the compositions and flow rates are known on the plates through¬ 
out the column at any time t, Equation (4-54) may be used to compute 
the value of the derivative at time t. Ro^ and his co-workers used this 
value of the derivative in the calculation of the composition on plate j 
at timb f + Af. In general, the mole fraction on plate j at time f + At as 
given by the mean valite theorem of differential calculus is 


Xj li+4i = xy |« + At 


dxj 

dt 


<+cA( 


As implied above, Rose assiuned that 

dxj dxj 

dt dt 


(4-56) 


(4-56) 


As may be seen from Figure 4-3, this amounts to the assumption that xy 
varies linearly from time t to time t + At. Combining Equations (4-55) 
and (4-56) produces 

+ At{dxi,t/dt) (4-57) 

where for convenience the times t and t -{- At have been included in the 
subscripts as t and t 4- 1, respectively. Equations (4-54) and (4-57) con¬ 
stitute the working equations of the procedure proposed by Rose et al. (9). 
On the basis of an initial %t of compositions on each plate, such as that of 
the feed. Equation (4-54) may be applied to give a value of dxy.i/dt for 
each component on each plate. (Actually, for the feed plate, the condenser, 
and the reboiler, the appropriate equations differ slightly from Equation 
(4-54)). Based on these derivatives and a preselected time interval Af, 
the compositions at time f 4* Af are computed by use of Equation (4-57). 
These compositions are used to compute the temperature of each plate at 
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time t by use of the conventional bubble point calculational procedure. 
This procedure also yields the vapor compositions at time t + dl. These 
values of the vapor and liquid compositions are used as the initial values 
for the second increment of time. This procedure is continued until there 
is no change in the composition on each plate with respect to time. When 
the total flow rates are allowed to vary, a set of rates may be calculated 
at the end of each trial by use of enthalpy balances as shown in the next 
chapter. 

Ball (1) reported that the rate of convergence of the basic relaxation 
method of Rose et dL. (9) is generally too slow to be of practical value. In 
order to increavse the rate of convergence, he proposed several modifications. 
Instead of taking the slope at time (< + c At) to be equal to the one at 
time t, Ball proposed the use of one lying between those at time t and 
t + At] namely, 




dZj 

dt 


t+iAi 


dzj 

dt 


'dxj 


i+A< 


dXj 

dt 


t- 


(4-58) 


where, 0 ^ j8 ^ 1. Examination of Figure 4-3 shows that such a 0 can be 
found. Ball (1) reports that for > J, any value of At may be employed 
and the equation will remain stable. In general, he employed 0=1. 
Because of the simplifications which result, this value of 0 is employed in 
the development of the equations proposed by Ball. For other values of 
0 the development is analogous. For 0=1, Equation (4-58) reduces to 


dzj 

dt 


l+*M 


dXj 


(4-59) 


(+A( 


which is the value of the slope at the end of the increment of time At. Sub¬ 
stitution of this result into Equation (4-55) yields 


«>.<+! == Xi.t + At 


dxj. 


»+i 


di 


(4-60) 


When the value of dxj/dt at {t 4- AO as given by Equation (4-54) is sub¬ 
stituted into Equation (4-60), the following result is obtained upon 
rearrangement 

'-A/Ly_i> 




AiV AtLj \ 

+ 1 + -T7- ] 


Uj 


4 


{- 


Ui/ 
AtVi+iK j+i,t+i 
Ui 


) 




(4-61) 




(4-62) 


If the approximation that 
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is made, the coefficient of each x in Equation (4-61) may be evaluated to 
give one equation in the unknowns, Xj,t+i, and In an 

analogous manner the corresponding equations are developed for each 
equilibrium stage of the column to give the following array of equations 
for each component. 


AoXo + BoXi 

= Do 

AiXq -|“ BiXi “h Cj»8 

= Di 

AjXi 4- BjXj + OaXj 

= D, 

AnXn~i 4- Bt/X]f 4- CnXn+1 

= Djv 


AN+iXtf + = Dn-H 


(4-63) 


where the A% B’b, C’s and D’s represcmt coefficients and constants, re¬ 
spectively, of the form of those appearing in Equation (4-61). For a 
column with N plates, a condenser, and a reboiler a system of iV + 2 
equations in iST -f- 2 unknowns is obtained. As discussed previously in 
Chapter 3, these equations may be solved by use of matrices. F’or equations 
such as these which are tridiagonal in form, Grabbe et al. (4) have presented 
a procedure for the determination of the solution. In the application of 
this method let 


then compute: 


fo = Co/Bo, 


fu = 


Cu 

Bk — Akfk~i 


go = Do/Bo 


Dk — Akgk-i 
Bk — Akfk~i 


for A: = 1, 2, ..., JV + 1. The values of x are then given by 


and 


Xk — Qk ““ fkXk+l 


(4-64) 

(4-65) 


(4-66) 


for k = N, N - I, N — 2, ..., 0. 

This procedure is illustrated by carrying out the first trial calculation 
for Example 3-1. The equations and formulas for the coefficients and con¬ 
stants for this example are given in Table 4-6. The solution of the equa¬ 
tions by use of the procedure of Grabbe et al. (4) is presented in Table 4-7. 
The values employed for the time period, M, and the holdup, (/>, are of 
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Table 4-6 Unsteady state equations as modified 
by Bail (1) for tbe solution of Example 3-1 


I. Eguaiiona: 


BtpCn + Uq*i 

AtXt + Bill + CiXt 


A«xi + BiXt + Cjij 


All* + B^i + Cizi = Dt 
All* + BiXi ™ Dt 


MLo , , AID 
"F + • +ir 


T. , . AlFlJfl.l 

B, - - jP + I + —jp- 


taV,Kj 

V 


— &iViKt,t 


Dt Xa.i 


Di - ii. 


-A<Li 


— Al£/o 


„ ^ ^ A/L| 

B. —^ +1 + Ijr 




-Al7«iC4.i 


B» « xt,t 4- 


A/FJf 


B| « 2),f 


At ■■ 


AiZ/i 


B«-^ + 1 + ~ 


„ All, . , . 

B. - — + 1 + -jj- 


Dt ■■ *4,1 


* The holdup is taken equal for all stages. 


the same order of magnitude as those suggested by Rose et cU. (0). A trial 
calculation yields a calculated set of d,’s and &/s. Based on these calculated 
values, a corrected set of terminal rates which are both in material balance 
and in agreement with the specified value of D may be found by use of the 



Table 4-7 First trial calculation for Example 3-1 by use of the relaxation method as modified by Ball (1) 
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-0.013629549 0.30363636 -0.01256590 0.29266517 






























Table 4-7 (Continued) 



-0.037396033 0.33235434 -0.038517791 0.33383382 -0.041949224 0.33461439 
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^-method of convergence. Bali (1) reported that the (^-method appreciably 
increased the rate of convergence of the modified relaxation method. It is 
to be noted that the x/s do not add to give unity. In principle, two methods 
may be used to obtain a set whose sum is unity. First, they may be nor¬ 
malized, each mole fraction being weighted equally; this method amounts 
to direct-iteration for all stages exesept the condenser and the reboiler. 
Secondly, the ^-method may be employed, each composition being weighted 
differently. The calculated value of is given by multiplication of the 
calculated value of zji by the specified value of L,-. The corrected set of 
compositions are then computed by use of Equation (4-9). This process 
should further increase the rate of convergence of this method. 


USE OF THE NEWTON-RAPHSON METHOD IN THE CALCULATIONAL 
PROCEDURE AND CONVERGENCE METHOD 

This novel calculational procedure and convergence method was pro¬ 
posed by Greenstadt et al. (5). In that the calculalional procedure is 
initiated on the basis of an assumed product distribution, it is like the 
one proposed by Lewis and Matheson (7). It differs from the latter proce¬ 
dure in that instead of making alternate bubble point (or dew point) and 
material balance calculations, Greenstadt and his co-workers solved the 
corresponding simultaneous equations for each plate by use of the Newton- 
Raphson method. For a system ^containing c components and for any plate 
j in the stripping section, the condition of equilibrium on plate j gives c 
equations of the fomi 

KjxXji — yjx - 0 (4-67) 

There are also c material balances which may be represented by 

LjXji - V,+iy,+i,i - 6. = 0 (4-68) 

and one defining equation for the mole fraction, 

Z ya -1=0 (4-69) 

i-i 

Equations (4-67) through (4-69) represent (2c + 1) equations in (2c + 1) 
unknowns, c values of y>, c values of Xj, and the temperature of plate j. In 
principle, these equations may be solved by use of the Newton-Raphson 
method as described in Chapter 1. The resulting y/s obtained by solving 
these equations are used in the solution of the corresponding set of equa¬ 
tions for plate J — 1. This calculational procedure is carried out from the 
bottom of the column to the plate above the feed plate and from the top 
of the column to the feed plate. 
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When the total vapor and liquid rates are calculated by enthalpy 
balances, two additional unknowns (F> and Li) are involved, and two 
additional equations may be stated; one of these represents the require¬ 
ment that the total flow rates be in material balance, and the other one 
requires that all streams be in enthalpy balance. These equations may be 
solved simultaneously with those represented by Equations (4-67) through 
(4-69) by use of the Newton-Raphson method. 

If the flow rates for each component obtained by making calculations 
up from the bottom and down from the top of the column are in agree¬ 
ment at the plate above the feed plate, the correct set of d<’s (and Ws) 
were assumed to make the given trial calculation. If not, the Newton- 
Haphson method is employed to And a corrected set of d.’s that satisfies 
simultaneously the matching equations and the specification D. These 
requirements may be stated as (2c -f 1) unknowns as follows: 


V/Di - V/Bi = 0 

(4-70) 

“ h~l.Bi — 0 

(4-71) 

L (d.).„ - i> = 0 

i-i 

(4-72) 

The corrected set of d,’s (and b.’s) are used to initiate 

the next trial 


calculation. 


COMPARISON OF THE CONVERGENCE METHODS 

At the outset it should be remarked that Example 3-1 was selected 
for illustrative purposes, and that it is not considered to be an appropriate 
problem to adequately test the various convergence methods. However, 
in the process of demonstrating the principles of the various convergence 
meth(>ds, the solution to this problem was obtained by several methods. 
The number of trials required to give convergence for those methods that 
could be placed on about the same basis are given in Table 4-8. Actually, 
the relaxation method as modified by Ball (1) was not necessarily placed 
on the same basis as the others. Its rate of corrvergence for Example 3-1 
could very likely be markedly increased by making choices for At and Uj 
other than those that were employed (see Table 4-7). 

As shown in Table 4-8, all applications of the d-method require about 
the same number of trials for convergence. For this particular example 
more trials are required by the Lewis and Matheson calculational procedure 
when the rates of flow of each component in the liquid onto the feed plate 
are included in the formula for the computation of {bi/di) 
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Even though the cmbination of the 'Hiide and Geddes calcidational 
procedure and the ^method converge rapidly for the oonstant-a and con¬ 
stant-L/F example, the tendency of this combination toward ocmv^genoe 
is even more pronounced for variable-a and variable-L/F problems. In 
fact the problem <ji providing suitable damping arises and is 8<dved in the 
manner explained in subsequent chapters. 

In theory the calculational procedure of Thiele and Geddes and the 
relaxation method of Rose and Ball are independent of the direction of 
calculation. In subsequent applications of the Thiele and Geddes procedure, 
this independence is seen to be particularly advantageous. On the other 
hand, more computer storage space is generally required by these proce¬ 
dures than by the one proposed by Lewis and Matheson. 


Table 4-8 Comparison of the number of trials required by the various conveiience 
methods to give a solution to Example 3-1 in which ^e calculated and corrected values 
of the variablee for successive trials agreed to wititin seven or eight digits 


! 

Calculational 

procedure 

• 

1 

Convergence 

method 

Number of 
trials required 

1 

Thiele and Geddes 

1 

Direct-iteration 

11 

Lewis and Matheson 

Direc^iteration C(ht/d<)M based 
on the vapor entering the plate 
above the feed plate]. 

9* 

Thiele and Geddes 

4-method 

7 

Lewis and Matheson 

4-method [(b./d.),. based on the 
vapor entering the feed plate]. 

8 

Lewis and Matheson 

Mismatch 

Converged to D * 
51.66 in 7 trials 

Lewis and Matheson 

Mismatch plus normaluation 

9 

Lewis and Matheson 

Mismatch and 4-method C(bi/di)M 

8 


based on the vapor entering the 



plate above the feechplate] 
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Table 4-8 (Ccmtinued) 


Calculational 

procedure 

Convergence 

method 

Number of 
trials required 

Lewis and Matheson 

a-method Z(bi/di)m calculated by 
tiie formula proposed by Peiser.3 

14 

Lewis and Matiieson 

a-method [(&</(!«)«• baaed on the 
liquid flowing onto the feed 
plate.] 

21 

Relaxation method as 
modified by Ball (1) 

Direct-iteration plus normalixation 
of all compositions 

At the end of 50 trials, 
the first two digits 
of all of the Xi’s 
were correct except 
for one which was 
correct to one digit 

Relaxation method as 
modified by Ball (1) 

Direct-iteration plus normalisation 
of all compositions except D and 

B. These were determined by the 
a-method 

At the end of 40 trials, 
Kt’e of the same 
accuracy as stated 
for the previous case 
were obtained. 


* Since the resulta of the first trial by iJie Thiele and Geddes procedure were used as 
the initial values for the Lewis and Matiieson calculational procedure, the trial numbers 
shown contain one additional trial to account for this. 


The solution of the illustrative examples presented in this chapter were obtiuned by 
Mr. D. L. Taylor. This assistance is gratefully acknowledged. 


NOTATION 

(Saa also Chaptar 3) 

a = a constant used in the statement of the mean value theorem of 
integral ealcuhu 

Ae, Ait+i = coefficients in Equation (4-63) 

b — a constant used in the statement of the tneon valve theorem of 
integral calcidue 

hi = molaJ flow rate of component i in the bottoms. Used to denote 
the assumed flow rate in equations pertaining to the Lewis and 
Matheson cidculational procedure 
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(^)m calculated value oi the flow rate of component t in the bottome 

(hi)m ^ corrected value of the flow rate obtained by the fl-method of 
convergence 

(S<)<» = corrected value of the flow rate obtained by the miematch con¬ 
vergence method 

Abi = correction of the bottoms rate as calculated by the mismatch 
convergence method 

Bbi ..., By+i « coefficients in Equation (4-63) 

Cl, Cjf = coefficients in Equation (4-63) 

di — molal flow rate of component i in the distillate. Used to denote 
the assumed flow rate in the equations pertaining to the Lewis 
and Matheson calculational procedure 

{di)«a— calculated value of the flow rate of component % in the distillate 

idi)a» » corrected value of the flow rate obtained by the 9-method of 
convergence 

== corrected value of the flow rate obtained by the mismatch con¬ 
vergence method 

Do, ..., Djf+i » constant in Equation (4-63) 

foi/t ^ used to denote combinations of constants which arise in the 
solution of the system of equations represented by Equation 

( 4 ^) 

» the function/(x) and the mean value of the function, respectively 

f'(x) “ the first derivative of the function/(x) with respect to x 
/(») |»+As *= the value of the function f(x) at x + Ax 

go, ffk used to denote combinations of constants which arise in the 
solution of the system of equations represented by Equation 
(4-63) 

t. At time and an increment of time, respectively 

U/ s the total liquid holdup in moles on plate; 

€yai — molal rate of flow at which component i in the vapor enters the 
plate above the feed plate as calculated up from the bottom of the 
column by the Lewis and Matheson calculational procedure 

if/pi ■* same as €jgi except it is obtuned by maldng calculations down 
from the top of the column 
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:X/B< = mole fraction of component t in the liquid leaving the feed plate; 
it is obtuned by making calculations up from the bottom of the 
column to the feed {date by tiie procedure of Lewis and Matheson 

x/Di = same as XfB% except it is obtained by making calculations down 
from the top of the column 

g{9) tiie function used to compute the positive value 9 required to 
satisfy both a component-material balance and the specified 
distillate rate, D 

E = the mismatch obtained at the feed plate by the Lewis and Mathe¬ 
son calculational procedure; defined by Equation (4-28) 

Bi molal rate of flow of component % (in the liquid phase) onto the 
feed plate as calculated up from the bottom of the column by 
the Lewis and Matheson calculational procedure 

7/-1, Di = same as J/-x, at except it is obtained by making calculations down 
from the top of the column 

Ri = used to denote several terms involved in the calculation of the 
mismatch correction; defined by Equation (4-38) 


Greek Letters 

/3 = a number bounded by zero and one 
y — & function of the temperatures and L/V profiles 
e = a number bounded by zero and one 
9 — a multiplier; defined by Equation (4-4) 

oj = a, multiplier for the vapor rates for plate j; defined by Equation 
(4-11) 

Tj — a multiplier for the liquid rates for plate j; defined by Equation 
(4-12) 

SiAscripts 

B => the bottoms or a quantity of obtained by making calculations up 
from the bottom of the column 

ca 3= calculated value of a variable , 

CO = corrected value of a variable 

D — the distillate, or a quantity obtained by making calculations 
down from the top of the column 

/ = feed plate 
I, II B trials one and two 

lb = an integer used for counting 
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PROBLEMS 

4-1 Shoyr that the expresBiotis given for x>t in Equation (4-9) are equivalent. 

4-2 (a) Using the values of given in Table 3-2 for the first trail calcula¬ 

tion for Example 3-1, show that the value of 6 obtained by use of Equa¬ 
tion (4-6) isS = 5.6215101. 

(b) Using the corrected distillate rates, compute-the x^/s by Equation (4-9). 
Then calculate the Kb'a and compare them with those given in Table 4-1. 

(e) Repeat Part (b) except base the K^’b on the given by Equation 
(4-10) instead of the x^t’s. 

(d) Give an analytical proof of the equality of the KhS obtained in Parts (b) 
and (c). Also, show that if the oc’s are independent of temperature, then 
the temperatures obtained by use of the bubble point and dew point 
procedures (wherein the XjVs and y>,'s obtained by Equations (4-9) and 
(4-10) are employed) are equal. Using the KbS obtained in Part (b) or 
(c), make a step-by-step calculation through the column by use of the 
procedure of Thiele and Geddes and show that a calculated value of 
49.006364 is obtained for D. 

4-3 Develop Equation (4-4) by use of Equation (4-11). State any additional 
postulates required in the application of Equation (4-11) to the bottoms. 

4-4 On the basis of the corrected terminal rates given in Table 4-2, carry out the 
next trial calculation through the column by the calculational procedure of 
Lewis and Matheson and verify the second value of 0 given in Table 4-2. 

4-5 Beginning with first principles, verify the formulas given in Table 4-6. 
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The total flow rates throughout the column are determined by use of 
the approximate form of the first law of thermodynamics, dM ^ Q, Equa¬ 
tion (1-3). Procedures are presented for the calculation of the total en¬ 
thalpy of a stream in two different ways—the conventional method, which 
has been used for a number of years, and the constant-composition method, 
was only recently set forth (3, 6,10). In addition, the Q-method for making 
enthalpy balances is presented. This method is directed toward finding 
the adiabatic solution for each plate if one exists within the specified range 
of flow rates; otherwise, intercoolers (or heaters) are employed as required 
to maintain the flow rates within the specified limits. These methods are 
applied to a conventional column for illustration. 

The primary purpose of this chapter is to introduce these general 
enthalpy procedures and to show how they are used with the calculational 
procedures of Thiele and Geddes and Lewis and Matheson. The superiority 
of the constant-composition method over the conventional method for the 
calculation of enthalpies is most pronounced in the treatment of absorbers, 
illustrated in Chapter 8. The combination of the calculational procedure 
of Thiele and Geddes with each of the enthalpy procedures follows. 

CONVENTIONAL METHOD FOR MAKING ENTHALPY BALANCES 

In the use of this method, it is generally assumed that each plate of a 
conventional column is to be operated adiabatically except for the partial 
condenser and the reboiler. For the case where the vapor and liquid streams 
leaving plate i are ideal solutions, the enthalpies are computed by 


i: Him 

i-1 

(vapor) 

(5-1) 

c 

1-1 

(liquid) 

(5-2) 
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where and ha are the enthsdpies of the pure component t in the vapor 
and liquid streams, respectively, at the temperature of plate j. The quan> 
titles Hj and hj are also referred to here as stream enthalpies. 

In the rectifying section the enthalpy balances are written around the 
condenser and any given plate; and in the stripping section, the reboiler 
and any particular plate. After the rate of flow of the liquid or vapor stream 
has been calculated by an enthalpy balance, the second stream is calculated 
by a material balance. 


Rectifying Section 


ViHi = Lofto 4- DHd + Qc (enthalpy balance around the condenser) 

(5-3a) 


or. 




(5-3b) 


since Fi =» Lo + D. Alternately, Equation (r)-3a) may be solved for Qc. 
Similarly for a balance enclosing the condenser and any plate j, 


V— hjhj 4 DHd 4 Qe 
Elimination of Fy+i by use of the material balance 

Fy+i = Li+ D, O^j^f-2 
yields an expression of the form: 


(5-3c) 

(5-3d) 


[Md - ha 

■ I ' a- j ^ i ^ / - 1 (5-3e) 


Similarly 


L/-1 = 


Vp 


{Md -H,) (Hp - Hr) 


Hr - hf-x 


m 


Vf = Lr..x 4 D 


(5-3f) 

(5-3g) 


where 


Hpfhp = Enthalpies of one mole of the vapor and liquid parts of the 
feed, respectively. 

Md = Hd 4 Qc/D) Hd represents the enthalpy per mole of dis¬ 
tillate withdrawn, regardless of state, and is the condenser 
duty, the i^t heat removed by the condenser per unit time. 
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For the stripping section, the corresponding equations are as follows; 


Stripping Section 


where 



L,-i — Vj + B, / + 1 ^ j ^ iV + 1 
L/-1 — V /■{■ B 


(5-4a) 


(5-4b) 

(5-4c) 

(5-4d) 


Mb = Kb — Qr/B; Qr is the reboiler duty, the net heat put into the 
system by the reboiler per unit time. Also, according to the 
numbering system, Hb — Ay+i. The condenser and reboiler 
duties are related by the over-all enthalpy balance 


Qr — DHd "H BHb "4“ Qe — (5~5) 


The symbol H represents the total enthalpy per mole of feed entering the 
column. 


H = 


Vr ^ Lr ^ 

— ^ Hnyri H— jr 53 
F F 


(5-6) 


General Colculationol Procedure for the Combination of the Thiele and Geddes 
Method and the Conventional Method for Enthalpy Balances 

In general, enthalpy balances are employed in order to determine the 
total rates of flow throughout the column. When enthalpy balances are 
combined with the Thiele and Geddes calculational procedure, any given 
trial calculation is carried out on the basis of L/V and temperature profiles 
in the same manner as described in Chapter 4 to give corrected sets of 
compositions and temperatures. These are used in the calculation of a set 
of flow rates by enthalpy balances as indicated by Equations (5-3) and 
(5-4). The flow rates so obtained are used in the computation of the 
absorption and stripping factors for the next trial. 

In the process of solving a wide variety of numerical examples, it be¬ 
came evident that the change in the temperatures and the flow rates 
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between suceeseive trials should be limited. The methods by which these 
are limited are referred to as forcing procedures. Those presented here 
were proposed by Lyster et al. (7). These authors determined the corrected 
temperature profiles by use of the bubble point procedure. (The results 
obtained by use of the bubble point and dew point procedures are compared 
in a subsequent chapter.) When actual /C-values are employed instead of 
constant relative volatilities and the corrected temperature profile is com¬ 
puted by use of the bubble point procedure, the tendency toward con¬ 
vergence is much more pronounced. In fact over-corrections which led to 
the first forcing procedure are common. For numerous examples in which 
the molal rates of flow were taken to be constant, the calculated values of 
D were alternately smaller and larger than the specified value for D. 
Similarly, the calculated temperature profiles were alternately too high 
and too low. Reasoning that the best profile to be employed for the next 
trial calculation lay somewhere between these two led to the development 
of the averaging procedure. 

In this procedure each calculated profile after the first one is averaged 
plate by plate with the profile used to make the particular trial calculation. 
In general, it was found that for systems in which the boiling range of the 
feeds was relatively narrow, convergence to the desired value of D was so 
rapid that the averaging of the profiles neither reduced nor increased to 
any appreciable extent the number of trials required, whereas for systems 
in which the boiling range of the feeds was relatively wide, the number of 
trials required to obtain & D of the desired accuracy was noticeably re¬ 
duced by the averaging procedure. As shown in a subsequent chapter, 
when the feed consists almost entirely of a very light component whose 
/C-value is nearly independent of temperature, further restrictions must be 
placed on the change in the temperatures employed for successive trials. 

The second forcing procedure is used in order to provide stability when 
the molal flow rates are calculated by use of enthalpy balances. In general, 
it was found that the deviation of the calculated values of D from the 
specified value was ar. dified by the introduction of the enthalpy balances. 
This was due in part to the comparatively small differences between large 
numbers involved in the expressions for flow rates. 

Since all problems in which the flow rates were assumed constant could 
be solved, it appeared plausible to limit the varfation in the rates of flow 
between successive trials in the solution of problems in which these rates 
were varied. The following procedure, which is not necessarily the optimum, 
was finally adopted. 

(1) The first two trial calculations are carried out at the liquid and 
vapor rates assumed initially. This procedure allows the tempera- 
. ture profile to attain some degree of stability before making 
enthalpy balances. 
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(2) The maximum value of any vapor rate calculated at the end of the 
second through the sixth trials is limited to 1.2 times the corre¬ 
sponding value used to make the particular trial calculation. For 
the minimum rate, the corresponding factor is 1/1.2. 

(3) At the end of the seventh and twelfth trials, the limits are further 
reduced to 1.1 and 1/1.1 and to 1.025 and 1/1.025, respectively. 

(4) The vapor rates that arc within the above limits and calculated 
at the end of the third and each successive trial are averaged 
plate by plate with those employed to make the paKicular trial 
calculation. 

This procedure recognizes to some extent that problems which are 
easily solved do not need a restriction on either the temperatures or the 
vapor rates, whereas for the more difficult problems either the 10% (1.1 
and 1/1.1) or the 2.5% (1.025 and 1/1.025) restriction as well as the 
averaging of the temperature profiles are needed in order to obtain the 
desired solution. Most of the problems encountered were solved within 
seven trials, and in many instances where more than seven trials were re¬ 
quired the changes in the vapor rates between successive trials were less 
than the limitations imposed. Whenever this occurred, all of the vapor 
rates were of course averaged. 

In the application of the first forcing procedure (the averaging of the 
temperature profiles) to problems in which the rates of flow varied, the 
enthalpies of the pure components in Equations (5-1) and (5-2) were 
evaluated at the temperature profile obtained by averaging. The liquid- 
stream enthalpies. Equation (5-2) were evaluated on the basis of the xy/s 
obtained by use of the (^-method as indicated by Equation (4-9). These 
xy/s together with the K,iS (evaluated at the bubble point temperature) 
give rise to a set of that are used in the evaluation of the vapor-stream 
enthalpies. Equation (5-1). There exists the possibility of evaluating the 
vapor-stream enthalpies on the basis of the vapor compositions given by 
the ^method as indicated by Etjuation (4-10). This approach was in¬ 
vestigated and found to give no significant improvements. 

The equilibrium constants, K*s, employed in the calculation of the 
absorption and stripping factors for the next trial are evaluated on the 
basis of the temperature profile obtained by averaging. Also, the vapor and 
liquid rates to be used in the absorption and stripping factors for the next 
trial are those given by the forcing procedures. 

Instead of limiting the vapor rates, a forcing procedure may be devised 
whereby the variation in the value of L/V for each plate is limited for 
successive trials. In the application of such a procedure, it is of course 
necessary to maintain the vapor and liquid rates in material balance. 

In the illustrative examples which follow, calculations were made up 
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Tabus &-1 Feed compoeitions for Examides 5-1 through 5-6 



Ebcample 5-1 

Examples 5-2, 5-3, 5-4, 
5-5, 5-6 

Component 

FX 

FX 

CH 4 

0.0 

2.0 

CtH, 

0.0 

10.0 

C,H, 

0.0 

i 

6.0 

C,H, 

1 

5.0 

12.5 

<-C4 

15.0 

3.5 

ti-Ci 

25.0 

15.0 

t-Ci 

20.0 

0.0 

n-C» 

35.0 

15.2 

n-C* 

0.0 

11.3 

n-C? 

0.0 

6.6 

n-Ci 

0.0 

8.5 

360* 

0.0 

7.0 

Total 

100.0 

100.0 


* Commonly referred to as the 360°F—^normal boiling fraction. 


Reproduced by permission of Hydrocarbon Processing & Petroleum Refiner 

from the bottom and down from the top of the column as described in 
Chapter 4. As demonstrated in the next chapter, this approach minimizes 
round-off error. 

The conventional method for making enthalpy balances and the use of 
the forcing procedures are illustrated by the solution of the examples which 
are stated in Tables 5-1 mid 5-2. The equilibrium data used to obtain the 
solutions are given in Tables A-2 and A-3, and the enthalpy data arc 
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presented in Tables A~6 and A~7 of the Appendix. These examples were 
taken from Reference (7). The solutions of the first two of these are given 
in detiul, whereas for the remaining examples only the final results are 
idiown. 

This series of illustrative examples was selected in order to demonstrate 
the effect of boiling range, the thermal condition of the feed, the number of 
plates, and the temperature profile initially assumed on the number of 
trials required for convergence. Example 5-1 consists of components having 
a relatively narrow boiling range compared with those of Example 5-2. 
The latter is a slight modification of the gasoline-stabilization example 
solved by Robinson and Gilliland (8). 

The temperature profiles obtained by use of the ^method without em¬ 
ploying either one of the forcing procedures are shown in Table 5-3. 
Although rapid convergence is obtained for Example 5-1 without using 
the forcing procedures, it was necessary to apply both of the forcing pro¬ 
cedures in order to obtain a solution for Example 5-2. The temperature 
profiles obtained for this example are presented in Table 5-4. The effect of 
the second forcing procedure on Examples 5-1 and 5-2 is shown in Table 
5-5. For systems such as Example 5-1, the limits of the second forcing 
procedure were never applied because all of the calculated rates fell within 
the permissible range of values. The final product distributions which were 
obtained for these two examples are presented in Table 5-6. 

As shown in Table 5-7, the number of trials required to obtain a solu¬ 
tion of the desired accuracy is almost independent of the temperature 
profile assumed initially, the number of plates, and the thermal condition 
of the feed. A comparison of Tables 5-3 and 5-7 shows that the use of 
forcing procedures in the solution of Example 5-1 increased the number of 
trials required to obtain D’s of a given accuracy. 

Although some speed is sacrificed in the solution of the relatively easy 
problems, the use of forcing procedures made it possible to solve most 
problems. A few problems were encountered which could not be solved by 
this method because of either the calculation of a permanent inverse in the 
temperature profile or the continued calculation of negative vapor rates. 
Such problems led to the development of the following procedure described 
by Weisenfelder et al. (10). 

CONSTANT-COMPOSITION METHOD FOR /AAKING ENTHALPY BAUNCES 

Instability of the conventional method for making enthalpy balances 
was most pronounced in systems composed almost entirely of very light 
and heavy components. (Most absorber systems are of this type.) For 
sudi systems the denominators of the expressions for L,_i and V/ (Equa¬ 
tions (5-3e) and (5-4a)) are extremely sensitive to small changes in 
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147.63 

165.71 

179.41 

189.91 

197.38 

202.22 

211.51 

219.29 

225.59 

230.43 

234.08 

* 49.01 
46.04 

1 

J 

1 

CO 

147.60 

165.64 

179.34 

189.88 

197.50 

202.78 

00 

219.56 

225.75 

230.54 

234.14 

48.65 

44.86 
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1- 
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2 2 
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H 

M 

147.55 

165.57 

179.30 

189.80 

196.82 

200.51 

211.05 
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230.69 

234.25 

52.40 

43.68 
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Table 5-4 Temperature profiles and distillate rates obtained with the forcing procedures and enthalpy balances (conventional 

for Example 5-2 

Temperature profilks (®F) 
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Tasud 5^ Fixtal product dwtributicms for Examples 5-1 and 5-2 obtained by use of 
enthalpy balances (conventional method) and ftmang procedures 



Product dial 

Mbutions 


Example 5-1 

Example 5-2 

Component 

. «<• 

5 

d 

b 

CH« 

— 

— 


0.0 

CiH. 

— 

— 

9.99994 

** 0.00005 


— 

— 

5.96602 

0.03397 

C,H, 

4.997387 

0.0026130 

12.27752 

0.22247 

t-C4 

14.66936 

0.3306400 

0.66940 

2.83059 

n-C4 

BB 

1.897760 


14.31799 

i-Cs 

3.S6211 

16.43789 

mmm 

mam 

fi-Ci 


32.391097 

0.00005 

15.19495 

fi*C« 

— 

— 

0.0 

11.29994 

n-Ci 

— 

— 

0.0 

8.99999 

n-Ci 

— 

— 

0.0 

8.49990 

360 

— 

— 

0.0 

6.99960 


' In the statement of tiie final results, all rates less than taken equal to aero. 


compodtion and temperature because Hj is approximately equal to hf^i. 
The constant^composition method virtually eliminates this problem. In 
this method, it is recognized that the vapor leaving plate (i + 1) of the 
rectifying section of a column consists of the distillate and the liquid 
entering plate C? + 1) from plate y. Thus the term Vj+iHj+t may be ex¬ 
pressed in the following form: 


(5-7) 














































132 Enthalpy BaUmeetfiur Conventional Columns 


Chap, 5 


Table 5-7 Final results obtained for Examples 5-1 through 5-6 by use of the enthalpy 
balances (conventional method) and forcing procedures 


Example 

Trials 
required for 

- . ±0.01 

• 

Temperature, ®F 

1 

Trials 

required for 
AD > ±0.00h 

Temperature, ®F 

1 

Distillate 

Bottoms 

Distillate 

1 

Bottoms 

.5-1 

5 

147.59 

1 

j 

234.28 

8 

147.62 

234.09 

5-2 

5 

92.17 

333.10 

7 

92.13 

333.15 

'5-3 

5 

92.20 

332.83 

7 

92.14 

333.09 

•'5-4 

5 

92.17 

332.99 

6 

92.16 

333.07 

5-5 

1 

7 

114.56 

320.72 

12 

114.21 

320.55 

5-6 

5 

89.57 

334.34 

8 

89.52 

334.37 


Reproduced by permiwion of Hydrocarbon Processing & Petroleum Refiner 


or 

-h DH{XD)i^x (5-8) 

where 




H{Xo)i^x 




When the expression for Vj+iHj+i as given by Equation (5-8) is substituted 
into Equation (5-3c) and solved for L>, the following result is obtained. 


DlHn - j/(Xn),4.i] + Qc 

[i/(a:,),^x - h,2 ’ 


0 ^ i ^ - 2 


(5-9a) 


In a similar manner, the following expression for the calculation of the 
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condenaer duty is developed 

Q, - L^H(xth - W + DCN(Xvh - Hd] 

and 

- H(Xi>),J + Q, + re[g(y,)/ - g,] 
, [//(x,-,), - A/] , 

— haj + Off - - . - ,r 

where 


L/-i = 
Vj^i = 


(o-9b>^ 


(5-9c) 


(5-9d) 


1-1 

c 

hixa)j = 23 

i-i 

The corresponding vapor and liquid rates for the rectifying and stripping 
sections are computed by use of the material balance expressions given by 
Equations (5-3) and (5-4), respectively. The reboiler duty is calculated 
by use of an over-all enthalpy balance, Equatiop (5-5). 

The name of this method reflects the interpretation which may be 
given to the enthalpy differences appearing in Equation (5-9). For ex¬ 
ample, the term [/f(x,),+i — A,] represents the difference between the 
enthalpy of one mole of vapor at the temperature T,+i and the enthalpy 
of one mole of liquid with the same composition as the vapor and at the 
temperature Tj. All of the enthalpy differences appearing in Equation (5-9) 
may be interpreted in terms of thermodynamic processes which occur at 
constant composition. 

When Hj+.i of Equation (5-8) is calculated by use of Equation (5-1), 
the identity given by Equation (5-8) holds only when convergence is ob¬ 
tained because it is only then that the corrected flow rates for the individual 
components are in material balance. The improved convergence tendency 
of the constant-composition method over the conventional method may be 
attributed in part to the fact that the former places on the system the 
additional requirement that each component be in material balance. Also, 
the constant-composition method gives more stability in the calculational 
process because the denominators of Equation (5-9) are always of the 
order of magnitude of the latent heat of vaporization, whereas the de¬ 
nominators of the corresponding expressions for the conventional method 
take on a wide range of values including positive and negative numbers. 
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USE OF THE 0‘METHOI> IN MAKING ^THAliPY BALANCES 


This method makes use of intercoolers (or heaters) as required to mainr 
tain the flow rates throughout the column within specified limits. It is 
directed toward finding the adiabatic solution for each plate if such a 
solution exists. Any imbalance in enthalpy resulting from the second forcing 
procedure is eliminated by the Q-method. This method may be used with 
either the conventional or the constant-composition methods for making 
enthalpy balances. However, it should be recognized that once it is agreed 
to employ an array of intercoolers (or heaters), infinitely many solutions 
exist, and different calculational procedures might be expected to lead to 
different arrays of intercoolers and heaters. The desired solution is of course 
the one in which the flow rates throughout the column are maintained 
within the specified limits with a minimum number of intercoolers and 
heaters. It was found that the combination of the Q-method and the con¬ 
stant-composition method was far superior to the Q-method and the con¬ 
ventional method because the former gave adiabatic solutions to many 
problems for which an array of intercoolers and heaters were required by 
the latter combination. 

A development of the equations for a combination of the Q-method 
and the constant-composition method for conventional columns follows. 
When two of the specifications are taken to be Ft (or Lo) and D, calcula¬ 
tions are begun at the top of the column and continued to the bottom. Let 
the minimum and maximum allowable liquid rates be denoted by Lmin 
and Lain. Suppose the variation of the liquid rates between successive 
trials is restricted in a manner similar to that required in step (1) through 
(3) of the second forcing procedure. The condenser duty is given by a 
balance around the condenser as stated previously in Equation (5*-9b). 
For an enthalpy balance around the top plate. Equation (5-9a) reduces to 

^ + ( 5 - 10 ) 

- A.3 


This value of Li is compared with Li.i (the rate used in making the last 
trial calculation through the column). Suppose a '*10 per cent variation" 
per trial is permitted; that is, if Li satisfies the inequality 


Lmin ^ 


Lt.x 


1 + p 


^ Li ^ (1 + p)Li,i ^ L| 


(where p = 0.1 for the 10 per cent viuiation), it is used in making the 
next trial through the column. The corresponding vapor rate to be employed 
for the next trial is calculated by material balance. 

If the value of In computed by use of Equation (&-10) is less than 
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Lt,i/(1 + and greater than X^Bta, then the value oi Lt to he employed 
for the next trial calculation thnn^ the column is taken equal to 
Iaa/(1 + p). 

In order to keep the column in enthalpy balance at this liquid rate, an 
int^coolq: (or heater) is used on plate 1. The duty of the intercooler is 
calculated by an enthalpy balance as follows: 

«• “ [»(*.). - W - D[Si> - - 0. (5-11) 

\1 + p/ 

For the case where Lj ^ (1 + p)Ia.i and (1 + p)Li,i is equal to or less 
than Lb,.., the calculational procedure is analogous to that described 
above. If either 


or 


Li., 

L, ^ ^ Lmin 

1 + p 


Li ^ (1 + p)Li,i ^ L, 


Li is taken equal to either in or Lm.., respectively, and the cmresponding 
intercooler (or heater) duty is computed as indicated by Equation (5-11), 
where (Li.i/(1 + p)) is replaced by either Lmin or ITie value of Qt 
is included in the enthalpy balance for the calculation of Lt. For adiabatic 
operation of plate 2, 


+ Q. + Qi 
- A,J 


(5-12) 


If this value of Lt corresponding to Qs = 0 lies within the prescribed limits, 
it is used in the next trial calculation through the column. If not, the appro¬ 
priate limit is used and the corresponding value of Qt is computed in a 
manner analogous to that described for Qi. This procedure is continued 
throughout the column until Lk and Qs have been determined. Then the 
reboiler duty Q« » — Qur^., is given by the following over-all enthalpy 
balance, 

- FB-Bka-DHa-Q.-'L Q, (5-13) 

/-I 

After eadi trial calculation through the column, the entire procedure is 
repeated; and if adiabatic operation of each and every plate is possible, 
this type of operation is selected. If not, the required intercoolers (or 
heaters) are employed. It should also be noted that only minor modifica¬ 
tions (d the Q-method are required to permit llie specification of an inter¬ 
cooler (or heater) duty for any pven plate. 
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Table 5-8 Statement of Example 5-7 


Component 

FX Specifications 

CH« 

2.0 

D « 31.6, Vi » 94.8, boiling point liquid feed, partial 
condenser, column pressure 300 psia, three rectifying 
plates, and eight stripping plates plus a reboiler. 
Equilibrium and enthalpy data for all components 
except the enthalpy data for the 400-nornud boiling 
component were taken from Tables A-4 and A-8 of 
the Appendix. For the 400 component, the following 
enthalpy data were used. 

•W - -201.32192 + 63.9328577 - 21.611909 X 10» T», 

(TR) 

*H» - 72.328160 + 18.933822 X 10*7 - 59.003314 X 

10*7*, (7“ie) 

The initial temperature profile is to be taken linear from 
50® to 450'F with plate number. Each vapor rate for 
the first two trials is to be taken equal to 94.8. 

C,H. 

10.0 

C,H, 

6.0 

C,Hg 

12.5 

f-C4 

3.5 

n-C4 

15.0 

n-C» 

15.2 

n-C« 

11.3 

h-Ct 

9.0 

• n-C, 

8.5 

400 

7.0 


• From J. B. Maxwell, Data Book on Hydrocarbons (New York: D, Van Nostrand 
Company, Inc,, New York 1955). 


The combination of the constant-composition and Q-method is demon¬ 
strated by the solution of Example 5-7. A statement of this example is 
presented in Table 5-8 and the solution is given in Tables 5-9, 5-10, and 
5-11. Sullivan (9) solved this problem in about the same number of trials 
by use of the conventional method for making enthalpy balances. Actually, 
the restrictions placed on the variation of the liquid rates by the second 
forcing procedure is more severe than is generally needed when the com¬ 
bination of the constant-composition and Q-methods is employed for con¬ 
ventional columns. 


COMBINATION OF ENTHALPY BALANCES AND THE LEWIS AND MATHESON 
CALCULATIONAL PROCEDURE 

When these methods are combined, a solution of all the equations 
describing each plate may be found in the process of making a given trial 
calculation through the column. The equations representing the conven¬ 
tional and constant-composition methods are applicable. However, it 
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Table 5^ Temperature profiles and distillate rates obtained Bdth the forcing procedures 
and enthalpy balances (constani-composition and Q-meihods) for Example 5-7 

Temperature profiles (’’F) 

Trial number 


Plate No. 

1 

2 

3 

4 

i 

11 

12 

0 (Distillate) 

117.59 

112.84 

110.24 

108.74 

1 

107.58 

107.58 

1 

148.88 

142.29 

1,38.44 

136.07 

1.34.39 

134.39 

2 

175.46 

163.72 

1.57.29 

1.53.71 

151.95 

151.95 

3 

201.53 

184.56 

175.44 

170.92 

170..30 

170.30 

4 (Feed) 

249.06 

224.61 

209.49 

204.03 

207.51 

207.49 

5 

249.26 

239.79 

232.35 

228..33 

228.76 

228.76 

6 

251.42 

249.8.5 

246.83 

244.06 

243.34 

243.35 

7 

255.67 

2.58.13 

257.57 

2.55.77 

254.19 

254.20 

8 

262.46 

266.22 

266.60 

265.21 

262.96 

262.97 

9 

272.85 

1 

275.75 

275.93 

274.46 

271.77 

271.78 

10 

288.59 

289.21 

288.49 

286.87 

284.21 

284.21 

11 

313.70 

311.96 

310.99 

309.80 

308.03 

308.02 

12 (Bottoms) 

367.25 

366.36 

366.23 

366.36 

366.57 

366.57 

D (Calculated) 

30.48 

32.86 


31.91 


31.600 

e 

0.1871 

1.8962 


1.2488 


1.0001 


should be noted that if a solution is obtained for each plate, these equations 
are identical since Equation (5-8) is satisfied by the solution for each 
plate. 

Various methods exist for solving the material and enthalpy-balance 
equations simultaneously. These may be divided into two categories. In 
the first is included those methods in which a solution of all the equations 






































































Tabus 5-10 Vapor rates obtained with enthalpy balances (ocmstant-compaation and Q-method) and with forcing procedures for 
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Tabus 5-11 Product distribution for Example 5-7 


Component 

d 

Xd 

CH^ 

2.00000 

0.63291-l0-» 

CiHi 

0.00988 


0.31645 

C,H, 

5.07234 

0.18000 

C.H, 

1.23464-10 

0.30071 

t-Ci 

0.74224 

0.23489-10-‘ 

n-Ci 

0.53708 

0.16906-10-* 

fi-Ci 

0.20157-10-* 

0.63787-10-< 

n-C* 

0.940469-10-» 

0.29762-10-* 

u-Ct 

0.63453-10-» 

0.20080-10-* 

n-Ci 

0.44408-10-» 

0.14053-10-“ 

400 

0.65181-10-“ 

0.20627-10-“ 


for each plate is obtained each time a trial calculation through the column 
is made. 

As described briefly in Chapter 4, the Newton-Raphson method may 
be employed to solve all of the equations describing each plate as proposed 
1^ Greenstadt (5). 

Another procedure of the first category was proposed by Davis and 
Sobel (4) and found by Ball (1) to give good results. In order to focus 
attention on the procedure as it is applied, let it be supposed that, on the 
basis of an assumed product distribution, the condenser and reboiler duties 
have been determined. Now consider plate (j — 1) in the stripping sec¬ 
tion where it is further supposed that calculations for all plates below plate 
(j — 1) have been earned out in the same way that to be described for 
I^te ■( j — 1) to give the temperature ( Tj) and composition (y^’s) of the 
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vapor leaving plate J and entering plate (i - 1). The method of Davis and 
Sobel consists of the following steps. 

(a) Assume Vj,i « Vj+i, where Vy.i denotes the first assumed value of 
the variable F,-. 

(b) Compute I/,_t and the by use of material balances as follows: 

= ViUn + (5-14) 

Lj-\ = 52 (5-15) 

1-1 

~ Ij—l.i/Ijj—i (5—16) 

(c) On the basis of the x>_i,/s so obtained, determine the temperature 
Tj-i by making a bubble point calculation. 

(d) On the basis of the compositions and temperatures obtained, 
calculate //j and Ay_i as indicated by Equations (5-1) and (5-2), 
respectively. 

(e) Calculate Fy by enthalpy and material balances as follows: 

= F,Hy + Bha - Qr (5-17) 

Since Ly_i = Fy + jB, Equation (5-17) may be solved for Fy to 
give Equation (5-4a). 

(f) If Fy obtained in (e) is equal to Fy.i assumed in (a), proceed to 
the next plate. If not, steps (a) through (e) are repeated on the 
basis of the assumed vapor rate Fy.a, which is computed as follows: 

Fy .2 = mFy.i+ (1 - m)Fy (5-18) 

Initially m is taken equal to 0.5. If there is a tendency toward 
divergence, m is reduced as required to obtain convergence. 

In the second category is included those methods in which a solution 
is obtained for certain of the equations, and the remaining variables are 
determined by direct-iteration by use of the remaining equations. An 
example of this approach is the procedure proposed by Bonner (2), which 
consists of the following steps. On the basis of an assumed set of flow rates 
and product distribution, calculations throughout the column are performed 
by the Lewis and Matheson procedure. The temperatures and compositions 
so obtained are used to compute the stream enthalpies by use of Equations 
(5-1) and (5-2). The total flow rates to be assumed for the next trial are* 
calculated by the conventional method for making enthidpy baluices, 
Equations (5-3) through (5-6). 
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NOTATION 


(See alto Chapters 2 through 4) 

Hj, hj = enthalpy of one mole of the vapor and of one mole of the liquid 
leaving plate j, respectively 

Hjii hji = enthalpy of one mole of a pure component i in the vajwr and 
liquid states, respectively, at the temperature of plate j 

ha = enthalpy of one mole of the bottoms {B) leaving the column 

Hxb) i = enthalpy of one mole calculated on the basis of the and the 
liquid enthalpies (A,Vs) evaluated at the temperature of plate j 

~ enthalpy of one mole calculated on the basis of the y/+i. ,’s and 
the hjiS 

— enthalpy of one mole calculated on the basis of the xy,'s and the 
«H.i. Vs 


Ha = enthalpy of one mole of distillate withdrawn, regardless of state 

H{Xa)i+i — enthalpy of one mole calculated on the basis of the Xn.’s and 
the Vs 

Lmin and Lmax = minimum and maximum allowable liquid rates 

TO == a multiplier; defined below Equation (5-18) 

Ma, Mb — quantities appearing in the enthalpy balance (conventional 
method) for the rectifying and stripping sections, respectively; 
defined below Equation (5-3) and (5-4) 

p == a number used to express the pennitted change per trial o,f the 
liquid rates; see the discussion following Equation (5-10) 

Qe = condenser duty; net rate of heat removal by the overhead 
condenser 

Qa = reboUer duty; net rate of heat input by the reboiler 

Qy = intercooler duty for plate j 


PROBLEMS 

5-1 Beginning with first principles, develop the expressions for the conventional 
method (Equations 5-3 through 5-6) for making enthalpy balances for con¬ 
ventional columns. 
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5-2 (a) Show that the ombination of the ccMutant-compoaition and Q-methods 
for conventional columns are reivesented by the fdlowing set of equaticms, 
where the Q's are evaluated as described in the text. 

Qc = UiHixth - *o3 + DCff(*>)i - tfj,] 
p[jyj> - HMt'] + Q« 




D[Hb - ff (&)«] + 0. + z 0* 

ib-1 








Dfi^j) — i/CXn)/! + Q« + ^rC^(Vr)/ ”■ Qfc 

fc-i 


[H(*/_i)/ — A/_i] 


D£Hd - HiXp)i^t2 + Q. - 2 Q* 

^ “ Ay] 

(b) Devise a thermodynamic process for each entiialpy difference appearing 
in the expression for Ly for the rectifying section. 

6-9 Show that when the combination of the Thiele and Oeddes caleulational pro¬ 
cedure and the d-method converges (the temperatures and compositions do 
not change from trial to trial and 9 » i), the total vi^wr and liquid rates 
calculated by material balances are in agreement with those calculated by 
entiialpy balances. 

5-4 (a) For the combination of the Thirie and Geddes caleulational procedure, 
the d-method, and the conventional method for making enthalpy balances 
show that the results of each intermediate trial are dependent upon the 
base (or datum) selected for the enthalpies of each component. Also, 
show that when convergence is obtained, the totid flow rates are inde¬ 
pendent of the base (or datum) selected for the enthalpy oi each 
component. 

(b) When the constant-composition method is emidoyed instead of the con¬ 
ventional method for making entiialpy balances, show that the results 
for any intermediate trial are independent of the base sdeeted for the 
enthalfaes of each component. 
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As additional problems were solved by use of the combination of the 
Thiele and Geddes calculational procedure and the ^-method, certain 
weaknesses became apparent. The rectification of these led to the refinements 
presented in this chapter. Some of these are closely related while others 
are independent of each other. The topics considered are as follows: mini¬ 
mization of round-off error, treatment of separated components, treatment 
of single phase components, effect of bubble points and dew points on the 
rate of convergence, and other specifications for conventional columns. 


MINIMIZATION OF ROUND-OFF ERROR IN CONVENTIONAL DISTILLATION 
COLUMNS 

As indicated in previous chapters, round-off error is minimized in a 
conventional distillation column when calculations are made down from 
the top and up from the bottom of the column to the feed plate. This result 
is explained by the analysis presented in this section. 

The ability to detect round-off error and to minimize it wherever it 
exists depends upon an important property of the Thiele and Geddes 
calculational procedure. This property gives this procedure a significant 
advantage over that of Lewis and Matheson. As shown in Chapter 3 for 
any given set of L/V’s and temperatures, the Thiele and Geddes calcula¬ 
tional procedure gives the same set of flow rates for each component at 
each plate regardless of whether calculations are made from the top of the 
column down or from the bottom up. Thus any difference found in the 
rates obtained by making calculations in different directions may be at- 

* A summary of this work was presented in a paper by S. L. Sullivan, Jr., A. J. 
Weisenfelder, and C. D. flolland at the Technical Meeting of the South Texas Section 
of the A.I.Ch.E. in Houston, Texas, October 28,1960. 
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tributed to roupd-o£f error. Use of the Thiele and Ged<^ procedure permits 
oaleidations to be made down from the-top for one component and up from 
the bottom for another as required to minimize round<off error. In the 
zqiplication of the Lewis and Matheson calculational procedure, calculsr 
Uons mo^ be made in the same direction for each component because all 
of the mole fractions are required for each plate in order to make the equilib¬ 
rium calculations (bubble point and dew point) for each plate as ceJcula* 
tions are carried through the column. 

It might be thought that with as many as eight digits available, the 
possibility of obtaining round-ofi error is nil. The following illustration, 
Example 6-1, shows this notion to be naive. Consider the following system 
of equations. 

Zt ^ AZi- B 
Zt ~ AZi —* B 
Z, = AZi- B 


Zj AZj^x ~~ B' 

Suppose that A - B = IQ, Zx - ^ and that it is required to find Zu- A 
computer using eight digit arithmetic takes the following value for Zx, 
namely. 


then 


Zx = 1.1111111 

Z, « (10) (1.1111111) - 10 = 1.1111110 

Z, = (10) (1.1111110) - 10 = 1.1111100 

Z* = (10) (1.1111100) - 10 = 1.1111000 

Z, = (10) (1.1111000) - 10 = 1.1110000 

Z, * (10) (1.1110000) - 10 = 1.1100000 

Zt » (10) (1.1100000) - 10 = l.K 




II11II 


Zt - (10) (1.1 
Z, = (10) (Ij 
Zvt = (10) (0. 

Zn = (10) (-10. 

The <;(HTect answer for Zu is of course 
Zu - 1.1111111 


I I III I I 


I II I I I I 


I I III! 


) ~ 10 = 1.0000000 

) - 10 = 0.1 

) - 10 = - 10 .( 

) - 10 - - 110.00000 


IIIIIIII 


ii:iiii 
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Hound-o£f error of . this type may be involved in distillation systems, de¬ 
pending upon the direction in which calculations are carried out. 

In order to show that round-off error is minimized in conventional 
columns by making calculations down from the top and up from the 
bottom to the feed plate (called “matching at the feed plate"), other 
possible calculational procedures must be considered. In Chapter 3 are 
presented the formulas for making calculations from the top to the bottom 
of the column [Equations (3-6) through (3-8) and (3-32) J as well as 
those for making calculations from the bottom of the column to the top 
[Equations (3-9) through (3-11) and (3-25)]. These two step-by-step 
calculational procedures are respectively referred to as “matching at the 
bottom" and “matching at the top." If it were not for round-off error, all 
of the calculational procedures would give the same sets of flow rates 
throughout the column. A test that recognizes the rates which possess the 
least amount of round-off error remains to be developed. Fortunately, the 
formulas for 6,/d, [Equations (3-22), (3-31), and (3-33)] are not only 
equivalent theoretically, but they arc also nearly independent of round¬ 
off error. They were found to give values of bi/di that agreed to within 
seven out of a possible eight digits. When all of the step-by-step calcula¬ 
tions throughout the column are to be made in the same direction, values 
of 6,/d,- must be computed before crossing the feed plate. These ratios are 
computed by use of any one of the formulas given by Equations (3-22), 
(3-31), and (3-33); and the values so obtained are labeled as follows: 

(6,/d,) 

formula 

A value for 6,/d, may also be computed as the end result of any one of the 
step-by-step calculational procedures. For example, suppose calculations 
are made from, the top down as indicated by Equations (3-6) through 
(3-8) and (3-32). At the bottom of the column, a value for t'.v+i.i/d,- is 
obtained as an end result. The correspondiiig value of 6,/d, is calculated 
as follows: 


(6,/d,)(tep—by—Rtep — A y+i.,(eAr+l ,i/d,‘) (6 1) 

Similarly, when calculations are made from the bottom to the top of the 
column, the value of 6,/d,- is obtained as the last step of Equation (3-25). 
The corresponding step-by-step value for 6,/d,- is computed in the following 
manner. 


(6,-/d,) •tcp—by—(tep — 


*So»(Ali/6,-) 


(ff-2) 


As shown by the previous numerical example, the terminal values resulting 
from a step-by-step calculation are affected more than are any of the inter- 
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mediate quantises by round-oflF error. Thus in testing for round-off error, 
the terminal ratio (or the ratio 6i/d, that can be calculated therefrom) was 
selected for consideration. 

The test consists of noting that the deviation of the ratio, 

(6*/d.) •t«p-hjr—i,t»p 
(h./d.) forinu la 

from unity gives a measure of the round-off error incurred in l.he particular 
calculational procedure. Since the evaluation of 6,/(/, by the formula given 
by Equation (3-22) requires that calculations Im* made down from the top 
and up from the bottom of the column to the feed plate, it is evident for 
this case that (6i/d,) formuu and (h,/d,),tcp-hy-»t.«i> are one and the .same 
number and that the ratio of the two is of coarse ecpial to unity. Thus for 
matching at the feed plate, no round-off error is detectable by the test. 

Weisenfelder et al. (4) and Weisenfelder (5) investigatwl the effect of 
round-off error in conventional columns by solving several relatively simple 
examples. These results are given in Table 6-1 and show tliat large errors 
were encountered when the flow rates in the stripping section for a very 
heavy component were calculated by material halaives written around the 
top of the column, case 4. Similarly, when the flow rates for a verj'^ liglit 
component in the rectifying section were calculated by material balamies 
that included the bottom of the column and tjie gi\'en plait*, large errors 
resulted also, case 2, The round-off error results from the negative terms, 
(I — FXi/di) and (1 — EX,/6,), which appear on the right-hand sides of 
Equations (3-32) and (3-2.5), respectively. Clenerally the round-off error 
is small vrhen calculations past the feed plate to the top and bottom of the 
column are made for very heavy or light components, nvspectively, as 
shown by cases 3 and 5. In each instance the negative term mentioned 
previously is relatively small, numerically, compared with the other terms 
in the equations. In the cases where round-off error was most pronounced, 
the equations were of the same form as that of th(‘ Example 6-1. These 
results are represented schematically in Figure 6-1. 

The step-by-step calculational procedures descril>ed for con\ ent.ional 
columns in Chapter 3 make use of a numerical process .somet imes referred 
to as “nesting." Instead of using nesting, a genefal formula for may 
be employed. It is developed by the substitutional. process whereby the 
expression for is substituted .succe.ssively into the one for 
and the term (1 — FXJdi) is replaced by its equivalent (—ht/d,). By 
application of the formula so obtained, round-off error of the type shown 
may be eliminated in some instances for conventional columns. However, 
this procedure does not completely eliminate round-off error as may be 
shown* by reconsideration of Example 6-1. Continued substitution of the 
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(Bottoms) 

Figure 6>1. Round-off error in conventional columns is mini¬ 
mised by matching at the feed plate. 

type suggested above leads to 
Zn = A“Zi - (4» + + ••• + A + 1)B, 

Since 

Zi * —, B = 10, and A* + A*'f»»* + A + 1 =* 

9 


the fonnula for Zn reduces to 



- 1 
A - 1 
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When eight digit arithmetic is employed, the value of Zu is seen to depend 
upon the order in which the algebraic operations are performed. If the 
value for the sum of the geometric series is computed hrst, then 


Zu = 0 


because the following equality 

lO*® - 1 _ 10“ 
10 - 1 ” 9 


holds for eight digit arithmetic. If the multiplication is carried out first. 


Zu 


10 “ 


10 “ ^ ^ 
~9” 9 “ 9 


the correct result is obtained. However, in the equations for distillation 
columns, the A’s are seldom equal and the value of the sum of the series 
must be computed directly. The order of accuracy of the value of the sum 
so obtained is the same as that shown for the case where the value Zu = 0 
was found. 

The formulas for Vji/dt in terms of the AjiS (top-down) and vji/bt in 
terms of the <S„'s (bottom-up) may be employed to compute the values of 


(bi/d.) •tep— by— step 

for use in the ratio test. Application of the ratio test permits the selection 
of the best combination of formulas (y,,/d,- or y,</6*) for the computation 
of the rates throughout the column. 

In columns with a large number of plates, round-off error could become 
appreciable in the addition process, say in the calculation of lf-i,i/di by 
the nesting procedure. This may be partially rectified by ordering the addi¬ 
tion of the terms of the series [see Equation (3-34) ] according to size, the 
smallest term beii^ first. 


SINGUE PHASE COMPONENTS 

The following treatment follows that given in References (1, 2, 4). A 
component that is present in the gas phase alone is referred to as a “single 
phase light.(Such a component is frequently called an inert gas.) Simi¬ 
larly, if a component appears only in the liquid phase, it is called a “single 
phase heavy” component. Certain gases such as helium are generally conr 
sidered to be genuine single phase components. Others are sometimes 
treated in this manner because of the lack of data. The single phase lights 
are denoted by the subscript “L” and the single phase heavy components 
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are identified by the subscript “HJ* TTie total rates of flow of all of the 
single phase light components and all of the single phase heavies are de¬ 
noted by 

23 VjL and 23 Ijity 

L H 

respectively. In a conventional column the 22 ‘'/i ^ equal to the sum of 

L 

the FX’s for these components for all of the plates above the feed plate, 
and 22 “ 0 each plate below the feed plate. Similarly, 22 i® 

L H 

equal to the sum of the corresponding FX,'s for the feed plate and all plates 
below it, and 22 plates above the feed plate. The statements 

H 

and development of the formulas for both the calculation of the composi¬ 
tions and the convergence method follow. 


Calculation of Compositions 



Unless intercoolers (or heaters) are employed, Lj and Vj are not generally 
known. Except where they are specified (for,example, the specifications 
of Lo and Fi), the following formulas are recommended for use 



E 1 

(7) ;d.)» + E -.x 

(fi-b) 


^H,L 



Li^ 

E 1 

(“) ( 5 t)«> + 22 ha 

( 6 - 7 ) 
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For a conventional column, where the values df the flow rates Vi (or 
Lit) and D are included in the specifications, the following formulas are 
applicable 


idi)co = 


FXi 


1 + eihi/di)J 


i 9^ H,L 


(6-8) 


The quantity B is the positive root which gives g{B) = 0, where the func¬ 
tion g is defined as follows: 


m = S w- - (o - S 

It 


(&-9) 


'fhe positive root is found by use of either Newton’s method or interpolar 
tion {reguh falsi) as described in Chapters 1 and 4. After (di)^ has been 
computed by Equation (6-8), (&,)eo is calculated in the following manner. 


(6<)«, 



( 6 - 10 ) 


I 

For a single phase heavy, (6k) «, is of course equal to FJTk. Equations (6-3) 
through (6-10) are employed with the calculational procedure of Thiele 
and Geddes in an analogous manner to that described in Chapters 3 and 4. 


Development of the Expressions for the g>Function and the Gsmpositions 

The development of Equations (6-3) through (6-10) from first prin¬ 
ciples follows closely the same approach as that presented previously in 
Chapter 4. In view of this, many of the steps are omitted. In the following 
arguments, suppose that the V/s and L/s be fixed throughout the column 
by use of appropriate intercoolers (or heaters). The feed is supposed to 
consist of both “distributed” components and single phase lights and 
heavies. Those components which appear in both phases throughout the 
column as well as the distillate and bottoms are called distributed compo¬ 
nents. The problem is to find a set of corrected values for di and 6^ which 
are both in component balance, 

FXi = (d0« + {bi)co (6-11) 

and which satisfy the specification D; that is 

D - E- E Wf 

L a*H,L 

where the smn of the vo.£’s is equal to the corresponding sum dP FXt’s. 
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Following the same arguments given inr Chapter 4, it is postulated that f(Mr 
all of the distributed components, 

1 ^ 

b 

it 

W 

1 

ea 

% ^ H, L 

(6-13) 

(W- - r, (^) 

1 (6<)bo, 

M 

i 9^ H,L 

(6-14) 


The development of the fonnula for (bi/di) Equation (6-10), is precisely 
the same as that shown in Chapter 4. After this formula has been obtained, 
Equation (6-11) is readily solved for (ti<)«, to give Equation (6-8). In 
view of this formula, observe that the expression for the function g(d) is 
obtained by a rearrangement of Equation (6-12). 

The fonnulas for the calculation of the compositions are developed in 
che following manner. By the postulates represented by Equations (6-13) 
and (6-14), it follows that 

Vi’- Z (t) W- + Z •’ft (»-15) 

T, V (^) (6,). + S liH (6-18) 

^H.L 'Ot/ea H 

According to the definition of the mole fraction. Equations (6-13) and 
(6-15) may be combined to give 


®'i(*'i»/d»)«o(d*)«o 

Vi* *“ y / j » y j X , ^ (6—17) 

Elimination of aj from this expression by use of Equation (6-15) followed 
by rearrangement leads to the desired result, Equation (6-3). Equations 
(6-4) and (6-5) are developed in an analogous manner. 

When convergence is obtained, o-y = t,- = 1 for all j. When Ty and o-y 
are taken equal to unity for each plate and for e^h trial, Equations (6-15) 
and (6-16) reduce to the approximate expressions for Fy and Ly, Equa¬ 
tions (6-6) and (6-7). Satisfactory results have been obtained by use of 
these formulas in solving a wide variety of problems. 


Calculation of Tamporatures 

The temperatures throughout the column calculated by use of the 
bubble point procedure. As discussed in Chapter 2, the bubble point tem- 
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perature is that positive value of T which makes /(T) ~ 0 where 

» 

f(T) = Z - (1 - Zvii.) (6-18) 

v/iH.L L 

Similarly, the dew point temperature is defined as that positive value of T 
which gives F(T) ~ 0 where 

= Z ^ - (1 - (6-19) 

Since/(T) contains mole fractions of both the liquid and the vapor phases, 
ail of the‘compositions must l)e computed as indicated by Equations (6-3) 
through (6-6), whereas only the zj/a were needed when all of the compo¬ 
nents were distributed. 

The treatment of systems containing single phase components is illus¬ 
trated by the solution qf Example 6-2. The statement of this example is 
given in Tables 6-2 and 6-3; and its solution is presented in Table 6-4. 
This example as well as the others given in Tables 6-2 and 6-3 were taken 
from the work of Weisenfelder et al. (4). 


SEPARATED COMPONENTS 

Although certain components appear in both phases in the neighbor¬ 
hood of the feed plate, they are separated for all practical purposes in 
either the rectifying or stripping section and leave the column in only one 
product stream. These components are called “separated components,” 
and they are detected in several ways. If hi/di is less than some small pre¬ 
assigned number (the order of magnitude of the lower limit of the com¬ 
puting machine), the component is called a “separated light” component. 
For such a component = 0 and d* = FXi, which hold for both the calcu¬ 
lated and corrected values of bi and d,. Similarly, if 6,/d, is equal to or 
greater than some large number of the* same order of magnitude as the 
upper limit of the computing machine, the component is sidd to be a 
“separated heavy” component. For such a component, the calculated and 
corrected d,’s and 6,'s have the following values: d,- = 0 and 6,- *= FXi. For 
a separated light component, the flow rates above the feed plate are calcu¬ 
lated by use of Equations (3-6) through (3-8) in the usual manner. The 
flow rates below the feed plate are also computed by use of balances written 
around the top of the column. Equation (3-32). Observe that a simplifica¬ 
tion is obtained because the term (1 — FXi/di) is equal to zero. A high 
degree of accuracy may be expected, since the negative term (1 — FXi/di) 
that gave the round-off error for the examples shown in Table 6-1 is equal 
to zero. Similarly, for a separated heavy component, the flow rates below 



Table 6-2 Statement of Examples 6-2 through 6-11 
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Composition of Feed, FX 

Example Number 
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Final flow rates 
(Trial No. 12) 

•o 

o 

1 

X 

i 

a» 

1 

X 

i 

« 

e« 

_1 

«o 

i 

0) 


tj 

fiO.OOO 

1 

9.717 

12.210 

1 

X 

h 

I 

t' 

2 

X 

8 

1 

Single 

phase 

Hght 

§ 


P 











Temperatures and vapor rates 

Vapor rates 

Trial No. 

e* 

75.0 

225.0 

288.3 

295.5 

292.4 

210.0 

237A 

iH 

■■■ 

226.5 

219.0 

211.0 

204.8 


<o 

75.0 


294.6 

294.6 

204.6 

204.8 


1 

1 

217.6 

211.2 

203.2 

II 

al 

S 

225 




175 

175 

175 

175 

175 

175 

pH 

Temperature ("F) 

Trial No. 

M 

pH 

116.32 

109.68 

210.00 

214.34 

210.54 

252.46 

259.56 

269.01 

281.74 

298.47 

319.72 

00 

74.000 

0.9998 

<D 

116.33 

190.41 

207.52 

211.60 

217.50 

253.31 

260.30 

269.63 

282.07 

298.57 

319.72 

335.14 

74.061 

0.9852 

H 

160 

175 

061 

205 

220 

« 

a 

265 

* 

295 

310 

325 

D (Calculated) 

»• 
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the feed plate are given by application of Equations (3-9) through (3-11). 
Above the feed plate calculations are continued by use of Equation (3-25). 
Again simplification results, since (1 — FXi/bi) — 0. Separated light com¬ 
ponents may be detected also in making calculations from the bottom of 
the column toward the feed plate. If in this process, a J is found such that 
Ifi/bi is greater than some largo preassigned number, the component is 
considered as a separated light component and treated as described 
previously. This procedure amounts to taking bt/di = 0 and results in little 
error. As is shown in the next section, if a j exists such that 


then for a component having Sy/s greater than unity 

^ ^ 1+2 
di p 


(5-20) 


where 


p = a large number of th(5 order of magnitude of the upper limit of 
« the computer. 

Since the right hand .side of Equation (0-20) is approximately ihe same 
order of magnitude as the lower limit (1/p) of the computer, it may be 
taken equal to zero. The Zy,/fc,’s found by making calculations up from the 
bottom are discarded, and all of the flow rates are found by making calcu¬ 
lations down from the top of the column by use of Equations (3-6) through 
(3-8) and (3-32). 

Similarly, if in making calculations down from the top of the column 
a j is found such that 

-'J > 

di~^ 

then it may be shown that 6,/dt is approximately the same order of magni¬ 
tude as p, implying that d, is zero. The Vji/d,’s found by making calculations 
down from the top are discarded and the flow rates for the separated heavy 
component found by use of Equations (3-9) through (3-11) and Equation 
(3-25). The proposed procedure is repre.sented schematically in Figure 6-2. 


Development of the inequality Given by Equation (6-20) 

In order for to be equal to or greater than p, one or more of the 
SjiS must be greater than unity. Generally, they are all large numbers for 
relatively light components. Thus consider a light component for which 
Sji > 1 for all j. Suppose that 4u making calculations up from the bottom 
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(Bottoms) 


Figure 6-2. Treatment of separated components in eonventional 
columns. 


of the column slj (denoted by m) is found such that /«,/6, ^ p (a large 
number of the order of magnitude of say, 10“). Since all of the S's are taken 
to be greater than unity 


6 ~ 



Continued application of Equation (3-10) gives larger and larger numbers. 
Thus 
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Now consider Equation (3-34). Since all of the iS’s are greater than unity, 
it follows that all of the Aji*B are less than unity. Therefore, if the value 
« 1 is substituted in i^uation (3-34) fw j » 0 throuc^ J * / ~ li 
the following result is obtained 




di 


<f 


where / is the number of the feed plate. Also in Equation (3-22), 



Thus, the numerator of Equation (3-22) is less than / + 1- Also, the 
denominator is ^ater than p; that is 


an 4 - — 

hi FXi 


> p 


Substitution of these results into Equation (3-22) gives 


hi /+ 1 

- < - 

di p 


(6-21) 


AAodiflcafions of the Formulai to Include Separated Components 


The formulas developed for distributed components are applicable for 
separated components if the terms that are indeterminate for the separated 
components are replaced by their equivalents. In the expression for ya 
[Equation (6-3)], the term {vji/di)ta{d^c is indeterminate for a separated 
heavy component, since 



(di)ea 0 


( 6 - 22 ) 


The limit of the indeterminate is found by restating the original expression 
as follows: 



(6-23) 
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Replacing' (di)«, by its equivalent as given by Equation (6-10) yields 


Thus 



(6-24) 


since (6,)eo = (6,)«, = FXi for a separated heavy component. 

Similarly, in Equation (6-4), the term ea{bt)co for a separated 
light component is indeterminate. By an approach analogous to that used 
for separated heavy components, it is readily shown that for a separated 
light component 


(r) (feOco = e ( 7 ) (d,)r, = eili.)ca (6-25) 

\0|/ ca \rfi /ca 

In the application of the p-function, Equation (6-9), to systems con¬ 
taining separated components, (d,)„ has the following values. For a 
separated light, (d,)co = FX^; and few: a separated heavy component, 
(d.).o = 0. 

The occurrence and treatment of separated components is demon¬ 
strated by Example 6-3 (see Tables 6-2, 6-3, and 6-5). 


USE OF BUBBLE POINTS VERSUS DEW POINTS 

As shown in Chapter 4, the combination of the ^method of convergence 
and the Thiele and Geddes calculational procedure gives rise to corrected 
sets of compositions for both the vapor and the liquid pha.scs. The dew 
point and bubble point temperatures corresponding to these respective, 
compositions become equal when convergence to the problem is obtained; 
otherwi^, they may be widely divergent. 

The following discussion pertains to hydrocarbon systems and is based 
on the results of several investigations (3, 4, 5). In general, bubble points 
are found to give satisfactory results for all systems except those con¬ 
taining a large percentage of a relatively light component. For a system 
composed almost entirely of lights, bubble points tended to give an over- 
correction; and for a system consisting mostly of heavies, dew points tended 
to give a slow rate of convergence. In order to obtain the effect of dew points 
and bubble points alone on the rate of convergence, a variety of examples 



Table 6-5 Solution of Example 6-3 illustcates separated romponents 

Temperatures, vapor rates and mole fractions (y) of n-C* and 
the 500-component 
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A heavy component was taken to be separated when vjjd, < 10*. 

Reproduced by permission of Hydrocarbon Processing dt Petroleum Refiner 

































Chap* 6 


FureHer fteiinement»/or Conventional Cotumnn 


was solved in which the vapor and li<|uid rates were held fixed throughout 
the column. The following analysi.s was sugg(*st('d by these* results. 

An examination of hydroearlwn .systems shows that the* rate of change 
with temperature of the eeiuilihriurn constant. K, increases a." tlie molecu¬ 
lar weight of the hydrocarbon is increast*d. For a light component such as 
methane, this slope* is of the ord(‘r zero over a fairly wid(* range of temp<'ra- 
tures and pressures. f)n the other hand, the change of K with respect to 
temperature for a heavy component is very large*. C’onsider a ."yslern in 
w'hich methane (or aivy light compone'nt for which K is e.s.sentiaily imle- 
pendent of temperature) is tin* primary constituent of tin* gas phase. For 
any plate the bubble point etpiation reduces approximately to v = Kx ~ 
1.0. Since the K for met ham* is almost independent of temperature, it 
follows that for .small changes in the (*omposiiion of the lipuid, larger 
changes in temperature are reipiired to .sati.sfv tin* bul>ble point e(juation. 
Becau.se of this falltor, the 0-melhod freijuently givi's o\erc(>rre( fi()n.x for 
suidi systems. 

Consider next a .system with a liijuid pha.se that consi.st.*. almost entiri'ly 
of a hea\y component, and suppo.se the correr-ted ti’inperature is to be 
calculated by use of dew points. For any plate the dew point eiiuution 
reduces approximately to ij/K = x ~ \ .0. Thus for large changes in // 
for the heavy component the dew point ciiuation is salistied by small 
changes in T. T*st* of dew points for such systems gives a shm rate of 
convergence. 

Since it is perhaps easier to dampi'n than to speed up a convergence 
proc(‘dure, the pos.sibility of tlu* use of thi* 0-inethod and bubble points for 
all systems was investigated, l^xamples through ()--lb ^'lables t> 2, 
0-3, and 0-0) .show that bubble points may be ummI for sy».tems compo.s(Ml 
of very light components provided additional restrictions are placed on the 
variation of the temperature profiles between suceessivi* trials as indicated 
in Table 6-0. Note that for the.se problems .solutions were obtaiiw'd by use 
of dew points (with no restrictions other than the averaging of the tempera¬ 
ture profiles) in about the same number of trials as thosi* shown for bubble 
points. 


OTHER TYPES OF SPECIFICATIONS FOR CONVENTIONAL COLUMNS 

Instead of the specification of the total moles of distillaP*. I), any one 
of several other types of specifications may be impo.sed on tin* system as 
shown by Lystcr et al. (3). However, it is to be noted that the solution to 
a problem of this type may Ik* found by solving a series (jf probh'ins for 
which each of several different values of D is specifii'd. A more din'ct 
approach consists of choosing 6 (at the end of each trial) such that the 



Table 6-6 Resulto of (^method and bubble points for feeds containing large percentages of light components 
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particular ^specification is satisfied. Thus the problem reduces to finding 
the (^-function for each of the various types of specifications. In the interest 
of simplicity these developments are given for systems tsomposed entirely 
of distributed components; that is, neither single phase lights nor separated 
components are supposed to be present. In addition to the specification D 
(or its substitute) assume that the following specifications have been made: 
the number of plates in each section; the quantity, compo.sition and thermal 
condition of the feed; the column pressure; and the reflux ratio (or Fj 
or Lo). 


k 

1. Specifications: ^ di or ^ 6, where 1 ^ k ^ c, and Fi or Lo or Lo/D 


When the sum of either the rf.’s or 6,’s and one of the flow rates, either 
Fi or Lo, are specified, the system is fixed in the sense that no further 

k 

specifications may be made. Consider first specification ^ di, where none 

of the diS are known individually unless A: = 1. By numbering the compo¬ 
nents in any arbitrary order, this specification is generalized to include 
any arbitrary set of d.’s (or 6,’s). The relationships given by liquation 
(fl 10) and 


(d,')co 


FX, 


1 + 0(6./d,). 


(6-26) 


are developed in tlie same manner as shown in Chapter 4. The desired 
value of 0 is the positive root which makes g{d) ~ 0, where 

eW = t, (di). - "tdi (6-27) 

i-1 i-l 


The second summation on the right hand side of Equation (6-27) is the 
specification. Equation (6-27) is solved for the desired value of 9 as de¬ 
scribed in Chapter 4. 

After the desired value of 6 has been determined, the corrected value 
for each of the d,’s is obtained by use of Equation (6-26). Thus the cor¬ 
rected distillate rate to be employed in the next trial calculation is obtained 
by summing both sides of Equation (6-26) from t = 1 throi^ i = c, 
which process gives 



FXi 

1 -}- eihi/di)^ 


(6-28) 


After both 6 and the corrected d/s have been obtained, the corresponding 
corrected Wb are c^culated by use of Equation (6-10). 
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When the wcond sp<'cificati()n is taken to be 1^, the reflux rate is ob¬ 
tained by the material balance, h) = Ti — /),<>. Similarly, when Lo is 
specified, T’l is compiited by use of the same eijuation. When the second 
specification is taken to be Lb/1), l"i is calculated from Vi = (Lq/D + 1)/)». 
The special case of tlie first specification where k = c (the total distillate 

rate 7) is sp(‘cified) has been discussed in detail in Chapters 4 and 5. Note 

<• 

also that wluui the first specification is the ^ bt, it may he restated, if 

»;=1 

desired, in t.(‘rms of th(‘ f/,’s, since 

/'A'. - E />.. 

1-1 I -1 1-1 


For this type of specification as well as “Specification 2“ and “Specifica¬ 
tion IV’ which follow, the specified sum of d’s must lx* less than the corre¬ 
sponding sum of FX ’s. 

Observe also that, when the second specification is taken as Fi, solu¬ 
tions an' fKissible provided that a value of I’l is specifi(*d such that the final 
corrected value for D will giv(' a i)ositive value for Lb, where Lo -■ Fi — 

f 

Deo- The limiting value for D is F. 


2. Specifications; di or b\ and I’l or Lo or Lo D 


This set of specifications is a special case of “Specification I,” k = I, 
where the components may be numbered in any arbitrary manner. Since 
Equation (()-27) ri'duees to 


f/i 


FXi 


dlbi/di ), 


(6-29) 


the desired value of 6 may lx* calculated directly. The corrected d,’s are 
calculated by use of lC(|uation (()-2()), and the total distillate rate to be 
employed for the next trial calculation is obtained by ust' of ]'](|uation 
((>-28). 


3. Specifications: bi 'dj and Fi or Lo or Lo/D 

This set of spc'cifications may Iw transformed to “Specification 2,” 
since 




FX, . 

1 + (bi/d,) 
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4. Specifications: (a) Temperature of Distillate and T'l or Lo or (b) Temperature 
of Bottoms and Fjv+i or Ln 

For illustrative purposes assume that the first speeification is taken to 
be the dew point of the distillate at the column pressure. The expression 
for q{6) for this set of specifications is developed in the following manner. 
The corrected d,'s must .satisfy not only a material balance but also the 
dew point relationship 


1 = --- {&- 30 ) 

^CO 

where the A','s are evaluated at the specified temperature. Upon substitu¬ 
tion of the relatioaships for (rf,)co and as given by Eipiations (6-26) 
and (6-28), respectively, the ecpiation g{6) - 0, is obtained where 


g{e) = 


^ FX.d - (l/A.)) 
1 + d{lu/fi,),a 


(6-31) 


After the desired value of 6 has been found by use of Equation (6-31), 
the remainder of the calculational procedure is the same as that given in 
“Specification 1." 

When the first speeification is the temperature of the bubble point of 
the distillate, g{d) takes the form 


9(0) 


‘ EX,(1 - K,) 

^ 1 + 0(6,/rf.).a 


(6-32) 


This expression is developed in a manner analogous to that shown for 
Equation (6-31). 

Hie function defined by Ecpiation (6-31) has (c — 2), real, negative 
roots and one, real, positive root provided that the specified temperature 
is greater than the boiling point of the most volatile component and less 
than the dew point of the feed at the column pres.sure. Similarly, when the 
temperature of the bubble point of the distillate is specified, the function 
defined by Equation (6-32) has (c — 2), real, negative roots and one, 
real, positive root provided that the specified temperature is less than the 
bubble point of the feed and greater than the boiling point of the most 
volatile component. 

For each type of specification successive trials lead to the solution for 
a particular problem provided that the specified temperature is not only 
within the above limits but also greater than that of the condenser at the 
condition of total reflux in the rectifying section. The up{X‘r tenqK'rature 
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limit prohil)its the making of a specification in which no rectification of the 
feed is to occur. 

In ord('r to obtain a, solution when the temperature of the bubble point 
of the bottoms is specified, this temperature m\ist be greater than the bubble 
point of the feed and not only less than the boiling point of the least volatile 
component of the feed but also less than the temperature of the reboiler 
at the conditions of total reflux in the stripping section. 

The specification of a sum of d,’s instead of D is illustrated by the ex¬ 
ample .shown in 'J'able (>-7. In the formulation of this problem, the sum of 
the d,’s for the first thre(‘ components f)btained previously (see Example 
0-7, Table 5-11) were taken as the spcK’ification for the distillate. In ob¬ 
taining the solution shown, Sullivan (8) used the conventional method for 
making enthalpy balances. 


NOTATION 

(See also Chapters 2 through 5) 

k = a.n integer used for counting 
m = an integer used for counting 

p — Si large number of the order of magnitude of the upp)er limit of a computing 
machine 


Problems 


6-1 Following the outline given in the text, develop Equations (6-3) through 

( 6 - 10 ). 


6-2 Show that the use of Equations (6-6) and (6-7) for the approximation of V, 
and L, (where they are unknown) in Equation.s (6-3) and (6-4) yields 


yj. 


X)t — 


(P;,/ di)ea(,dt)t 
Vi 




i^H,L 


6-3 (a) When Vj and L, are fixed, Equations (6-3) and (6-4) take this informa¬ 
tion into account by means of two multipliers that were eliminated in the 
development process. State the expressions for these multipliers and 
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describe a procedure by which the mole fractions could be calculated by 
making direct use of the multipliers. 

(b) Show that the corresponding and given by Equations (6~3) 
through (6-6) are not necessarily in component-material balance. 

6-4 Show that if in the process of making calculations down from the top of a 
conventional distillation column, a i.s found which is greater than some 
large preassigned number p. this implies that 



6-5 Verify the result given by Equation (6-26). 

6-6 Show' that if the conditions stated after Equation (6-32) are realized, the func¬ 
tion g(0), as given by Equation (6-31) has (r — 2) real, negative roots and 
one, real j)ositive root. 

6-7 Show that if the bubble [joint of the bottoms i.s taken a.s one of the sijecifica- 
tions, the following expression for the g-function is obtained 

(0) = y - Ki) 

6-8 (a) Show that when the sum of the first k values of the Xdx's and V'l (or Z/o) 
are specified, the following exjjression is obtained for the g-function. 



FX, 

1 -f e{b,/di)^ 



y 

i-k+\ 1 -f d{bx/dx)ca\ 


(b) Discuss the possibility of making impossible specifications (Hint: see 
Reference (3)). 

6-9 Verify the results given in Table 6-1 for Cases 1, 2, and 4. 


LITERATURE CITED 

1. Canik, L. J., B. W. Hardy, C. D. Holland, and H. L. Bauni, “Figure Separations 
This New Way: Part 7—Absorbers with Reboilers,” Petroleum Refiner, 40, No. 
12, 161. 

2. Hardy, B. W., S. L. Sullivan, Jr., C. D. Holland, and H. L. Bauni, "Figure 
^SeparationB This New W’ay: Part 5—A Convergence Method for Absorbers,” 

Petroleum Refiner, 40, No. 9, 237- 



Chnp. 6 


172 Further Refinemei&e for Conventional Columru 

r 

3. Lyster, W. N., S. L. Si^livan, Jr., D. S. Billingsley, and C. D. Holland, '^Figure 
Distillation This New Way: Part 2—Product Purity Can Set Conditions for 
Column,” Petroleum Refiner, 38, No. 7, 151. 

4. Weisenfelder, A. J., C. D. Holland, and R. H. Johnston, "Figure Separations 
This New Way: Part 6—Minimization of Round-Oflf Errors and Other Develop¬ 
ments,” Petroleum Refiner, 40, No. 10, 175- 

5. Weisenfelder, A, J., "Minimization of Round-Off Error and Treatment of Single 
Phase and Separated Comiwnents in Conventional and Complex Columns,” 
M.S. thesis, A. and M. College of Texas, College Station, Texas. 



Complex Columns 


7 


The combination of the Thiele and Geddes calculational procedure 
and the (?-method of convergence is readily extended to include complex 
columns. 

A complex column is defined as one which has either more feed plates 
or streams withdrawn or a combination of these than does a conventional 
column. In order to illustrate the combined procedure, a column having two 
feed plates and two side-streams (in addition to the top and bottom pro¬ 
ducts) is treated in detail. 

In the application of the method of Thiele and Geddes to complex 
columns, one specifics the column pressure, the number of plates, the rate, 
composition and thermal condition of each feed as well as the locations of 
the feed plates and side-str(‘ams. The numljer of additional specifications 
that may be made is equal to the total number of streams withdrawn (the 
distillate, bottoms and side-streams). For a column containing two side- 
streams, the additional specifications Vi (or Lo), D, W\ and Wz may be 
made. These in turn fix the dependent variable B. 

In order to make the first trial, temperature and L/V profiles for the 
column are assumed. This allows one to carry out calculations down from 
the top and up from the bottom of the column. After the convergence 
method has been applied, the compositions and corresponding tem¬ 
peratures as well as the total molal rates of flow of all streams are cal¬ 
culated. This combined procedure is repeated until satisfactory agreement 
between the assumed and calculated temperature profiles is obtained. 


CONVERGENCE METHOD 

The convergence method for complex columns is developed as shown 
by Canik etal. (1) in a manner analogous to that employed in the considera¬ 
tion of conventional columns in Chapters 4 and 6. For systems comp>osed 
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of distributed, separated, and single phase components the following ex¬ 
pressions constitute the 0-method of convergence. However, before they can 
be applied to systems containing separated components, certain terms 
which become indet(*rminate for these components must be rcplacied by 
their eciuivalents. These e(|uival(‘nt forms follow the statement of the 
general equations which constitute the 0-mcthod for complex columns. 

Each side-stream withdrawn from a column gives an additional degree 
of freedom, which permits one specification to be made on the side-stream 
such as the total withdraw'al rate of the side-stream. lOach such specifica¬ 
tion gives ri.se to an additional B multiplier. In order to distinguish between 
the 0’s, they arc assign(*d subscripts as .shown in Eejuations (7-1), (7-2), 
and (7-.'l). 

Beginning with the .sam(‘ set of basic postulates stated in Chapter 4, 
not(i that 


/w’sA /M’2.\ 

—) - 02 —), i9^H.L 

\ d. L \ <U 


(7-1) 


(7-2) 


(7-:i) 


Again the corrected rates are those which satisfy simultaneously, the 
specifications I), ITi, and 1T2 (where B is taken to be the dependent var¬ 
iable) and the over-all material balance 


EX,' — (d,)eo + {w\i)co "h (m>2.)«o "I" (fc»)co, i ^ li, L (7-4) 

where 


EX. - EiX,.' -b E2X2. 

Combination of Equations (7-1) through (7-4) yields the following ex¬ 
pression for the corrected distillate rate, 


idi)co = 


EX. 


1 H- 0o(&i/dt)ca -4- 6l{Wu/dx)ca + B 2 iW 2 i/di), 


19^ H,L (7-5) 


When this expression for (d.)« is substituted into Equations (7-1) through 
(7-3), formulas for (6,)«„ (toi.)fo, and {w 2 %)co are obtained. The require- 
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ment that the corrected rates satisfy the sp(!cification.s D, Wi, and Wi leads 
to the jr-functions 


0o(0o, 01, 02) = 22 (^«)<-9 “ 

(c - Z ''i.> 

(7-6) 


L 


01, 02) = 22 (w^'i>)co - 

■ (ll'l ~ 22 W’ih) 

(7-7) 


H 


02(0n, 01, 02) = 22 (w’2*)™ “ 

■ ( 11' 2 — ^ Wsn) 

H 

(7-8) 


that represent three equations in tlu* three unknowns, 6^, di, and dj. The 
desired solution is the s('t of positive vnlws of da, Oi, and 02 that give's 
00 = 01 = 02 = 0, siniiiltaiK'OUslj’. Tliese fr)nnulas apply for the ease where 
the distillate is withdrawn as a vapor and the side-streams as licjuids. 
When M'l is withdrawn above the fi'ed plah' at which tin' single phase 
heavy components enter, obsc'rve that in hk|uation (7-7). X - b. If 

H 

W’l and W -2 are withdrawn from plates p and 7 Ix'low the' lowest hx'd plate, 
the flow rates of the single phas(‘ components an* computed as follows: 


£ Wuf = 
H 


22 = 

H 



(7-0) 


(7-10) 


When the distillate is withdrawn as a vapor and the side*streams as 
vapors, E({uations (7-7) and (7 8 ) are modified as follows. 


{Wi - 22 W’l") rejilaccd by (O', - $2 w’o'v) 

H h 

(Wo — ^ iViii) is replaced by (ir 2 — 22 W’ 2 t) 

H L 


In the event separated components are present, certain terms in Equa¬ 
tions (7-6) through (7-8) become indeterminate, Eor the s(?paratcd heavy 
comjxments, (d,)eo == 0 , and 



¥Xi 


1 ~h (^o/0l) (3»/ieit)ca + (02/0l) (te2i/w)lt)e 


(7-11) 
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The expression for («>*,)«, for a separated heavy is 

FXi 


/W2i\ 

(^02»)eo ~ I 1 (dt)eo ~ T" 
V d% 1 


+ (66/82) {bi/Vhi) ca + (61/62) (Wu/W2i)t 


Also, for a separated heavy comp>onent, 

'bA . ,. FXi 


(7-12) 


(bi)^ = (9„ ( 7 ) (di)co = - 

Nuj/ ea * 


+ (61/60) (Wu/bi)ea (62/60) (W2i/bi)t 


(7-13) 

If the component is separated below plate p (the location of the withdrawal 
of Wi), then (iui,),a = Oand (wu)eo = 0 and Equations (7-12) and (7-13) 
are modified accordingly. Equations (7-11) through (7-13) are developed 
as shown in a subsequent .section concerned with the treatment of separated 
components. 


CALCUUTION OF THE ^’s 

' For a system composed of distributed components alone and for a 
column with one side-stream withdrawn, graphs of the functions go and gi 
in the neighborhood of the positive roots are shown in Figures 7-1 and 7-2. 



Figure 7«1. Graphic representation of the function goiOo, 0i) 
for the case of one nde-stream. (Reproduced by permission of 
Hydrocarbon Proceasiny A Petroleum R^ner) 
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The object; is to find the positive set of 0’s that makes all functions equal to 
xero simultaneously. Of the methods 'vhich have been investigated (3, 5 ), 
either the method of Newton>Raphson or this method virith modifications 
was found to be the most satisfactory. Since the basic method was described 
in Chapter 1, only the details of application and the modifications are 
presented here. In the application of the Newton-Raphson method, the 
best results were obtained by taking the first assumed value for each $ 



Figure 7-2. Graphic representation of the function 0i(0o, Si) 
for the cose of one side-stream. (Reproduced by permission of 
Hydrocarbon Processing <fe Petroleum Refiner) 


equal to unity; that is, 6o,t = 0i.i = 02 ,i = 1.0. The second subscript is used 
to denote the trial number with respect to the application of the Newton- 
Raphson method. Calculations are initiated by evaluation of the functions 
ffe, gi, and gs and their partial derivatives on the basis of the first assumed 
set of 0’s. Then as described in Chapter 1, the Newton-Raphson equations 
are solved to give the second set of 0’s, namely, 0 o. 2 , 0 i. 2 , and 02 , 2 , which are 
used to make the next trial calculation. If in a given trial calculation (for 
the correct set of 0's) a negative value for a 0 is obtained, a value equal to 
one half of the previously assumed value should l)e employed (3). 

In the statement of the Newton-Raphson method in Chapter 1, the 
use of the analytical expresstions for the partial derivatives was implied. A 
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modification which (»>nsists of an alternate method for evaluation of the 
derivatives was investigated by Tomme (5) and found to give satisfactory 
results. This method is initiated by the choice of a set of positive valum 
for the $% denoted by $o.i, ^ 2 , 1 . The functions appearing in the Newton> 

Raphson equations are evaluated at this set of 9's. In order to compute the 
value of the partial derivative, dgo/dffo, in the neighborhood of the first set 
of .^s all of the 9’s are held fixed save for $0 which is allowed to take on the 
value of (^ 0.1 -f p)- Then by the definition of the partial derivative, it 
follows that 


^ffo _ go[(^o,i + p), ^, 1 , ^, 1 ] ~ go[^o.t> 
dfio ( 60,1 4 " p) •” <?o,i 


Similarly, 

dgo _ goC ^ 0 . 1 > (^I.X 4- p), ~ go[^o,i, ^ 1 . 1 , ^8.iD 

dSi V 

The other partials are evaluated in a manner analogous to that shown. The 
selection of a value for p is rather arbitrary, provided that a number con¬ 
siderably less than unity is picked (5). When p was taken equal to O.OOl, 
satisfactory results were obtained. Of course, if either (?o.i (or gi.i) become 
so large that because of the numbdr of digits available go.i 4- p = ^ 0 . 1 , the 
value of p must be increased. When the Newton-Raphson equations are 
solved on the basis of this set of values for the functions and their deriva¬ 
tives, the next set of 9’s is obtained. This set of g’s is used (in the same way 
as that described for the first set) to carry out the next trial calculation 
for the determination of the third .set of 9's. Again, a negative value ob¬ 
tained for any 9 is replaced by one half of the value of the particular 9 
which was used to make the given trial calculation. 

Another method worthy of mention is that of interpolation (regula 
Jolsi). When it was extended to include functions of several variables as 
described by Lyster et al. (3), satisfactory results were obtained. However, 
it was found to be considerably slower than the Newton-Raphson method. 


MATERIAL BALANCE EQUATIONS 

The following material balances apply for the distributed components 
in a column such as that shown in Figure 7-3. The numbers the i^ates 
from which the two side-streams (liquid phase) are withdrawn are desig- 
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nated, for convenience, "p” and “j.” The number of the upper feed plate 
(the one nearest the top of the column) is denoted by and the number 
of the lower feed plate is denoted by "f.” For all plates above the lower 
feed plate t, the flow rates are determined by use of material balances which 



(Bottoms) 

Figura T'-S. Complex column with two feed plates and two 
nde^reams. (Reproduced by permission of HydrocaHxm Process¬ 
ing & Petroleum Refiner) 

enclose the top of the column and any plate Similarly, for all plates below 
the upper feed plate /, the balances include the bottom of the column and 
any plate j. Thus, two possible sets of equations exist for the calculation 
of the flow rates of each component between the two feed plates. As pro> 
posed in a subsequent section, the flow rates in this section are computed 
by each set of equations and that set of flow rates is selected which possesses 
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the least amount ci round-off error. For any plate above the feed plate t, 
the material baianoes are represented by the following equations. 


-7 Ati + 1 , (balance around the condenser) 
di 


vji 

di 

-if 

di 


di 

di 


di 


1 

(x) 

+ 1 , 2 S J S p + 1 

1 

r-f) 

+ C,(, P + 2SJS/-1 

1 

C-tI 


1 

r-r) 

i FiXu\ 

+ ^Ci< ^ J, 

I 

r-sr') 



where 


Cii * 1 + wii/di 


(7-l4a) 

(7-14b) 

(7-14c) 

(7-14d) 

(7-14e) 

(7-14f) 


The quantity lOu/di is evaluated after Vpi/di has been computed by use of 
Equation (7-14b). Since the side-stream Wi has the same composition as 
the liquid leaving plate p, it follows that 


di \Lj\diJ \lJ\ ' dit 


(7-15) 


For any plate below the top feed plate/, the material balances are repre¬ 
sented by the following equations. 

— = Ss^i.i -f 1, (balance around the reboiler) (7-16a) 

hi 


- S,.(^) + 1, q + 2SjiN (7-18b) 

Oi ' 64 / 

= S/i(r) + <-«. <+isiS« + i 


(7-16c) 
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where, 


Cti “ 1 + Wii/bi 


(7-16d) 

(7-16e) 


Calculations are made up from the bottom of the column in the usual way 
until l^i,i/bi has been computed. Before the step-by-step procedure can 
be continued, it is necessary to compute Wa/di. For i * 9 + 1, Equation 
(7-16c) gives 


Since 



(7-17) 


(7-18) 


Equation (7-17) is readily solved for UHi/bi to give 




hi 



(7-19) 


When the side-streams are withdrawn as vapors. Equation (7-14) and 
(7-16) are modified accordingly. In the application of these equations, 
calculations are made down from the top and up from the bottom of the 
column to feed plates / and t, respectively, in the same general manner as 
described in Chapter 3 and 4. Before the flow rates between the feed plates 
may be calculated by Equations (7-14) and (7-16), bi/di must be com¬ 
puted. The following equivalent formulas for bi/di are readily developed 
in a manner analogous to that shown for Equation (3-31). 


ti ft>»(l/-t.»/di) (1 + Qt — Zi)Cii 

di (vti/bi) + ZiCti 


where 


Zi 


(0< *1" l)!^!-^!* — ujtfii *1~ VFgi 

FXi 


ui »* iifr-i.i Ai^,i ... Af^i,i A/i 


* Ai^i,i 4- Ap.t,i 4- ... + Ai^,i ... Af+j,i A/t 
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and 


hi + Ci<2» 

—. ss ■■■' ' ■■■ ■' " I 

di Mvn/hi) + C«(#i - Zi) 


(7-21) 


where 


Zi « 


^iFtXti — <tt^F.i + h. 


FXi 

S/i Sf+i,i ... St-t.i St^i.i 

1 + S/i + S/i S/+i,i + ... + S/iS/+i,i ... St-i,i 


After bi/di has been computed, the distillate rate for each component is 
obtained by the over-all material balance, 


di = 


FXi 


r j- _L 

Oil + -j—h j- 

Of Of 


(7-22) 


Then the flow rates between the two feed plates may be calculated as indi¬ 
cated by Equations (7-14) and (7-16). The formulas for bi/di (Equations 
(7-20) and (7-21)) are like those for conventional columns in that they 
are almost independent of round-off error (8). 


AMNIMIZATION OF ROUND-OFF ERROR 

The round-off error given by various calculational procedures for a 
complex column with two feed plates was examined in a manner analogous 
to that shown for conventional columns. As in the case of conventional 
columns, the most accurate flow rates above the top and below the bottom 
feed plate are obtained by making calculations down from the top and up 
from the bottom of the column, respectively. Thus for complex columns 
the problem to be resolved is whether the flow rates between the top and 
bottom feed plates should be computed by use of material balances that 
include the top or the bottom of the column. Any difference between the 
values for a particular flow rate obtained by different calculational pro¬ 
cedures may be attributed to round-off error because it can be shown in a 
manner analogous to that given in Chapter 3 for conventional columns 
that the expressions for a given flow rate (obtained by writing material 
balances around the top and the bottom of the column) are equivalent. 
Similarly, all ol the various expressions which may be developed for bi/di 
are equivalent. Several simple examples were solved by Weisenfelder et al. 
(7) and Wdsenfelder (8) and the results obtained are pven in Table 7-1. 
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Reproduced by pemiiarion of Hydrocarbon Proceooing <t Petroleum Refiner 
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These results show that if a compoiwnt enters the column in only one feed, 
the most accurate calculational procedure consists of making calculations 
down from the top and up from the bottom of the column to the given feed 


{Overheod vapor) 



_ f - D 


.. J ( Oistillote) 

(Reflux) 

^1 


(Side-stroom) 

For the distributed components, 
round'off-error is minimized by 
the selection of the most occurote 
set of flow rates between each 
pair of feed plates by use of the 
rotio test. 


Separated 

heovies 


(Side-stream) 


- B 


(Bottoms) 

Figure 7-4. Minimise round-off error by making calculations 
from the top of the column to the lowermost feed plate and from 
the bottom to the uppermost feed plate, and select the most 
accurate set of flow rates between each pair of feed plates by 
use of the ratio test. 


plate at which the given component enters. When a component enters the 
column in each of several feeds, the most accurate calculational procedure 
is found by carrying out the ratio test for each feed plate as idiown in 
Table 7-1. A schematic representation of the proposed calculational pro¬ 
cedure is shown in Figure 7-4. 
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Since the fonnulas for the calculation of 6./d. (Equations (7-20) and 
and (7-21)) are almost independent of round-off error, only one of the 
expressions is needed. In carrying out the ratio test for a component at 
plate /, the following procedure is employed. After the formula value for 
hi/di has been obtained by use of either Equation (7-20) or (7-21), the 
calculations implied by Equations (7-14) and (7-16) are performed. The 
value of v/i/di is obtained by use of Equation .(7-14d) and by Eejua- 
tion (7-16e). The value of the latter is used to compute as follows: 



On the basis of the values so obtained, the step-by-step value of 6</d< is 
computed in the following manner. 

/^A ^ {v/i/d^) 

•top—b y—ttop 

The ratio test for plate / consists of the evaluation of the ratio 

(6.M) •tcp-by-*tep 
(bi/di) formulk 

For the feed plate t, the ratio test is carried out in the same manner to 
that shown for plate /. 

TREATMENT OF SEPARATED COMPONENTS 

The definitions of the separated light and heavy components stated in 
Chapter 6 are retained for complex columns. That is, a separated light is 
a component for which (6i)ea == 0; and a separated heavy is one for which 
(d»)M = 0, The possibility of either {wu)ca or (itjj,)ea l>eing equal to zero 
exists and must be considered in the calculational procedure. 

In the treatment of separated components in complex columns, it is 
convenient to classify all complex columns as one of two types. The first 
type consists of those columns with multiple feeds and only two streams 
withdrawn, the distillate and bottoms. In the second type are included 
those columns with multiple feeds and one or more side-streams withdrawn 
other than the distillate and bottoms. The treatment of separated compo¬ 
nents in columns of the first type follows very closely that described for 
conventional columns. Suppose, for example, a separated light component 
is detected below the lower feed plate. Then for this component the distillate 
rate is known, since 


di = FiXu + FtXti = FXi 


( 7 - 23 ) 
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Calcylatioiis are made from the top of the column past the lower feed 
plate and toward the bottom by use of equations similar in form to Equa¬ 
tion (7-14). 

For columns of the second type, calculations are carried out in the 



Fifure 7-S. Directions for making calculations for aeparated and 
distributed components in complex columns. 


directions indicated in Figure 7-5. For the distributed components, round¬ 
off error is minimized between the feed platra by use of the ratio test as 
described previously. However, the detection of a separated component 
does not lead to the simplifications found for columns of the first type. 
Although » 0 for a separated light component, the value of di does iK>t 
fcXkm immediately as it did for complex columns of the first type. Further 
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calculations must be perfonned before di can be evaluated. For purposes 
of illustration, consider the column shown in Figure 7-3. Component t 
enters at both plates / and t at the rates FiXa and FtXu, respectively. 

The calculational procedure to be followed for a separated light compo¬ 
nent in a complex column such as the one shown in Figure 7-3 follows. A 
separated component in a complex column may be detected as described 
previously for conventional columns. Suppose a separated light component 
is detected in the process of making calculations up from the bottom of 
the column toward the lower feed plate t; that is, a j is found such that 
lii/bi > p. As in the case of conventional columns, it can be shown that 
hi/di is near the lower limit, 1/p, and may be taken equal to zero. All ratios 
of the flow rates {la/hi) obtained for the given component by making 
calculations up from the bottom of the column are discarded. For such a 
component the material balances are written around the top of the column 
and any given plate. Calculations are carried out in the usual way to the 
feed plate / to give values for wu/di and For plates / through 

< — 1 the flow rates are given by Equations (7-14d) and (7-14e); and for 
3 equal to or greater than f, the following equations are applicable: 


Vti 


di 


It-l.i l^ii Wti 


(7-24a) 


^Ji 

di 


di 


Vji 

di 



i 4- 1 ^ ^ 9 


+ l 


(7-24b) 


(7-24c) 


a-24d) 


After lf^x,i/di has been determined by use of Equation (7-14), it is neces¬ 
sary to evaluate Wa/di and di before further calculations may be performed. 

From the upper feed plate, /, to the lower one, i, a substitutional pro¬ 
cedure is followed whereby the expression for va/di is substituted succes¬ 
sively into the one for Vf+i.i/di. This procedure gives 



where and Qi have the same definitions as those given after Equation 
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(7-20). Between plates t iind q, the su1[}stitutional procedure leads to 


where 



(7-26) 


Wqi ~~ 3 , Aft 

S2yi ~ Aqi ■4" • • • • .^ll 


The unknown di may be eliminated from Equations (7-25) and (7-26) by 
use of the result obtained by an over-all material balance. 


di = 


FXi 


Cu + (wti/di) 


(7-27) 


Since Z,./d, * (L./IT,) (ti;„/d.),Equations (7-25), (7-26), and (7-27) 
may be solved for Wa/d^ to give 


u)%i «*»£«» (Z/-i.i/d,) + n»Cii]] — ZiCu 
_ * 


where 


Z. 


^{L,/W^) 4- £l,i + Z.] 

_ 


(7-28) 


After wti/di has been computed by use of E^quation (7-28), di is evaluated 
by use of Equation (7-27). Then calculations may be carried out toward 
the bottom of the column by use of Equation Z7-24) until B,j is found such 
that Vii/di ^ 1/p. 

The calculational procedure described is readily extended to include 
columns from which any number of side-streams are withdrawn. Also, the 
treatment of separated heavy components is analogous to that described 
for separated light components. 


EVALUATION OF TERMS WHICH BECOME INDETERMINATE FOR SEPARATED 
COMPONENTS 

The formulas given in Chapter 6 for the calculation of the compotitions 
for conventional columns are applicable to complex columns. In the same 
manner as shown there, the term C(W^«)«a!](d<)M becomes indeterminate 
for a separated heavy, and is replaced by its equivalent. 
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where (b^M is given by Equation (7-13). Similarly for a separated light 
component, the term is replaced by its equivalent, which 

follows; 


(f) (W» “ «. (j) (*)» (7-30) 

where (d<)» is given by Equation (7-5). 

When a heavy component is separated above plate p (the withdrawal 
location of W{) the formula for (wi,)«, for the separated heavy component 
is developed in the following manner. Division of Equation (7-2) by 
Equation (7-1) yields 



(7-31) 


Similarly, Equations (7-2) and (7-3) are readily solved to^ve 



(7-32J 


Since (d<)« = 0 for a separated heavy component, it is required that the 
corrected rates satisfy the over-all material balance, Equation (7-4). This 
expression is readily solved for (toiOco to give 


(Wii)«. “ 


_fX_ 

1 + (6,M,)co + (wj.M,)» 


(7-33) 


The desired formula for («»i,)«„ Equation (7-11), is obtained by replacing 
the two ratios in the denominator of Equation (7-33) by their equivalents 
as given by Equation (7-31) and (7-32). The formulas for (iet,)co and 
(hi)co (Equations (7-12) and (7-13)) for a separated heavy component 
are developed in a manner analogous to that shown for Equation (7-11). 


OTHER RELATIONSHIPS 

$ 

Single phase lights and heavies are treated in the same manner as 
described for conventional columns in Chapter 6. The conventional, the 
constant-composition, and the Q-methods for making enthalpy balances 
are also applied in the same manner as described in the previous chapter. 
The tmperaturcs are calculated by use of the bubble point procedure, 
Equation (fr-19). Variations between the temperatures and flow rates 
between successive trials are also restricted as described previously. 
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Table 7-4 Solution of Ebcample 7-2 
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Calculated 
value of 

IF. 

31.80 

11.49 

13.36 

13.87 

14.34 

14.75 

8 

14.92 

14.99 

14.97 

i 

•■4 

Calculated 
value of 

D 

27.48 

00 

21.80 

22.22 

22.78 

22.84 

22.95 

22.94 

22.97 

22.97 

22.99 

*s 

6.^ 

B QQ* 

295.26 

293.99 

293.49 

293.13 

293.17 

293.14 

293.17 

CO 

293.11 

293.08 

293.06 


101.78 

103.84 

80 SOI 

105.89 

106.18 

8 

106.51 

106.62 

106.69 

106.75 

106.79 

1 

77.31 

r 

77.17 

1 

77.08 

1 

77.03 

77.01 

76.99 

77.00 

76.99 

76.98 

76.98 

CD 


1.54 

0.94 

1 

0.97 

166 0 

866 0 

0.997 

966 0 

866 0 

0.997 

666*0 


489.45 

91 0 

98 0 

0.50 

0.788 

00 

d 

IS6 0 

0.943 

r 

0.983 

0.976 

0.992 

Trial 

number 

R 


CO 

H 


(O 

1 

00 

e> 

o 

*-4 


Reproduced by permission of Hydrocarbon Processing dt Petroleum Refiner 


























































Table 7-5 Solution of Example 7-3 
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Reproduced by permission of 11 ydrocarbon Processing & Petroleum Refiner 















































































Table 7-6 Final flow ratee for Ebcamples 7-1, 7-2, and 7-3 
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HhM*raHv« Examples 

The statements and solutions of three illustrative examples taken f^om 
the work of Lyster et<d. (3) are given in Tables 7-2 through 7-6. Example 
7-1 has two feeds while Example 7-2 has in addition a side-etream with¬ 
drawn above the upper feed plate. Example 7-3 has two feeds and two 
side-streams. The side-stream IFi is withdrawn above the upper feed plate 
and the side-stream Wt is withdrawn below the lower feed plate. The tem¬ 
peratures were determined by use of the bubble point procedure and the 
vapor rates were calculated by use of the conventional method for making 
enthalpy balances. Both of the forcing procedures stated in Chapter 5 
were applied. The temperatures shown in Tables 7-3 through 7-6 were 
obtained by averaging. 

It should be mentioned that no particular effort was made to select 
good initial values for the temperatures and vapor rates. For ail examples 
a linear variation of the temperature profile (80 and 450®F) was assumed 
in order to make the first trial. An overhead vapor ra^ of Vi - 94.8 was 
specified for all examples. For the first two trials the remaining vapor 
rates throughout the column were held constant cither at this value or at 
the appropriate one obtained by taking into account the thermal condition 
of each feed and the specified flow rate of each side-stream. Corresponding 
to these vapor rates, the liquid rates employed were those required for 
material balance. After the first two trials, the vapor and liquid rates were 
calculated by enthalpy balances (conventional method). 

In general it appears that the rate of convergence increases as the 
number of side-streams is increased. 


ABSORBERS WITH REBOILERS 

A diagram of the particular unit considered by Canik et cd. (1) and 
Canik (2) is shown in Figure 7-6. Applications of columns of this type 
have been discussed by Treybal (6). ^cently McNeese (4) used the d? 
method of conveigence in the treatment of a stripper-stabilizer problem 
in which both W and F were equal to zero. The unit shown in Figure 7-6 
is a special case of a complex column which has two feeds, F and Lo, and 
three withdrawals, B, Wi, and Vi. This unit may be considered as a complex 
column without a rectifying section; that is, one without any plates above 
the top feed plate. 

For the reboiler-absorber shown in Figure 7-6, Canik (2) found that 
round-off error is minimized by the same general procedure which was 
proposed for complex columns. Below the lower feed plate/, the flow rates 
for the distributed components are computed by use of material balances 
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that include the bottom of the column and any given plate y. Between the 
feed plates 1 and /, the rates are calculated both by material balances that 
include the top of the column as well as by balances that enclose the bottom 
of the column. That set of rates is retained which possesses the minimum 
round-off error as determined by the ratio test. 



Figure 7-6. Absorber with a reboiler and a side-stream. 
(Reproduced by permission of Hydrocarbon Processing & Petro¬ 
leum Refiner) 


When the feed F contains a large percentage of lights and the feed Lo 
contains a large percentage of heavies, the system becomes very sensitive 
to the procedures employed for the determination temperatures as well as 
the method employed for making enthalpy balances. Canik etal. (1) showed 
that the bubble point procedure could be used for all problems, provided 
the change in the temperature between successive trials is restricted as 
shown previously for complex columns. The possibility of using direct- 
iteration and bubble points was investigated. However, for one of the 
problems treated in this way, convergence could not be obtained unless 




7 


(Utmptex Columns 197 


the themuil condition of the feed plate / was fixed so that large amounts 
of the lightest component appeared below this plate. It was concluded 
that, qualitatively, the tendency of a system to converge is promoted by 
the presence of very light components, provided they are distributed 
throughout the system. The latter condition is seldom realized for any 
column with a feed plate located at an intehnediate position between the 
top and the bottom of a column. However, the combination of the &- 
method and the bubble point procedure (with suitable restrictions on the 
change in the temperatures between successive trials) gave a solution to 
these problems, and it is recommended for the treatment of reboiler- 
absorbers. 

Many problems were found that diverged when the conventional 
method for making enthalpy balances was employed. Solutions to these 
problems could be obtained by use of a combination of the conventional 
and the Q-methods. Unfortunately, these solutions were not the ones 
desired because they required the use of a large number of intercoolers 
and heaters for problems which had adiabatic solutions. The adiabatic 
solutions were obtained by application of the constant-composition and 
Q-methods. In fact, this combination appeared to always give either the 
adiabatic solution or the one with the minimum number of intercoolers 
and heaters. The results obtained by each of the methods are illustrated 
by the solution of Examples 7-4 and 7-5 (se& Tables 7-7 through 7-9) 
which were taken from the work of Canik ei dl. (1). In the solution of 
Example 7-4, a combination of the conventional and Q-methods was 
employed, whereas for Example 7-5 the combination of the constant- 
composition and Q-methods was used. These examples differ only in the 
specifications for the maximum and minimum allowable vapor rates. A 
smaller variation was required for Example 7-4 in order to obtain a final 
temperature profile within the range of the curve-fits. Even so, the tempera¬ 
ture of one of the plates is seen to be at the lower limit. 
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Final flowratea 
(Trial No. 27) 
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em 

X 

;c 

d 

1 
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Reproduced by permiaaion of Hydrocarbon Procesoing <fe Petroleum Refiner 




























Table 7-9 Solution of Example 7-9 by use of a combination of the coPstant-compontion and Q-methods 
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Final Sow rates 
(Trial No. 27) 

9 

1 

oa4 

X 

§ 

00 

r 

2 

X 

r- 

00 

r« 

00 

n 

d 

m 

•H 

pH 


a 

fi 

e 

o 

1 

6 

1 

<o 

r- 

8 

CO 

to 

d 

m 

o 

o 

ae 

» 

V 

k 

se 


e 




Temperatures, vapor rates and intercooler (or heater) .duties 

1 = 

|£ 

B 

o 

d 

o 

00 

8 

d 

pH 

CO 

PH 

pari 

o 

d 

T-< 

pH 

Tj* 

N 

p 

tS 

o 

o 

g 

CO 

o 

d 

o» 

& 

o> 

d 

CO 

pH 

pH 

CO 

d 

pH 

pH 

pH 

w 

o 

8 

<N 

8 

t- 

8 

eo 

ss 

o 

d 

03 

8 

v-t 

o 

CO 

WN 

1^ 

00 

d 

pH 

pH 

” ' 

Tl* 

pH 

pH 

o 

8 

eo 

cO 

'J* 

S 


pH 

g 

■B a 

■2 1 
PH Mt 

o 

to 

si 

»o 

si 

»o 

a> 

M5 

ft 

o> 

o 

S 

o 

8 

o 

8 

O 

8 

o 

8 

^ o 

I 'C 

H H 


d 

CQ 

w 

Cl 

Cw 

iO 

pH 

vH 

o 

pH 

eo 

i 

PH 

eo 

CO 

pH 

8 

i 

m 

iQ 

*2 

§ 

eo 

JS 


o 

sH 

cs 

00 

2: 

to 

vH 

00 

s 

CO 

8 

pH 

CO 

8 

00 

s 

§ 

■CJ* 

i 

-v 

O) 

i 

■v 

i 

00 

2§ 

»c 

pH 

tc 

pH 

CO 

8 

pH 

■p 

p 

Cl 

d 

PH 

eo 

CO 

CO 

xs 

u» 

I 












o 

PH 


2 • 

s i 

% 

^ u 
u O 

0) ki 

s. 

O n 
■^3 

e o 

- X. 

^ X 

.s S 

a ®> 


s: 



^ o d 


i 



'tf) o o 




* Initial temperature prc^le was linear between 240 and 465'’F with pUte number. The variation of the tenq)er8tureB employed for suc- 
ceenve triak (exclusive vi the first) was restricted to i. 

Reproduced by permiation of Hydrocarbon Procasing A Pdndeum Refiner 
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NOTATION 


(S«e Chapters 2 through 6) 


PROBLEMS 

7-1 (a) Beginning with the same bwic postulates stated in Chapter 4 and the 
requirement that the specifications, D, and ffs are to be satisfied, 
develop Equations (7-1), (7-2), and (7-3). 

(b) On the basis of the same postulates and requirements, obttun the results 
given by Equations (7-5), and (7-6) through (7-8). 

7-2 Show that for the case where a side-stream iri is withdrawn in addition to the 
distillate and bottoms, the partial derivatives of the ^functions have the 
following values. 


(a) 

dgo _ 
dffo~ 

(6i/ di) ea(dt) co 

Jh,l FXi 

(b) 

I o 

II 

(u>if/ di) eaidi) Co 

FXi 

(c) 

- 

9\{w\if di) ea(&i/di) ea(di) eg 

d9o~ 

iiH.L FX, 

(d) 

_ 

(Wli/di)«£l + 0ot&</di)ea](di) 

ddi 

Jh.l FXi 


7-3 Develop Equations (7-12) and (7-13). 

7-4 Develop Equations (7-14) and (7-16). 

7-5 Verify the formulas given by Equations (7-20) and (7-21). 

7-6 Verify the result ^ven by Equation (7-28). 

7-7 (a) Develop the material balances for the reboiler-absorber shown in Figure 
7-6. 

(b) Show Uiat the set of component-material balances which enclo^ the 
bottom of the reboiler-absorber and every plate j may be solved to give 

bi Zi 

0f(W^*) + Cu(^i ““ Zi) 
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where 

0 < =* SiiSa ... Sf-i,iSf-\,i 

1 “f- Sii + + ... + SuSu -.. 

7 — 

*■“ FXi-\-ki 

(c) Show that the set of material balances corresponding to matching at the 
feed plate / may be combined with an over-all material balance to yield. 

^_ <«>«• "b Zj _ 

(vfi/bi) + Ci,(f2.- — Zi) 

where 

w» ’= Aii-As*... 

Qi— 1 + + A/_2,f A/_3,i + ... -f .. Ai< 

CliFXpi — Vfi 

FXi 4- lot- 

(d) The formulas given in parts (b) and (c) were found by Canik (2) to be 
almost independent ol round-off error. In view of this and the fact that 
the reboiler-absorber may be regarded as a complex column with two 
feeds (F, Lq), how should the equations obtained in parts (a), (b), and 
(c) be applied in order to minimize round-off error? 

7-S Tomme (5) has shown that it is always pwssible to find a positive set of B'b 
that make all of the functions go to zero for a column having one side-stream. 
By use of the following outline, construct the proof of the existence of a positive 
set of 0’s such that go= gi ~ 0, simultaneously, for a column with one side- 
stream. It is also to be understood that D and Wi are specified positive num¬ 
bers such that D + W’l < F; that is, F = D -f IFi B, where B > 0. 

Step (1): Construct the graphs for and 0*1 in the neighborhood where both 
00 and 0i are positive. Let the values of go and gi be represented by the 
vertical direction. From these graphs, show that the traces of go and gi in 
the 0100 plane are of the following general form. 


c 



Figure P7-8 
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T?he curve formed by the intersection of the surfaces go and gi with the 
0100 plane are called traces. In ord^ for a point of int^ection to always 
exist, it is necessary for the traces to exist. 

Step (2): In order to prove that go always has a trace, the following approach 
may be employed. First, show that a (7o namely, 9o = c exists such that 

go(0o, 0) = 0 

and a 6i (denoted by $i = b) exists such that 

go(0, 5i) = 0 

Be^n each of these proofs by showing that 

go(0, 0) *= F - D = B + TFi > 0 

and then make use of the values obtained for go as do and $i are allowed 
to increase without bound. Then show that for any positive value of 
$0 < c, the value of 0i required to make go — 0 is less than h. 

Step (3): In order to prove that gi always lias a trace, show that for any value 
of do ^ 0, 

gi(do, 0) = — 

Then show that for any fixed, finite value of i^o > 0, 
lim gi(5o, di) == F — Wi = D B 

8r*eo 

Step (4): In order to prove that a point of intersection exists for every pair 
of functions, it is sufficient to show that 

a < b 

In order to prove this, verify the following relationships and then employ 
them as required. 

lgo(0,0) 1 = B+ IFi 

I ft(0, 0) I - IF. 


dgo(0, di) 


dgi(0, di) 

ddi 


ddi 


» 
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Although these units cotistitute special cases of complex columns, a 
chapter is devoted to them because most of the problems occasionally met 
in the solution of complex units are generally encountered in the solution 
of absorber and stripper problems. These units are like complex columns 
in that they may be regarded as that section of a complex column enclosed 
by two feed plates. 


The procedures proposed for the 
treatment of absorbers and strippers 
is about the same as that recommended 
for complex columns. Round-off error 
is minimized by use of the ratio test, 
whereas flow rates are determined by a 
combination of the constant-composition 
and Q-methods and temperatures are 
calculated by use of the bubble point 
procedure. Details of the application of 
these procedures follow first for absorbers 
and then for strippers. 


ABSORBERS 

The material balance equations are 
similar to those given by Franklin and 
Horton (1), Kremser (5), Souders and 
Brown (7), and ITuele and Geddes. A 



diagram of the particular unit considered Absorber (or stripper), 

here is siiown in Figure ^1. A calcula- 


* A summary of this work was presented in a paper by H. L. Bauni (Humble Oil A 
Bjefiaing Co.) at the Machine Computation Special Workdiop Session on Multicompo¬ 
nent Distillation at the 44th National Meeting of the A.l.Ch.E. in New Orleans, February 
27, 1961. 
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tional procedure and c(«vergence method differing in some respects from 
the one proposed here was recently suggested by McNeese (6). 

In the basic calculational procedure proposed for absorbers, it is sup¬ 
posed that the following specifications have been made: the number of 
plates, the compositions and rates of flow of the lean oil and rich gas, the 
column pressure, the lean gas rate Fi (or the rich oil rate Ly), and the 
enthalpy of either the lean oil or the rich gas. On the basis of these specificar 
tions, the product distribution and the enthalpy of the rich gas (or lean 
oil) is to be determined. In the extension of the ^method, the constant- 
composition, and the Q-methods to absorbers, Hardy (2, 3) used this set 
of specifications because it corresponds closely to those used for conven¬ 
tional and complex columns. The specifications of Vi for the absorber 
corresponds to the specification of D for the column, and the determination 
of the enthalpy of Lo for the absorber corresponds to the determination of 
the overhead condenser duty for the distillation column. Other types of 
specifications, some of which are presented here, have been investigated 
by Wetherold (8). 


Material Balances 


As shown in Figure 8-1, the plates of the absorbers are numbered down 
from the top; the top plate is assigned the number "1” and the bottom 
plate the number “N.” The lean oil entering the top plate is identified by 
the subscript “zero," and the rich gas entering the AT’th plate by the sub¬ 
script “jV -f 1.” The components are numbered in the order of decreasing 
volatility; the most volatile is given the number 1 and the least volatile 
the number c, where c is also equal to the total number of components. 
Material balances may enclose either the top or the bottom of the column 
and any given plate. For any component i that appears in both the vapor 
and liquid phases, a material balance around the top of the absorber and 
plate (i — 1) is represented by 


"-2 = (—) + (l - 2 s ;■ s AT + 1 (8-1) 

Vii \ Vu / \ vi,/ 


Before this equation may be applied, it is necessary to evaluate the quan¬ 
tity (1 — l(n/vu)> After lyi/vu and vu have been determined, the value of 
(1 — ki/vu) is obtained by means of an over-all material balance. Repeated 
substitution of the expression for v^/vu into the one for vj+i.i/vu as ^ven 
by Equation (8-1) yields 


Vu 


= <i»i -f 



(^ 2 ) 
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where 


Ui “ AsiAs-i.i -. 

0< 1 + Aiti 4* AsiAif^i,i + ... -f AsiAN-i.i- 

An over-all balance is represented as follows: 

, , Isi loi , VM+l,i 

1 ^---1--- 

Vu Vu Vu 


AliAii 


(8-3) 


When Equations (8-2) and (8-3) are solved for Isi/vu, the desired result, 


Isi W,-iof + (0. + J)i — l)WAr+l.i 
Vu Sli/oi 4- Vjv^i,i 


(8^) 


is obtained. The corresponding value of Vu is obtained by rearranging 
£k}uation (8- 3) to the following form. 


lot 4" yjv+i.« 

1 4- ihi/vu) 


(8-5) 


When the material balances enclose the bottom of the column and any 
given plate, the following equations are obtained: 


and 


where 





Ixi _ loi 4- 

4>i — l)io* 4' 


= SuSu. . . Str-l.iSNi 


( 8 - 6 ) 

(8-V) 


#1 = 14' 4" SuSii 4" 4“ . • ■ 4" SiiSzi... SN-2,iSN~i,i 


Equations (8-1) through (8-7) imply that Fiv+i enters the column as 
a vapor either at its dew point at the column pressure or at some higher 
temperature and that Lo enters either at its bubble point at the column 
pressure or at some lower temperature. If either of these streams is a two- 
phase mixture, it may be handled in the same manner as that shown in 
Chapters 3 and 7 for partially vaporized feeds. 

In the same manner as shown in Chapter 3 for bi/dt, the two expressions 
for Isi/vu are shown to be equivalent. Also, the flow rates given by Equa- 
tiona (8-1) and (8-6) are equivalent. In practice the material balances 
(Equations (8-1) and (8-6)) are subject to round-off error, whereas 
Equations (8-4) and (8-7) are almost independent of this source of error. 
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In order to demonstrate the effect of round-off error, Hardy el d. (3) 
solved several simple examples which are presented in Table 8-1. For all 
cases considered, it was found that Equations (8-4) and (8-7) gave values 
of Ijfi/vu to within seven or eight digits out of a possible eight. The value 
of lsi/v\i obtained by use of either Equations (8-4) or (8-7) is denoted by 
the subscript “formula." Values of Ifn/vu were also found by the step-by- 
step application of Equations (8-1) and (8-6), and denoted by the sub¬ 
script “step-by-step." The results given in Table 8-1 are seen to support 
the use of the procedure by which the flow rates are determined by both 
Equations (8-1) and (8-6) and the best set selected by use of the ratio 
test. 


Gmvergence Method 


For a system containing any number of single phase lights and single 
phase heavies, denoted by the subscripts “L" and ‘‘H” respectively, the 
^method of convergence consists of the application of the following set of 
equations. The development of these equations, which is similar to that 
shown in Chapter 6 has been presented by Hardy el d. (3). The composi¬ 
tions are calculated as follows: 




Vii = 


_ j (l>;i/ Vu) eg (t>l«) eo i ^ H 

i / iVii/Vii)ca(Vu)J ’ 


Vi = IF 


VJL 

Vi 






E HiiMcailNi), 
tSir.L 


-, i9£H,L 


XjH = 


Im 

Li 


(8-8a) 

(8-8b) 

(8-8c) 

(8-«d) 


Althou^ the rates of flow of the single phase components are constant 
throughout the column (for columns in which streams are introduced and 
withdrawn only at the ends), the subscript j was retained in Equation 
(8-8) for the sake of generality. When the F/s and L/s are all unknown 
except for the specified values of the terminal flow rates, Vi, Vs+it Lo and 
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Lff, the unknown rates in the expressions for the mole fractions should be 
estimated by use of the following formulas. 


Vy - Z (- 

ipttl.l ^Vu 

) (l»u)« + H VjL 

' ea L 

(8-9) 

- E (f- 

HATi 

^ (Isi) CO + X) 

/bo H 

(8-10) 


However, except when they are specified, the values of Fy and Lj to be 
employed in the calculation of the .d/s and S/s are those obtained from 
the enthalpy balances. 

Again for any volatile component 



i 9^ H, L 


( 8 - 11 ) 


where it is required that the corrected rates satisfy the specification Vi and 
the over-all materifll balance 

{Vu)eo + ilsi)eo = kt + VjV+l.i, i ^ H, L (8-12) 


Equations (8-11) and (8-12) are readily combined to give the expression 
for (t>it)«,' namely. 




loi + Vn+1,1 
1 + 9{lNi/V\i)ea 


i 9^ H,L 


(8-13) 


The quantity 6 is the positive root of the function g(B) where 

m = - (Vi - z (s-W 

h 

Because of the correspondence between the specification of Fi for an 
absorber and the specification of D for a distillation column, the former was 
selected for the statement of the convergence method. Other specifications 
are considered in a subsequent section. 


Outline of the Development of the Equations Representing the Convergence 
Method 

Except for a more general set of postulates, the development is analogous 
to that .shown previously for conventional columns. Again suppose that the 
VjS and Z/>*s be fixed for each plate by use of appropriate intercoolers (or 
heaters), and find sets of corrected rates that satisfy the specified values 
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of all of the V/s and L/s. In addition the terminal set of corrected rates 
must be in component-material balance. Let and t> l)e defined by 





i 9^ H, L, 


I ^ N 


(hi)co = 



i 9^ H, L, 


I ^ N 


(8-15) 


( 8 - 16 ) 


For^ = 0 and j — N + 1, more general definitions are permitted for tr and 
T in that only the ratio of (o-jv+i,,/Toi) need be taken independent of i; 
that is, 

1 (*^it)co, 9^ Hj Ij (8—17) 

'to. 

{hi) CO ~ To» \ {lNi)toj i 9^ H, L (8—18) 

ea 

The corrected component rates are defined as the sets whoso sums are in 
agreement with the specifications: 

Vj - Z ViL and Lj - E U 

L H 

These conditions are satisfied when or,- and r, are selected so that 


iviH.L '0 

-) (Vu)c. 
It/co 

+ 51 

L 

\ ^3 

(8-19) 

xftU.L Mj 

-) {hi)co 
Si'at 

+ 53 hut 

H 

1^3^^ 

(8-20) 


The remainder of the development of the formulas for the convergence 
method follows closely that described in Chapters 4 and 7. 


Calculational Procedure for Absorbers 

The proposed procedure is based on the solution of a wide variety of 
numerical examples (2, 3). Because the change of K with temperature for 
a heavy oil is almost infinite, the use of dew points leads to a slow rate of 
convergence for most problems (2). On the other hand because the change 
of K with temperature for many relatively light components is almost 
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zero, the use of bubble points and the 9-method tends to give overccurec- 
tions. However, since it is generally easier to dampen than it is to speed¬ 
up a convergence procedure, the use of the latter combination is recom¬ 
mended where it is applied as described in the following discussion 

For systems with feeds contaizung up to about 50 or 60 per cent of a 
very light component, a combination of the 9-method and bubble points 
(with averaging) gives satisfactory results. Above 50 or 60 per cent Ughts, 
this combination tends to give corrections that are characterized by the 
calculation of temperature profiles and values of Vi which are alternately 
too large and too small. The range of operation for the combination of the 
9-method and bubble points may be extended by placing more severe 
restrictions than that represented by averaging on the variation of the 
temperature profiles for successive trials. For example, only one fourth of 
the calculated correction for the profile may be used. 

Unlike the situation dmribed for a reboiler-absorber, the light compo¬ 
nents always appear in significant amounts throughout an absorber. Hence 
the combination of direct-iteration (9=1) and bubble points (with aver¬ 
aging) should be expected to give convergence for absorbers which contain 
a Targe percentage of lights. Hardy et al. (3) obtained very satisfactory 
results for such systems by use of this combination. However, for systems 
containing relatively smaller amounts of lights, this combination led to a 
slow rate of convergence, whereas the combination of the 9-method and 
bubble points (with averaging) gave rapid convergence. Thus the combina¬ 
tion of direct-iteration and bubble points should be used only after it has 
been found that the combination of the 9-method and bubble points (with 
averaging or quartering) leads to bouncing as a result of an overcorrection. 
Of passing interest is the fact that the treatment of a light component as 
a single phase component reduces the convergence tendency exhibited by 
the system when the component is considered to be distributed between 
two phases. 

For the calculation of the total flow rates throughout an absorber, a 
combination of the constant-composition and Q-methods is recommended. 
Very few solutions could be obtained by use of the conventional method 
for making enthalpy balances. Although solutions could be obtained by 
use of a combination of the conventional and Q-methods, they were seldom 
adiabatic. For the same problem, the combination of the constant-composi¬ 
tion and Q-methods gave either adiabatic solutions or ones which appeared 
to possess a minimum of intercoolers or heaters. These methods are illus¬ 
trated by Ehcamples 8-1 and 8-2 (see Tables 8-2, 8-3, 8-4). In the state¬ 
ment of Example 8-2, a wide range of flow rates were permitted in order 
to increase the chances of obtaining an adiabatic solution by the combina¬ 
tion of the constant-composition and Q-methods. However, when a com¬ 
bination of the conventional and Q-methods was used, the range of allow- 



Chupt 8 


Ahuuhen otui Sirippen 


213 
























214 Abaorbert and Stt^perm 


Chap. S 



Reproduced by permission of Hydrocarbon Procetsing db Petroleum Refiner 


























































Table &-4 Solution of absorber Example S-2 by use of a combination of the constant-composition and Q-metbods for making enthalpy 


Chap, i 


AbMtrben anti Stripper» 215 



Profiles between successive trials agreed to within 4 digits. 

Reproduced by permission of Hydrocarbon Processing dk Petroleum Refiner 
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able vapor rates (Table 6-2) had to be reduced in order to obtain tmnpera- 
tures within the range the curve fits. Also, in the examines diown, the 
variation of the vapor ratra between succesrave trills was limited in the 
following manner. The first two trials were made on the baas of the same 
set of L/V’s. For the next six trials, the vapor rates were restricted to 1.1 
and 1/1.1 times the value used to make the ipven trial calculation. For the 
next six trials the restrictions were 1.025 and 1/1.025 and for all subse¬ 
quent trials, the restrictions were 1.01 and 1/1.01. 


STRIPPERS 

Formulas stated previously for absorbers are applicable to strippers 
provided the symbols are reinterpreted to have the following meanings. 
The stripping medium (usually steam) enters at the molal rate at 
plate N (as shown in Figure 8-1) and leaves the top of the column with 
the rate Vi. The rich oil enters the top of the column at plate 1 at the molal 
rate Lo and leaves plate N at the rate Lff. 

The material balances are generally written around the bottom of the 
stripper and any given plate. Equation (8-6). As discussed previously, 
this minimizes round-off error provided all of the two-phase components 
enter only in Lo and provided the stripping medium consists of a single 
phase light component. When the stripping medium contains two-phase 
components which also enter in Lo, round-off error is minimized by use 
of the ratio test as described for absorbers. Also, for the specification of 
Fi, the formulas for the convergence method are the same as those stated 
previously. 

However, several significant differences between absorbers and strippers 
were found by Wetherold (8). Unlike absorbers, most of the stripper ex¬ 
amples considered did not have adiabatic solutions provided the vapor 
rates were required to lie within reasonable limits. In all of the examples 
considered by Wetherold (8), he supposed that ail of the entering steam 
remained in the vapor phase throughout the column. It might appear that 
the required heating duty could be introduced in the rich oil, Lo. However, 
as the value of To was increased, the necessity of employing an intercooler 
on the top plate in order to obtain a liquid rate Li of sufficient magnitude 
to give a ^2 within the specified limits became apparent. In order to avoid 
the requirement of an intercooler, the temperature of the steam should be 
specified instead of the temperature of the lean oil. When this temperar 
ture ( Tff+i) is specified, the requirement of an intercooler at the bottom 
of ihe column will generally be avoided because the enthalpy of the steam 
is usually much smaller over a given range of temperatures than the corre¬ 
sponding enthalpy of the rich oil, Lo. When Tir+i and Vi are specified, the 
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enthfdpjr balances are writtm around the bottom of the stripper and any 
given plate. * 

In the extension of the procedures for absorbers to strippers, certmn 
modifications were required because of the relatively large percentage of 
steam in the vapor phase near the bottom of the column. The oscillation 
of the temperatures and vapor rates with trial number was attributed to 
the presence of steam because of the uncertainties it created. For the 
bottom plate the value of the quantity (1 — of the bubble point func¬ 
tion is not only small but also uncertain until convergence is obtained. 
(In the following development, steam is assigned the component number 
1, which is considered to l>e the only single phase component present in 
the column.) The quantity yjf,i = Vjv+i/Viv represents an approximation 
because the correct value of Fat is not known until convergence is obtained. 

These oscillations were reduced to within the desired limits by finding 
a set of values for Tjf and Vs which were in agreement with the equilibrium 
relationship as well as the material and enthalpy balances for the bottom 
platra. In these calculations, the temperature Ts-i of plate N — lis held . 
fixed at the one obtained by use of the convergence method. Also, it is 
supposed that the temperature, Ts+i, and flow rate Fy+i, of the entering 
steam are specified and that Ls is known from the specifications. The 
corrected terminal rates, {lsi)jB, are also held fixed at the values obtained 
by the convergence method for the last trial. Prior to the investigation of 
Wetherold (8), Johnston and co-workers (4) had used a procedure similar 
to the one presented here in the successful treatment of pipe stills and 
other units in which steam stripping was involved. 

Two independent relationships are required in order to determine Ts 
and Vs- The first of these is the bubble point function, Equation (2-22), 
which may be regarded as a function of Ts and Vs and stated in the follow¬ 
ing form: 

/(r», v») = Z - (i - (8-21) 

where for simplicity, the system was assumed to contain no single phase 
heavy components. The compositions {xsis) are those found by use of the 
convergence method; that is, xsi = {lsi)to/l>s- The second function is 
developed by commencing with an enthalpy balance for the bottom plate, 

VsHs + Lshs — Ls-ihs-i 4 * Vs+iHs+i ( 8 - 22 ) 

Since 

VsHn =* ^ VSiHsi 52 Hsi(ls-l,i — Isi) + Vs+lHs.i 

Wil 

=* Ls-iH(xs-i)s — LsH(xs)s + Vs+iHs,i 
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Equatimi (8-22) may be rearranged to the following form: 


Lff^i — 


— hs-i] 


(^23) 


In view of the material balance. 


Viv =* Ln~i + V^AT+i ~ Ls 


(8-24) 


the unknown Ln-i is readily eliminated from Equation (8-23) to give 
upon rearrangement, 


p(Ts, Vs) 


Ls[.HiXN)N — + Vs-il[JfN+l.l — iVjV.i] 

£H{Xs^\)n — AiV-ll 


+ Vs^i — Ln — Vs 


(8-25) 


Actually, the right-hand side of Equation (8-25) is a function of Ts and 
Fy alone only if xs-\,i is eliminated by use of the component-material 
balance for the bottom plate, 



= &Si + 1 


When this expression is combined with the definition of the mole fraction, 

{ls-\,i/lm) ca {Isd eo 

{^N-X.i/lsi)ca{lsi) eo 
vtl 


the following expression for xs-\.i as a function of Ts and Vs is obtained. 


l{KsiVs/Ls) + msi)co 
Z ^iKs^Vs/Ls) + l](/y.)^ 

tf*i 


(8-26) 


Thus the problem reduces to finding the positive set of values for Ts and 
Vs that make/( Ts, Fiv) = p( Ts, Fv) =0, simultaneously. These values 
may be found by use of any one of several methods, two of which are 
Newton-Raphson and interpolation {regula falsi). Of these only the method 
of interpolation was applied to Equations (8-21) and (8-25). This method 
may be initiated by the selection of an arbitrary value of Fy denoted by 
Fat.i. Then the corresponding value of Ts that makes / = 0 is found. On 
the basis of this set of values for Vs and Ts, the value of the function p is 
determined and denoted by pi. This procedure is repeated for another 
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value of denoted by Vna to give p*. The next best value of Fw is 
computed by the interpolation formula 


PiVN.l — PlV If ,i 

Kjv.3 *= - 

Ps - Pi 


(8-27) 


Using'this value of Vn, the procedure described previously is repeated to 
give p». The next best value of Vn is found by interpolating bet^veen 
(U;v, 2 , Pi) and (VV.s, pa). This process is continued until values of Vs 
and Ts of the desired accuracy are found. 

The determination of Ts and Vs wa:^ ordered in the calculational pro¬ 
cedure as follows. After a given trial had been performed on the basis of 
an assumed set of L/V's and 7”s and the (?-method had Iwcn applied to 
give a corrected .set of terminal rates, the temperatures throughout the 
column were determined by use of the bubble point proc(jdurc. Then a 
better set of values for Ts and Vs for the Iwttom plate were determined 
by the method described. Values of as determined by Equation (8-27) 
were used to make the next trial calculation provided they satisfied the 
following ine(]uality 


Fat+i < F.v < F,v-i 


(8-28) 


For this comparison, the value of Fv-i used to make the previous trial 
calculation through the column was u.'sed. When values of F^ were calcu¬ 
lated by Equation (8-27), which did not .satisfy this inequality, the appro¬ 
priate limiting value (F.v+t or Fjsr-i) was used for Fat and the corresponding 
temperature was computed by ust* of Eijuation (8-21). Then the required 
intercooler (or heater) duty was determined by enthalpy balance. 

After the conditions at the bottom of the column had been determined, 
enthalpy balances were continued to the top of the column. In order to 
avoid solutions involving internal reflux, the vapor rates were limited as 
follows 

TFi - F;v+il 

(F,)„i„ = Vs^x + (N+l-j) (8-29) 

(F,)„„ = Fx, j < N (8-30) 

» 

The usual forcing procedures were also employed. Except for the tem¬ 
perature Ts, each calculated temperature was averaged with the corre¬ 
sponding one employed to make the given trial calculation. This procedure 
was commenced at the end of the second trial. With regard to the variation 
of the vapor rates between successive trials, the following limits were em¬ 
ployed for all plates except the bottom one. The first four trials were made 
on the basis of a fixed set of L/F's for all plates. For the next two trials 
the rates were restricted to 1.1 and 1/1.1 times the rate used to make the 



Chnp, I 


220 Ahaorbert mnd Str ip /ters 























yllMorfcsr* tutd Strifp&r» 221 


given trial calculation. For the next six trials the limits were l.Oo and 
1/1.05, and for all subsequent triiUs limits of 1.005 and 1/1.005 were em¬ 
ployed. The procedure for the determination of Tjt and V’^ was initiated 
at the end d the fourth trial. 

The statement of Example 8->3 is given in Table 8~5, which illustrates 
the solution of a problem in which the total vapor rate Vi is specified. The 
final solution of this example is presented in Table 8-6. The determination 
of Tn and Vti for this example at the end of the 11th trial is shown in 
Table 8-7. 

Although the determination of Tn and Fw by use of Equations (8-21) 
and (8-25) at the end of each trial reduced the amplitude of the oscilla¬ 
tions, it did not completely eliminate it. When trials in addition to those 
shown in Table 8-6 were carried out, the value of Fi^r changed from 16.3 
to 16.2 about every 10 trials. Corresponding to these values of Fy the 
temperature Ta changed from 418.5 to 420.0. This oscillation can be 
attributed, perhaps, to the limitations imposed by the use of eight-digit 
arithmetic, which are reflected by the fact that during the sequence of 
trials the value of 6 changed from 0.999 to 1.0008. 


OTHER SPECIFICATIONS FOR STRIPPERS AND ABSORBERS 


In addition to the specifications stated below, it is supposed that the 
number of plates, the compositions and flow rates of the streams Lo and 
Fy+j, and the limiting set of flow rates for the remaining plates have been 
specified. Instead of the specification of Vx a sum of Vi/s may be specified 
as indicated by the following set of specifications. 


Specifications 


(1) Tn+x (or To) and (2) 2 vu (or 2 ^ ^ c 

» 

This specification may be employed for either an absorber or a stripper. 
First the treatment of a steam-stripper is given and then the application 
to absorbers is presented. This set of specifications includes others such as 
the fraction of a group of components to be stripped from the rich oil, Lo, 
since this fraction may be stated in terms of a sum of t/i.’s. Also, the values 
(or vidue) of are to be specified for components other than single phase 
com{X)nents. The values of the latter are fixed at vi.i = Vs+x and vi,h = 0. 
The equations stated previously for the ^method are all applicable ex- 
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cept Equstioo (8-14). The value of fi to be employed in Equations (8-8) 
and (8-13) is the positive root which gives g(9) “ 0 where 


. ^N+l,i Aw 

ff(^> = Z . , ' 

i-J 1 + 9(llfi/tfu)ea 



(^1) 


Note that the second summation on the right-hand side of Equation 
(S-31) is one of the specifica^ons. When the numbering of all components 
except 1 is taken to be arbitrary, generalization of the above spedficar 
tion to include any component or group of ccnnponents is obtained. The 
corrected teminal rates for each of the two phase components are calculated 
by use of Equations (8-11) and (8-13). The corrected vapor rate for any 
trial is taken to be the one given by 


(V^)co 


^ + All- 

1 + B(lNi/Vii), 


+ Vs+1 


(8-32) 


The total flow rates of the vapor and liquid throughout the column are 
determined by use of the constant-composition and Q-methods for making 
enthalpy baUmces. The upper limit of the vapor rate [see Equation (8-30) 3 
is taken equal to the corrected value of Vi as given by Equation (8-32). 
The values for Tn and V^f are determined by use of Equations (8-21) and 
(8-25) in a manner analogous to that described previously. 

The use of this set of specifications is illustrated by the solution of 
Example 8-4, which is stated in Table 8-5. Since the specified sum of vus 
was selected on the basis of the solution of Example 8-3, the final solutions 
are identical (within the limits of accuracy) as shown in Tables 8-6 and 
8 - 8 . 

When To (or Ty+O and a sum of vus (or ly/s) are specified for an 
absorber, either the 9-method or direct-iteration (9=1) may be employed, 
as described in the previous treatment of absorbers. When the 9-method 
is used, Equation (8-31) may be used to determine the quantity 9. When 
the procedure of direct-iteration is employed, the compositions are calcu¬ 
lated on the basis of the calculated values of vu and ly,-; that is, (vit)oa and 
(lNi)eo, are replaced by (vu)ea and respectively, in Equations. (8-8) 

through (8-10). In order to carry out the enthalpy bidances, a value of Vi 
(denoted by (^ 1 )^) is selected which is related to the specified sum of 
as follows; 


(V,)«= 5;»u+ Z (»■<)- (8-33) 

t—I v-«+i 

The first summation on the right-hand side of Equation (8-33) is of course 
recognized as one of the specifications. This value of Vi and the correspond- 
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ing values of V, and Lj are used in the absorption and stripping factors 
for the next trial. 

For other sets of specifications for absorbers and strippers such as 
Tn+i and Tv, the following indirect approach Avould probably prove to be 
among the easiest procedures to apply. Solutions may be obtained for 
each of several values of Vi and the specified value of T’.v+i (or To). For 
each Vi, a value of To (or Ty+i) is given by the respective solution. The 
value of Vi that should be specified in order to satisfy the given set of 
specifications (To and 1\k+i) may be obtained by making successive 
interpolations. 


NOTATION 

(See Chapters 2 through 7) 


PROiLSMS 

0 

8-1 Develop the expressions given by Equations (8-1), (8-4), (8-6), Mid (8-7). 

8-2 Show that Equations (8-4) and (8-7) are theoretically equivalent. 

8-3 Since ki and Vat-i,. are known feed rates, the calculated and corrected values 
are equal. On the basis of this information, Equations (8-17), (8-18), and 
the postulate concerning the ratio of crx+i,i to to,, show that 

(-) ->(-) 

\Vu/to \vu/ec 

8-4 On the basis of the postulates represented by Equations (8-15), (8-16), 
(8-19), (8-20), and the definition of a mole fraction, show that the expres¬ 
sions for the calculation of the compositions are those given by Equations 
(8-8a) through (8-8d). 

8-5 (a) For the case where the temjierature of Lo is specified (in addition to the 
others mentioned in the text), develop the following expresMons which 
constitute a combination of the constant-composition and Q-methods. 

V£Hi - //(y,)a] -f LlH{xo)o - Ao] 


Vllh - + LlHixo)^! - Ao] + E Q* 

2 g i ^ iV - 1 
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LyAj»r+EQ*- 

*-4 


Hn+1 


Vh^i 


(b) For the case where the temperatun of Fy+i is specified instead of the 
temperature of £«, develop the corresponding expressions for the combini^ 
tion of the constant-composition and ^methods. 


S-6 The following absorber may be solved manuidly fairly rapidly. 


Component 

Component 

No. 

vs+t 

B 

Specifications 

Single phase light 

1 

70 

0.0 

Vi = 85, P = 400 psia 

= 90"F, and AT = 3 

cya. 

2 

Qmn 

0.0 

Single phase heavy 

3 

igi 

15 


(a) Show that (vi.s)^ = 15 for all trials. 

(b) Show that B = (»i.s/^\,*)«i. 

(c) In which direction should the material balances for propane be made in 
order to minimize round-off error. 

(d) Show that the K*b corresponding to the bubble point temperatures may 
be solved for directly Viithout trial and error. 

(e) Make two or three trials using combinations of (1) the conventional and 
Q-methods and (2) the constant-composition and Q-methods. Use the 
enthalpy data of methane and normal octane for the single phase light and 
heavT components, respectively. 

8-7 Verify the results given in Table 8-1 for Cases 3, 7, and 11. 
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Conventional and Complex Columns 
at Total Reflux, Total Reboil, and 

Total Recycle 
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In this chapter the 0-method of convergence is extended to include 
conventional columns operating at total reflux in the rectifying and/or 
total reboil in the stripping section. In addition, the method is further 
extended to include complex columns. These procedures and the ones for 
columns operating at a finite reflux provide a means for the examination 
of a given column over a wide range of operating conditions. Numerous 
examples were solved by Lyster et al. (2) to show that only one point of 
operation for a distillation column with a fixed number of plates and a 
given reflux rate is suitable to yield the maximum concentration of a 
given component in the distillate (or bottoms) product. The calculational 
procedures and convergence methods presented in this chapter are the 
same as those proposed by Lyster et al. (2). 


CONVENTIONAL COLUMNS 

Three cases are considered—total reflux in the rectifpng section, total 
reboil in the stripping section, and total recycle. The proposed treatments 
make use of a combination of the Thiele and Geddes calculational pro¬ 
cedure and the ^method of convergence. The equations apply of course 
only for those systems that do not contain any single phase components. 


Total Reflux in the Rectifying Section 

li^en the specifications D = 0 and I/o ~ finite number are made, the 
condition of total reflux in the rectifying section arises. For this case B — F, 
Vi « L/_i (where I ^ f — 1), and Vf = L/_i. Also material balance 
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show that yji « (where 1 ^ ^ — 1). When this relationship is 

combined with the equilibrium relationship, y = Kz, the following equa^ 
tions are obtained for the rectifying section. 



Xo« 


L 

Xoi K\i 


^ _ 1 
® 0 » KiiK\i 


Xji 

Xoi 


1 


Kj,Ky.i,r • 


i ^ - 1 


Since 

^ __1_ 

xoi • ’KtiKu 


(9-la) 


(9-lb) 


The match at the feed plate for the case of total reflux in the rectifying 
section is effected in the following manner. The quantity (v/</6i)«a is com¬ 
puted by the conventional stripping section equations (stated in Chapter 
3). Multiplication of both sides of Equation (9-lb) by t^//Lo gives 
Since 0/i = v/, + the general matching equation for a feed 
of any thermal condition is 


/hi\ iV/i/bi)ea + (Vpi/FXi) 

'bif ea (5/»'/lot)eo 


The corrected biS are given by 


(9-2) 


(biU = FXi (9-3) 

since 2) « 0 and B = F. The corrected values of the Aw’s may be represented 
by 

(W«. = «o(lo./t.)..(b.)« (9-4) 

which follows immediately from the basic postulate (Equation 4-12) by 
taking 


To “ ®0 
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When both sides of Equation (9-4) are summed over all components the 
following result is obtained 


Lo ** 9o(loi/bi)ea(bi)eo (9*5) 

which may be used for the calculation of do. However, as is evident from 
the equations that follow, $o need not be evaluated. The corrected composi> 
tions to be employed for the calculation of the bubble point temperatures 
are obtained by use of the following equations: 






i^t 


(Xji/Xoi) ea ixoi) CO 


C 

KXjiJXoi) ca {.Xoi) ee 
vml 


1 ^ ^ - 1 


(9-6) 


and 




(lii/bi)ca{bi)„ 

1 

Z {lii/bi)ca{bi)c. 


f I 


(9-7) 


The calculated values appearing in Equations (9-6) and (9-7) are com¬ 
puted on the basis of assumed temperature and L/V pro6es. Equation (9-1) 
is used for the rectifying section, and the appropriate ecjuations of Chapter 
3 are used for the stripping section. Corrected values of the h's are given 
by Equation (9-3). For the calculation of the corrected values of the 
xo’s, the desired expression is obtained by division of each member of 
Equation (9-4) by the corresponding member of Equation (9-5) to give 


(i’0«’/5<) e« (^^*) <o 

{Xoi)ca = - 

t-1 


(9-8) 


When partial condensers are specified, the composition of the distillate 
(vapor) is also of interest at D = 0. It is computed in the following manner. 
After the temperature To has been calculated on the basis of the corrected 
XoiS, the desired composition is given by the relationship. 


Xpi — yoi — Koi(,Xoi)eo 

The total moial flow rates in the stripping section are calculated in the 
usual manner by use of material and enthalpy balances presented in 
Chapters 3 and 5, respectively. The condenser duty is determined by use 
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of en^alpy and material baluices which enclose the condenser. Then the 
reboiler duty is found by use of over-all enthalpy and material balances. 


Total Roboil in the Stripping Section 

When a finite value is specified for La and when D is taken equal to F, 
the condition of total reboil in the stripping section is realized. The follow¬ 
ing material-balance equations for the stripping section are developed in 
a manner similar to that described for the case of total reflux in the rec¬ 
tifying section. 


yN+i,i 


ys+i.i 


Kifi 


Xff-l.i 




= KN-l.iKffi 


—^ . .Ks^i.iKNi, j>f (9-9a) 

and 

- K/.K/+1,... (»^b) 

yN+\.i 

For total reboil in the stripping section, positive compositions are assured 
by use of the relationship for the liquid flow rates at the feed plate, 
(?/-.i,i/t>jr+i.»)ea. Therefore, for a feed of any given thermal condition 



ilf-l.i/di)ca + hi/FXi 

O'J—l.i/ VN+l,i) ea 


(9-10) 


The following equations are developed in a manner analogous to that 
given for Equations (9-3) through (9-8). 


(diU = FXi 

(rjV+i,»)(po — 9aiVs+\,i/di)eaidi)t0 


(9-11) 

(9-12) 


« 


(9-13) 



Chap, 9 


Cniumtu at Total R^ux, Roboit, and Racyele 233 


(j'JV+l.tM) ca (rf.) 00 


(9-14) 


ilfi/di) ea (,di) eo 
Zii = — , 

E {Wd()~(A)» 

t-1 

0 ^ i ^ - 1 (9715) 

(^y»/ y^+i.i) A(.yN+i,*) to 

Xtf (®;'»/l/Af+l,t)ea(2/Ar+l,i)eo 

1-1 

/ ^ i ^ AT + 1 (9-16) 

The total liquid and vapor rates in the rectifying section are calculated 
by use of the appropriate material and enthalpy balances stated in Chap¬ 
ters 3 and 5, respectively. Again, neither (y.v+i.i)*^ or do need be evaluated. 
However, the flow rate Fjv+i is needed in the calculation of (f/_i,t/t>.v+i.i)ea 
as described previously. Fy+i may be obtained as follows; (1) an enthalpy 
and material balance enclosing the condenser gives the condenser duty, 
Qe, (2) an enthalpy and material balance enclosing the entire column 
yields Qn, and (3) an enthalpy balance enclosing the rcboiler gives Fjv+i. 

Note that the temperature of the reboiler may be calculated by cither 
of two ways. It may be found by use of a dew point calculation based on 
the ^AT+i's as given by Equation (9-14) or by use of a bubble point calcula¬ 
tion based on the xa+i’s as computed by use of Equation (9-16). When the 
desired solution to the problem is obtained, the temperatures found by 
these methods are, of course, equal. 


Total Recycle 

Total recycle may be defined in two ways (3). From an operational 
point of view, a column that contains enough vapor and liquid to be 
operational at steady state but has neither entering nor leaving streams 
(jD = 0, B = 0, F = 0) is said to be at total recycle. Thus, a column 
operating at steady state at both total reflux (D = 0) and total reboil 
(B — 0) and at a feed rate equal to zero is said to be at total recycle. The 
diameters of such columns, as well as the flow rates of the vapor and liquid 
throughout the column, are finite. 

From the standpoint of column design an alternate but equivalent 
definition is useful. This definition is equivalent to the previous one in that 
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they both lead to the same sets of compositions and temperatures through¬ 
out the column. According to this definition the condition of total recycle 
is said to exist throughout a distillation column when 



(9-17) 


In the following development some finite number greater than zero (and 
less than F) is assumed to be specified for D (or B), and throughout the 
column the limiting condition of total recycle, » 1, is assumed to 

prevail. Since F, D and B are finite, it follows that 


and 


F = D-\- B 


FXi =* di -f bi 


(9-18) 

(9-19) 


However, since the vapor and liquid flow rates throughout the column are 
extremely large, it is readily shown that 


and 


t^/i =® Vfi 4- V/ri = V/i 


(9-20) 


h-l,i ~ h-l,i + In =* h-l.i 


(9-21) 


In a manner similar to that outlined previously, the following expressions 
are obtained for the rectifying and stripping sections. 

Xu ' 1 

-_ -^ (foj. a total condenser K(n =1) 

Xdi KuKoi 


Xti 


1 


Xoi KtiKuKu 


and 



1 


KiiKi..i.i*--KuKo: 


0 ^ i S AT + 1 


(9-22a) 


Xlf+l,i XBi 1 

Xjti Xoi Kn+l,iKlif,i*''KuKoi 


(9-22b) 


Alter (xBi/Xxu)ta has been evaluated by use of Equation (9-22b) on the 
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basis of an assumed temperature profile, the value of (6./d,)ca is computed 
as follows: 




(9-23) 


As ^own in Chapter 4, the corrected value of d< is given by 

FXi 

{di)co = - 

1 + e,{bi/di)ca 

where 6o is the positive root of go(Bo), where 

A FX. 


(9-24) 


- D 


(9-25) 


i-i 1 + 9o{bi/di), 

The corrected compositions are computed by use of the following formula. 

iXii/XDi) M (Xoi), 


xa = 


0 S i ^ iV + 1 


(9-26) 


r (a:it/Xx,.)„(A’i>.) 


CP 




where 




(di). 

D 


(9-27) 


COMPLEX COLUMNS 

In general the calculational procedures and convergence methods for 
complex columns at total reflux and total reboil follow closely those de¬ 
scribed for conventional columns at the same operating conditions. For 
complex columns having one feed plate and one or more side-streams with¬ 
drawn in addition to the distillate and bottoms, the following calculational 
procedures and convergence methods are recommended. 

1. Side-Stream Wi Withdrawn from tiie Rectifying Section. Specificaiiona: 

Lo ie finite, D *= 0, PFj = 0 and B - F 

The treatment for this set of specifications is the same as that given 
previously for “Total Reflux in the Rectif 3 dng Section." When Wi is with¬ 
drawn as a liquid from any plate p of the rectifying section, the composi¬ 
tion of Wi is the same as that of the liquid leaving plate p. Thus the com¬ 
position of Wi is given by Equation (9-la) by taking j *= p. If Wi is with¬ 
drawn from plate p as a vapor, the compositions are given by y,i ^ KpHpi- 
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2. Side-Stream Wi Withdrawn from the Redifying Section. Spedficatione: 
U is Finite, i> = 0, 0 < Tf» < F 


This case is illustrated by supposing the side-stream to be withdrawn 
from plate p of the rectifying section. From the top of the column down to 
plate p, calculations are carried out as indicated by Equation (9-la). 
After Xpi/zoi has been computed, the following molal ratio may be evaluated. 


Wu 

loi 



Also, since yp+i,i = Xpi it follows that 



(9-28) 


(9-29) 


where Vp+i is the vapor rate assumed for plate p + 1. After these ratios 
have been evaluated, calculations may be continued to the feed plate as 
indicated by the following equations. 



(9-30a) 


(9-30b) 


For the stripping section the calculations are carried out as described in 
Chapter 3 for conventional columns. The calculated results for the two 
sections may be combined to give a value for bi/wu as shown by Equation 
(9-35). The corrected set of rates is that set which satisfies the over-all 
material balance 


FXi — {Wli)eo + (6»)«» 

and which is related to the calculated values as follows: 

hi\ . /bi 


(-) -<-) 

\Wu/ep \Wu/e 


These two equations may be solved to give 

FXi 


iWli)c» = 


1 -h 9i{bi/wii), 


(9-31) 


(9-32) 


(9-33) 
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where the quantity $i is the positive root of gii9i), 


gi(9i) 


2: 


t-i 


FXi 

1 + 9i(bi/Vhi)ca 




(9-34) 


The calculated value of bi/wu is obtained by use of the following matching 
equation which applies for a feed of any given thermal condition 

h ^ (//-I..-M,) -f (WFXi) 

Wit (v/t/6.) + {vn/FXi) 

After has been computed by use of the equations for the rectifying 

section, the quantity l/-i,,/wu follows by division of If-u/Ui by wn/Ui. 
Once 6i has been determined by use of Equation (9-34), the quantity of 
00 is given directly by Equation (9-5). The remainder of the calculations 
are performed in a manner similar to that described previously. 


3. Side-Stream ITi Withdrawn from the Stripping Section. Specifications: 

Lo is finite, D - 0,0 < Wi < F 

For the rectifying section, calculations are carried out as described 
under “Total Reflux in the Rectifying Section.” For the stripping section 
the material balances are the same as those given for complex columns in 
Chapter 7. The equations for the convergence method are the same as 
those given previously for the case of a side-stream (PTi > 0) in the rec¬ 
tifying section. 


4. Total Recycle xoith Side-Streams Wi and Wt Withdrawn for the Rectifying 
and Stripping Sections, Respectively 

For this set of specifications, the material balances are represented by 
Equations (9-22a) and (9-22b). The calculated value of bi/di is obtained 
by use of Equation (9-23). Also, 


{Wu/di)ca = {Wx/D){x^i/Xvi)ca (9-36) 

(W0i/di)ea = (Wt/D)(x,i/XDi),a (9-37) 

k 

where the side-streams Wt and Wo are withdrawn as liquids from plates p 
and q of the rectifying and stripping sections, respectively. Three 9’a are 
contuned in the equations representing the convergence method. These 
equations are identical with those given in Chapter 7. Also, the Fs may be 
determined by one of the procedures discussed in Chapter 7. The remaining 
calculations are carried out in the usual manner. 

' If in the case of total recycle any number of feeds are introduced be¬ 
tween the two fdde-streuns, the corresponding calculational procedure is 
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the same as the one described above in Item! 4. 'Die procedures described 
for the other cases may be extended to include the introduction of multiple 
feeds between the sidoHstream withdrawals. For the plates above and below 
the uppermost and lowermost feed plates, respectively, the calculational 
procedure is the same as described in Items 1, 2, and 3. However, in order 
to minimize round-off error in the treatment of the plates between the top 
and bottom feed plates, the flow rates for these plates must be detemrined 
by making calculations both down from the top and up from the bottom of 



Figure 9*1. Variation of the distillate rate Z) at a fixed reflux 
rate Aa * 125. (Reproduced by permission of Hydrocarbon ProC’ 
eating dt Petroleum Refiner) 


the column. Again, before the step by step calculations between the feed 
plates may l>e performed, the terminal rates must be determined by use 
of expressions similar in form to Equation (9^35). 


lllustroHve Examples 

The following examples were taken from the work of L}n8ter et al. (2). 
Several examples having the same feed composition and certain common 
specifications as shown in Table 9-1 were solved in order to illustrate some 
of the operational characteristics of a column. The results obtained for 
total reflux in the rectifying section are givcm in Tables 9-2 through 9-4. 
Table 9-4 illustrates the fact that although Fy Li^\ in iho rectifying 
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Table 9-1 Feed compndtion and apecificationa fiH’ the examples 


Component 

FX 

Specifications 

C,H, 

5.0 

Boiling point liquid feed, partial condenser, 
colunm pressure 300 psia, three rectifying 
plates and eight stripping plates plus a reboiler. 
Use the equilibrium and enthalpy data given 
in Tables A-4 and A-8 of the Appendix. 

t.C« 

15.0 

n-C« 

25.0 

t-C, 

20.0 

n-C* 

35.0 


100.0 


Reproduced by perminion of Hydrocarbon ProcetBing dt Petrokum Reiner 


section (for D = 0), F, is not necessarily equal to Although the con¬ 
stant-composition method could have been employed, the conventional 
method for making enthalpy balances was used as necessary in the solu¬ 
tion of the examples shown in this chapter. 



Figure 9-2. Composition profiles at total reflux in the rectifying 
section. (Reproduc^ by permission of Hydrocarbon Protxasing A 
PttroUum Refiner) 
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Figure 9-1 shows the operational characteristics of a column at a fixed 
reflux rate, Lo, and at various distillate rates, llie rai^ of operation ex¬ 
tends from total reflux (D » 0) in the rectifying section to total reboil 
(B 0) in the stripping section. Note that a.t D == 0, the lightest compo¬ 
nent of the feed has its maximum mole fraction. As i> is increased, the mole 
fraction of each of the other components except the heaviest one in the 
feed passes through a maximum. When D is increased to the condition of 
total reboil {D — F, B ^ 0) in the stripping section, the composition of 
the distillate is equal to that of the feed. Results analogous to those shown 
in Figure 9-1 are obtained when a plot of xat/Xi versus B is made. At the 



RATIO OF VAPOR RATE, V,, TO THE LIQUID RATE, L*. 
(V,/L,= i + d/lJ 


Figure 9-^. Variation of the reflux rate Lo at a fixed distillate 
rate D. (Reproduced by permission of Hydroaxrbon Processing & 

Pdrdeum Refiner) 

condition of total reflux (D — 0), the final liquid compositions on each 
plate (at D — 0) are shown in Figure 9-2. 

When the distillate rate is fixed and the reflux rate is varied, the composi¬ 
tions obtained for the same example are shown in Figure 9-3. As Fi/Lo 
approaches 1, total recycle throughout the column is approached. The 
solution of this example by the proposed method of convergence is pre¬ 
sented in Tables 9-5 and 9-6. The range of operation displayed in Figure 
9-3 extends from total recycle, Vi/Lo = 1, to the limiting condition of no 
liquid reflux (Lo ~ 0) for the rectifying section. In the limit as Ls ap¬ 
proaches zero, Xj>i approaches ^/i, the mole fraction of component i in the 
vapor that enters the plate above the feed plate. 




Table 9-2 Temperature profiles and reflux rates at D => 0, B = F, and L 
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All profiles other than the one for trial no. 1 are averaged. Vapor rates assumed constant at 125 for the first two trials. 

Reproduced by permission of Hydrocarbon Processing & Petroleum Refiner 
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Tabue 9-3 comporilion for /> <■ 0, £ F and Lo <• 126 


Component 

FX 

Xp* 

C.H, 

5.0 

0.96757089 

i-C4 

16.0 


n-C4 

25.0 

0.87593467 X lO"* 

*-C» 

20.0 

0.13173418 X 10-* 

ti*Ci 

35.0 

0.83762787 X 10-« 


* Uwd to denote mole fraction of the vapor in equilibrium with the liquid atream L§. 
Tablb 9-4 Final vapor ratee for D » 0, B ■* F and Lt *■ 125 


Plate No. 

Vapor rate 

1 

125.00 

2 

119.10 

3 

109.07 

4 (Feed) 

97.47 

5 

86.98 

6 

87.42 

7 

88.03 

8 

88.87 

9 

90.00 

10 

91.41 

11 

92.88 

12 (Reboiler) 

94.06 
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Tablb 9-5 Temperature profilea, total (Uetillate rates and valuei of f at total reoyde, 

JD - B « 50 


Plate No. 

Temperature (”F), Trial Number 

Initial 

profile 

1 

1 

2* 

3 

4 

0 (DirtUUte) 

140 

224.60 

224.84 

m 

224.83 

1 

150 

265.33 

255.55 

255.69 

255.76 

2 

160 

286.98 

271.43 

271.87 

•272.08 

3 

170 

304.26 

286.82 

287.52 

287.85 

4 (Feed) 

180 

1 

1 . . . 

315.21 

mm 

m 

301.23 

5 

190 

321.38 

310.36 

311.00 

311.30 

6 

200 

324.84 

317.61 

318.07 

318.28 

7 

210 

326.94 

322.48 

322.78 

1 

322.92 

8 

220 

i_ 

328.37 

325.70 

325.89 

325.97 

1 . 

9 


329.46 

327.86 

327.98 

i 

328.03 

10 

240 

330.38 

320.38 

329.45 

320.48 

11 

250 

331.18 

330.51 

a 

330.55 

330.56 

12 (Reboiier) 

260 

331.90 

331.39 1 

331.42 

____^ 

331.43 

D (Calculated) 

1 

7.16 

1 

52.37 

m 

50.00 

8 

- . - - -J 

3.92 X 10-* 

1.57 

1.16 

1 

1.001 


* All profiles other than tiie one for trial No. 1 are averaged. 
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Tablk 9-6 Final distillate rates at total recycle 


Component 

FX 

d 

C,H, 

5.0 

4.6909 

1hC4 

15.0 

14.9921 

n-C* 

25.0 

24.8659 

• 

»-C» 

30.0 

3.7926 

n-Ct 

35.0 

i 

1 

1.3494 


100.0 

49.9999 


NOTATION 


(See Chapters 2 through 8) 

h ~ Heavy key component; a component for which the ratio of b/d is specified 


PROBLEMS 

9-1 Beginning with material balances and equilibrium relationships, develop the 
expressions given by Equation 9-1 for total reflux in the rectifying section. 

9-2 For the case of total reboil in the stripping section, show that the expressions 
given by Equation (9-9) follow from material balance and equilibrium 
relationships. 

9-3 Show that the two expressions given for x,-,- by Equation (9-6) are equivalent. 

9-4 Bej^ning with an expression for x,< of the form given by Equation (9-15), 
show that the expression given by Equation (9-16) is equivalent, 

9-5 By the same procedure as outlined for Problems 9-1 and 9-2, develop Equa¬ 
tion (9-22b). 

9-6 (a) Develop Equations (9-30a) and (9-30b). 

(b) Develop Equations (9-34) and (9-35). 
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9-7 Show that for a column with a partial condenser; a reboUer, and for a system 
whose relative volatilities remain constant throughout the column, that Uie 
well-known relationship, 


6 i/d<= 


developed by Fenske ( 1 ), may be obtained from Equation (9-22b). The 
symbol “A” is used to denote the component selected as the heavy key. Show 
that for a column with a total condenser, (.V + 2) should be replaced by 
(AT-b 1). 

0 

9-8 Show that for any given set of values for the a,’s, N, and h/dh that the cor¬ 
responding distillate rate at total recycle is given by 




FXi 




where D and B are considered finite while the diameter of the column is 
taken to be infinite. 


9-9 (a) Determine the total number of equilibrium, stages required to obtain 
the specified separations for components 1 and 3 (the heavy and light 
keys, respectively) given in the follow ing table. 


Component 

No. 

FXi 

a. 

Specifications 

1 

33.3 

1 

The column is to have a total 
condenser. 

6 i/di = 6.0 

63 /da = 0.2 

2 

33.3 

2 

3 

1 

33.4 

3 


(b) If (A^ 4* 1) is held fixed at the value found in part (a), find the value 
of bi/di required to give a D equal to 60. Also, for D = 50, compute 
bi/di for the other components. 

9-10 (a) On the basis of the values of 6 ,/d, obtained in part (a) of Problem 9-9 
and the FXi a given in this problem, find the value of 6 required to give 
g($) — 0 , w’here 


0 ( 9 ) = 2 


FXi 


^ 1 + ${bi/di) 


- 50 


(b) Compare the values of d{bi/di) with the corresponding values of bi/di 
obtained in part (b) of Problem 9-9. 
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9-11 (a) If at total recycle the distillate rate Di is obtained for a pven set of 
values for (N 4* 1) and (bi/dt)i and for tiie same value of (N + 1) and 
another vsdue for b$/d$ [denoted by (V'di)>3i th® distilli^ rate Dt is 
found, show that 

^ (Vd»)i 

(bt/dt)i 

(b) For these values of Di and Da plot In (bi/di) i and In (bi/di) a versus 
ln(at/aA), where (N + 1) is considered fixed. Locate In 0 on this graph. 

(c) Using the results given in Table 4-2 for tiie first trial in the solution of 
Example 3-1 by the 0-method, plot In (5t/di)ea and In (bi/di)ee versus 
In (a,-/aft). Locate In 0 on this graph. 

9-12 Winn (4) has shown that many components have i^-values which obey the 
following relationship 

Ki = j9i/Cft>‘ 

over wide ranges of temperature at constant pressure. The quantities fii and 
7 i are independent of temperature and depend only upon the identities of 
components i and k (the heavy key). Show that at total recycle Winn's 
, formula 

bi/di = (6ft/d*)i^'(D/B)’*-«/Jr<^+*> 

is obtained fw a column in which the distillate is removed as a vapor. 
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Conventional and Complex Columns 

at Minimum Reflux* 



The ^metiiod of convergence may be extended to include the treatment- 
of conventional and complex columns at minimum reflux. Unlike the 
earlier analytical approaches of Underwood (13), Murdoch and Holland 
(9), and Acrivos and Amundson (1) that were based on constant-molal 
overflows and constant-relative volatities between the rectifying and 
stripping section pinches, the d-method permits variations in both the flow 
rates and the relative volatilities. Brown and Holcomb (3) demonstrated 
the use of the calculational procedure of Lewis and Matheson for the treat¬ 
ment of minimum reflux. The method presented in this chapter uses the 
general calculational procedure of Thiele and Geddes. Among the first to 
suggest the use of this procedure were Shiras, Hanson, and Gibson (11). 
Also, Bachelor (2) made use of the equations of Thiele and Geddes in the 
treatment of minimum reflux. 

In the treatment of minimum reflux a conventional column is considered 
first, and then these results are extended to include complex columns. The 
recommended calculational procedures and convergence methods follow 
closely those recently proposed by McDonough (7) and McDonough and 
Holland (8). 


CONVENBOKAL COLUMNS 

When the ^method of convergence is used to treat conventional columns 
at minimum reflux, any one of several different types of specifications 
may be chosen. In this chapter the specifications are considered to be Iw 

* A summary of this matarial was presented in a paper by J. A. McDonough, W. J. 
Tomme, and C. D. Holland at the Technical Meeting (d the South Texas Section of the 
A.I.Ch.E. at Galveston, Texas, October 20,1961. 
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(or Vi),D, and an infinity of plates in both the rectifying and stripping 
sections. In addition, the thermal condition and composition of the feed, 
the type^of condenser, and the column pressure are specified. For these 
specifications th^ problem is to find the product distribution. 

The extension of the 0-method of convergence to this particular set of 
specifications is pre.'^ented first because the resulting minimum reflux prob¬ 
lem is very closely related to the application of a combination of the Thiele 
and Geddes calculational procedure and the 0-method of convergence to 
conventional columns (5). In principle, the problem differs from the one con¬ 
sidered previously for conventional columns in that infinitely many rather 
than a finite number of plates are specified in each section of the column. 
Ill the next chapter the combination of the Thiele and Geddes calculational 
procedure and the 0-method of convergence is extended to include other 
types of specifications such as bi/d, for two components instead of Lo and D. 

The minimum reflux ratio is usually defined from the standpoint of 
design. According to this definition the minimum reflux ratio is the smallest 
value of Lo/D that may be employed to obtain specified separations of two 
key components. These separations require infinitely many plates in both 
the ‘rectifying and stripping sections of the column. The components for 
which the specifications are made are commonly called the “light" and 
“heavy keys" and denoted by the subscripts “A" and “Z." The light and 
heavy keys are defined as the most and least volatile components that 
appear in both the top and bottom products. Components having vola¬ 
tilities between those of the keys are commonly called “split-key" compo¬ 
nents. The collection of the key and split-key components is referred to as 
the “distributed" components. Again components which appear in the gas 
phase alone are referred to as single phase lights* (sometimes called inerts) 
and are identified by the subscript “L." Those components which appear 
only in the liquid phase are called single phase heavies and they arc identi¬ 
fied by the subscript 

At minimum reflux there is in each section of the column a region 
(called a rectifying or a stripping pinch) extending over an infinity of 
plates within which there is no change in composition from plate to plate. 
The pinch in the rectifying section occurs after those components heavier 
than the heavy key have been separated, and the pinch in the stripping 
section occurs after those components lighter than the light key have been 
separated. Thus when the keys consist of the lightest and heaviest compo¬ 
nents of the feed, both pinches occur at and adjacent to the feed plate. A 
system of this type has been treated previously (6, 11). 

Except for minor changes, the calculational procedure of Thiele and 
Geddes is applied as described in Chapter 4. On the basis of assumed L/V 
and temperature profiles, the molal flow rates of all components between 
the two pinches are calculated by material balances and equilibrium rela- 
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tions. Hie eonvergence method is applied to these results, and the composi¬ 
tion of the vapor and liquid leaving each plate, as well as the corresponding 
corrected temperature profile, is obtained. Then the total molal flpw rates 
of vapor and liquid between the rectif jdng and stripping pjpches are deter¬ 
mined by use .of enthalpy balances. The entire procedure is repeated until 
the temperature profiles obtained by successive trials are in satisfactory 
agreement. In the application of the calculational procedure of Thiele and 



( Boltomt) 


Figure 10>1. For conventional columns at minimum reflux 
calculations are carried out in the directions indicated. 


Geddes to minimum reflux, calculations for the heavy key and all lighter 
components are made from the rectifying pinch to the feed plate. For all 
components lighter than the light key, calculations are continued to the 
stripping pinch. Similarly, for the light key and all components heavier, 
calculations are begun at the stripping pinch and continued to the feed 
plate. For all components heavier than the heavy key, calculations are 
continued from the feed plate to the rectifying pinch. A schematic repre¬ 
sentation of this procedure is presented in Figure 10-1. 
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When D and the other quantities stated previously are specified, 
the problem to be solved consists of the selection of the key and split-key 
compoimnts and the determination of the corresponding product distribu¬ 
tion. Also, for c^culational purposes it is necessary to select a suitable num¬ 
ber of plates between the pinches. The specification of infinitely many 
plates in each section of the column is imposed in ^e statement of the 
pinch equations which follow. 


Pinch Equations 


The plates are numbered down from the top of the column. The top 
plate is assigned the number "1,'' the rectifying pinch is denoted by the 
subscript “r,” the feed plate by the subscr pt and the pinch in the 
stripping section by the 8ub.script '‘s." In the material balances that follow, 
the single phase lights and heavies are not included. 

A material balance enclosing the top of the column and plate (j — 1) 
gives 


dt di 


(lO-l) 


for the heavy key and all components lighter than the heavy key compo~ 
nent. Since Equation (10-1) may be stated as follows* 


Vji/di — Aj^},i{V}—i/di) ”1“ 1 


( 10 - 2 ) 


The conditions at the “rectifying pinch" are implied by the following 
limit: 


V,i Vri 

lim — = - = — 

/-•oo d% d% d% 


(10-3) 


The existence of this limit is established in a subsequent section, where it 
is also shown that at the rectifying pinch. Equation (10-2) takes the form 


— - ^ 
d\ 1 ■— 


(10-4) 


Similarly, the light key and all components heavier are represented by the 
following equation at the stripping section pinch. 


hi 1 - S,i 


(1(W) 
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S«i«ctioh of the Key and Split-Key G>mponenti ^ 

On the basis of an assumed set of L/V's and temperatures, the heavy 
key is the hea\iest component of the mixture that gives a positive number 
less than p for Vri/di, Equation (10-4), where p is a number of the order of 
magnitude of the upper limit of the computer. Similarly, the light key is 
the lightest component of the mixture that gives a positive number less 
than p for /«»/&,-, Equation (10-5). Distributed components are those that 
satisfy the following inequalities, simultaneously: 


0 < v,i/di < p (10-0) 

0 < L/b^ < p (10-7) 

A separated heavy component is one for which 

Ari ^ 1 

Similarly, for a separated light component 

S,i ^ 1 

Use of these criteria, which are based on Equations (10-4) and (10-5), 
eliminates the necessity for making calculations for all components from 
the top of the column down and from the bottom of the column up toward 
the feed plate in order to detect the separated lights and heavies, as was 
described in Chapter 6 for conventional and complex columns with a finite 
number of plates. (Note that in practice the value used for p is 10~^ because 
in eight-digit arithmetic absolute values of (A,, — 1) less than 10”* are 
treated as zero.) The proof that a component may be separated and the 
conditions required for such a separation are presented in a subsequent 
section. 


Material Balances 

The material balances are written around the top of the column and 
plates r through (/ — 1) as follows. Since the conditions at the rectifying 
pinch may be determined independently of the conditions existing between 
plates 1 and r, the flow rates and temperatures of these intermediate plates 
are not needed in the determination of the product distribution. In prac¬ 
tice, the pinches are considered to be located a finite number of plates 
from the feed plate. The adjustment of the locations assumed initially is 
discussed in a subsequent section. Equations (Id-S) and (10-9), which 
follow, do not apply for the single phase lights and heavies. The treatment 
of these is given in a following section. 
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1. Material Balances for the Heavy Key and all Lighter Components 


Vt, _ 1 

(i I \ Art 


(10-8a) 


^ (^) + *- S J S / - 2 (10-8b) 

di \d,/ 

^ + 1 (10-8c) 

a, \ a, / 


For any component lighter than the light key, calculations are con¬ 
tinued to the stripping pinch as follows. For these components di = FXi. 
Thus 


(^‘) FX, (10-«d) 

A material balance enclosing the bottom of the column and the feed 
plate gives 

Vft = //_!., -f Ifi (10-8e) 

The remaining material balance.s are represented by, 

= AftVjt, f ^ j S s - 1 (10-8f) 


2. Material Balances for the Light Key and all Heavier Components 

These balances enclose the bottom of the column and either plate s or 
any plate above s, as indicated. Again, the following material balances do 
not apply for the single phase light and heavy components. 


_ 1 


(10-9a) 

6. “ 1 - 


"r- ■ “■( 

^) + 1, / + 1 S j s» 

(10-9b) 


+ 1 
bj 

(10-9c) 


For any component heavier than the heavy key, 6,- =* FXi. Thus 


(10-9d) 
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Next a jtnaterial balance enclosing the top of the column and plate 1) 
gives 

Vfi *+■ vpi (10-9e) 

The remainder of the material balances for all components heavier than 
the heavy key are represented by 

li-x,i “ Sidii, r + 1 < j ^ / - 1 (10-9f) 

Calculation of &,/dt 

After the material balance calculations have been completed, the calcu¬ 
lated value of b/d for each distributed component is found by use of Equa¬ 
tion (3-22). If the value of fc./d, obtained satisfies the following inequality 

1 6 , 

- < - < P (10-10) 

p di 

this fact implies that a proper classification of components was made for 
the given trial calculation. If a value of 6,/</, > p is obtained, the compo¬ 
nent should be reclas.sified as a separated heavy, and the calculations indi¬ 
cated by Equation (10-9) should be performed. Similarly, if 5,/d, < 1/p, 
the component should be reclassified as a separated light, and the calcula¬ 
tions indicated by Equation (10-8) should be performed. 


Proof of the Existence of the Rectifying and Stripping Section Pinches 

Since the existence of each of these is established in the same manner, 
the proof is given for only one, the rectifying pinch. The proof makes use 
of a basic idea stated by Robinson and Gilliland (10). If calculations are 
made by the procedure of Lewis and Matheson (whi^h consists of alternate 
material balance and bubble point calculations) from the top of the column 
down toward the feed plate on the basis of any given set of d.'s whose sum 
is D and a set of L’s and E’s related by F =' L + D for all plates, a set of 
constant compositions will be obtained in the limit as the number of step- 
by-step calculations are increased without bound. 

Let the components in i> be numbered in the order of decreasing 
volatility to give 


Kji > Kfi > Kfi > ... > Kjt ( 10 - 11 ) 


for any plate j. By the calculational procedure of Lewis and Matheson, 
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a temperature is found fw each plate j such that the dew point equation 


t ^ = 1 (10-12) 

R-a 

is satisfied. Since the sum of the ya'a is by definition equal to unity, it 
follows from Equation (10-11) that for some of the components, Kji < 1, 
and for the remainder, /C,-,- ^ 1. Thus for the most volatile component 
A > 1 for all j; furthermore, this is the only component for which this 
statement can be made with certainty. The calculational procedure of Lewis 
and Matheson leads to a temperature profile and a set of flow rates for 
each component. The temperatures may be used to compute a set of Afla, 
which may be used to represent the flow rates by use of the following 


equations: 

di 

(10-13) 

1 


(10-14) 


Repeated substitution of the expression for Vji/di into the one for VM,i/di 
gives 


di 


1 + A,i + + A,iAf^i,iAi-t.i 


... + AflAj^i,i .. .Aj-k.i + ... + AfiAj^i,i .. .Aox (10-15) 


Now eondder the series obtaimd by taking Ka 1 for all j, 


di 


<tii 


1 + 


I-©'--©'-©'© 


(10-16) 


The first j terms of this series are recognized as a geometric series whose 
sum is well known. Thus 


. 1 - (L/r)/+» . 

‘'■-11 wio ■ + 


©'© 


(10-17) 


Now let j take on all values to give an infinite series. Since V > L and 
V/D is finite, the infinite series converges to the sum given by 


iimtfi » 


1 - WV) 


(10-18) 
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JBjr the coi^IMuiBon test [see Reference (12)3 the series for Vf+u/dt, Equa> 
tbn (10-15) , converges as j increases because each term oi this series is 
nnaller than the correi^nding term of Equation (10-16). Also its sum, 
denoted by Vr\/di, is less than the one given by Equation (10-18). 

The series for each of the remaining ccnnponents has a limit as j is in¬ 
creased without bound. The same approach used for component 1 can not 
be followed in the remainder of the proof of the proposition because for some 
of the components for which < 1 , it may be that An > 1 , particularly 
component c, for which < 1 for all 7 . The proof is as follows. By defini¬ 
tion of the mole fraction 


y#+i.i * 1 — 53 VM.i 


i-j 


The limit of exists as j approaches infinity, since 

/vmA /di\ 

j [-) 

Hence the limit of the right hand side exists and has the value 

A /Vi+l.,\ M\ /Vrl\ 


SSf - ir )( 9 --( s )(‘) 


Also, since all of the d/s are finite as well as V, 

hm 2 ^ — 

>•00 1—8 Ui 

exists, or the infinite series, 

(c — 1) -f 2 -f 53 AiiAj-i,i + 2 A„A/_i.,A,_8.i + 


(10-19) 


1-8 


i-8 


1-8 


C 9 

*4" ... "1" 52 A,<A,_i,i.. .Am -f- ... (10—20) 

i“8 i—8 

converges. Upon comparison of the seri^ for component c with the one 
given by Equation ( 10 - 20 ), the series for component c is seen to converge, 
since each term of the series for this component is less than the corre¬ 
sponding term of Equation ( 10 - 20 ). Similarly, the series for each of the 
remaining components is shown to converge. Thus 



for all t 


Since each yj+i,i has a limit, yri, the temperature also has a limit which 
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follows from Equation (10-12). Thus An has the limit An. Witli this 
fact established, Equation (10-4) is readily developed. In the limit as j 
approaches infinity, Equation (10-14) becomes 


Vri IVtA 

T = + ^ (10-21) 

di \ di/ 


which may be solved for vn/d^ to give Equation (10-4). Since each term 
in the series for v,+i,i/dt is positive for all values of j, vn/d, is positive and 
hence An < 1 for all components in the distillate. Similarly, the existence 
of a pinch in the stripping section is established. 

The above proof is readily extended to include the variable-L/F 
problem. First, observe that the proof shown is valid for any set of L/V’s 
(provided, of course, L/V < 1). If the condenser duty is specified and the 
distillate composition and rate are known, one could perform step-by-step 
calculations of the Lewis and Matheson type for each of several .sets of 
L/V's to obtain the corresponding conditions at the pinch. (Note: Fixing 
Qc amounts to fixing Fi (or Lo) since both the rate and composition of the 
distillate are considered fixed for all sets of L/V.) The results so obtained 
could be used to determine the condenser duty by an enthalpy balance. 
Obviously, this procedure could be repeated until a set of L/F's in agree¬ 
ment with the specified condenser duty is found. The final results of such 
a sequence of calculations give rise to a particular set of A ,,’s, denoted by 
An — (Lr/KrtVr). Now consider the following model in which the .4,Vs 
are allowed to take on any finite, positive set of values (such as those 
determined by equilibrium relations and enthalpy balances) on each of the 
first n plates. It is to be understood that n remains fixed and finite through¬ 
out the argument. For all; > n, the model consists of taking 4,i = An 
as the set which satisfies equilibrium relations and enthalpy balances at 
the pinch. The value of I’n./r/, for the first n plates may be computed by 
use of Equation (10-15). Let this sum be denoted by M,. Then 


di 


di 


= 4rt -F 1 = 1 -f AriMi 
— An ^ -{• 1 = 1 + An + A^^Mt 


VfH-m.* 


^ 1 + An+ Al,+ ... + ATr^ + 4;-’ + 


1 - 4 ” 
1 - An 


+ ATiMi 


(10-22) 
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Since Ari^ < 1 as shown (»«viously, 


lim 


IT 


1 


1 - Ari 


which gives the same limit obtained previously. Hence the pinch equations 
apply for variable L/V problems. 


Proof of the Separation of Certain Components 

For any given set of diS and an infinite number of plates in the rec¬ 
tifying section, the existence nf a pinch in this part of the column has been 
established. The proof of its existence did not depend upon the conditions 
in the stripping section. Similarly, the proof of the existence of a stripping 
pinch is independent of the conditions in the rectifying section. In order 
for a set of d,'s and corresponding Ws. to be the correct set for a column, it 
is necessary that these terminal rates not only satisfy the pinch equations 
but also the equations for plates between the two pinches. Frequently, it 
is found that in order to satisfy all equations simultaneously, some of the 
components which appear in D do not appear in B, and conversely. The 
separation of a relative heavy component corresponds to and is detected 
in a very similar manner to that described previously for a conventional 
column in which a heavy component was taken to be sepaiated (d* = 0) 
when a j was found such that exceeded some large preassigned num¬ 
ber. With an infinite number of plates, the detection is made at the pinch. 
If for a given Lr/F, and Tr, Art = 1, the component is said to be separated 
since Vri/dt either becomes an infinitely large positive number or a negative 
number. The latter implies that the series, Equation (10-15), diverges as 
j approaches infinity. 

First, if ^ 1 for all plates in the rectifying section and Sji < 1 for 
all plates in the stripping section, then d, = 0. In the rectifying section 
let = 1 for all j. In the stripping section let Sa = F,/L, (where L, = 
Vt -F B) for allj except j = N + 1; and for the rcboiler let jS.v+i.,- = Vt/B, 
which amounts to taking Kji = 1 for all j. At the stripping pinch the value 
of Iti/hi is given by an expression similar to Equation (10-15) and denoted 
by that is 


Continuation of the calculations for an infinity of plates between the 
stripping section pinch and the feed plate yields 

I'/i (F./L.) 

bi 1 - (F./L.) 


(10-23) 



258 ColumiM ai Minium Reflux 


Chap, M 


(Note: the quantity Mi does not appear in this expression because the 
term which included it vanished in the limit.) The result obtained by 
making calculations to the top of a column with a finite number of plates 
may be represented by Equation (3-22), where, 


h-i.i 

di 


— 4- 4- ... 


4" .. Aii.4o« 


For = 1 in the rectifying section, it is seen that lf~i.i/di = /. Sub¬ 
stitution of this result together with the one given by Equation (10-23) 
into Equation (3-22) and taking the limit gives 


lim 

f^co 



= lim 
/-»00 


V,/U v,i 

1 - (F./L.) FXi 


f + 


hi 

FXi 


= 0 


(10-24) 


Since B is finite, it follows that each hi is finite and hence d< = 0. Extension 
of this proof to include variable-L/F problems is analogous to that shown 
in the proof of the existence of the pinches. 


Convergence Method 

After the calculated values of h/di for the distributed components 
have been obtained, the 5-method is applied in the usual way. Composi¬ 
tions are calculated by use of ICquations (6-3) through (6-7). Separated 
components are treated in the same way as that shown in Chapter 6. After 
the compositions have l)een computed, the temperatures are calculated 
by use of the bubble point procedure. 


Enthalpy Balances 

The condenser duty must be determined prior to the calculation of the 
molal rates of flow between the two pinches. On the basis of the corrected 
diS, the temperature of the distillate is obtained by making a bubble point 
calculation. (When a partial condenser is specified, a dew point calculation 
is made.) Then the Zo.’s are readily obtained since Lo and D are known. 
The flow rate of each component in the overhead vapor is given by t»ii » 
hi 4- d,. The temperature of the lop plate is found by making a dew point 
calculation on the basis of the ri/s. 
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Hie flow rates throughout the column may be determined by use of a 
combination of the constant^composition and Q-methods for making 
enthalpy balances as follows: 


Qc - LoC^(*o)i - Ao] + DIH{Xd)i - HdI 

For the plates between the two pinches 

^ ^ DiHp - /fCXp).] -f Qc 
' - hr2 


(l(>-2oa) 


(10-25b) 


DIHb - + Q. + i! 0» 

_ k-r 

C^(x,),+1 - A,] 


r + I ^3 Sf - 2 


(10-25c; 


DIHd - H{XD)fl + - H,-] + E Q, 

_ fc>“r 

~ IHMr - V.] 

(10-25d) 

DIHd - H{Xd),^{] 4- Q. - F{H - H{X),^{] + E Q* 

jr^ __ *“'• 

’ CAr(x,),>, - Ay] 

(l0-25e) 

The corresponding total vapor rates are given by the following material 
balances: 

Vj = Ly_i + 1 

(Note: Lr-i = Lr) 

* 

F/ = Lf-i + D 
Vf = I/_x - B 

Vi = Ly_i - JS, / + 1 ^ i ^ s 

(Note: = L.) 

For the given set of specifications, calculations are initiated at tlie top of 
the column as implied by Equation (10-25). After the intercooler (or 


(10-26a) 

(l0-2()b) 

(10-26C) 

(l0-26d) 
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heater) duties have been determined for the stripping pinch and all plates 
above it, the over-all enthalpy balance 

Qr = DHd + Mi, -b Q. -h E Qfc - FH (10-27) 

*-r 

is used to compute the combined duty for the reboiler and ail plates be¬ 
tween it and the stripping pinch. 


Selection of a Suitable Finite Set of Plates Between the Two Pinches 

This selection was made by use of a concept described by Bachelor (2). 
When the keys are two distinct components other than the lightest and 
heaviest of the feed, the pinches are separated by infinitely many plates. 
The pinches occur in the limit as the “separated” components are separated 
in the rectifying and stripping sections. That is, for any preassigned posi¬ 
tive number loss than unity, there exists a plate (going from the feed 
plate toward the top of the column) beyond whi(ih the mole fraction for 
component {h — 1) is less than the preassigned number. Thus, too few 
plates may be selected, but not too many. In view of this, some arbitrary 
number of plates may be selected for the first trial, say five in the rectifying 
and five in the stripping s<‘ction. At the end of each trial the original esti¬ 
mate may be adjusted by the addition of one plate to each section of the 
column. (Of course it is necessary from a practical point of view to set an 
upper limit on the total number of plates.) In the rectifying section a plate 
is added just above the pinch for the previous trial and becomes the pinch- 
plate r for the next trial. In the stripping section it is added just below the 
previous pinch and becomes the pinch-plate s for the next trial. The total 
molal rates of flow for the added pinch plates are taken equal to those 
calculated for the respective pinches by the previous trial. The tempera¬ 
tures of the pinches (the two plates added) are taken equal to the corrected 
values obtained for the plates denoted by r and s in the previous trial. For 
all problems that were considered, solutions were obtained with less than 
sixty plates above and l)clow the feed plate. 


Direct Solutions for Special Coses 

When all of the components are distributed, the pinches in the rectifying 
and stripping sections occur at and adjacent to the feed plate. A method 
which consists of a direct solution to this problem has been presented pre¬ 
viously (6). Example 10-2 (see Table 10-1) was solved by the general 
procedure presented in this chapter and the same results were obtained as 
those found previously (6). These results are presented in Table 10-3. 
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When all of the components are separated (a perfect split) or when 
there is only one distributed component, a direct solution to the problem is 
obtained by solving each of two pairs of equations simultaneously. Since 
the conditions at the rectifying pinch are independent of the plates be¬ 
tween the top plate and the rectifying pinch, the calculational procedure 
of Lewis and Matheson reduces to a single e(]uation (where it is of course 
understood that the L/F's are fixed). Similarly, it reduces to a .single 
equation for all plates between the reboiler and the stripping pinch. Also, 
since the product distribution is known where either all components or all 
except one are separated, the calculations need not be carried out l)etween 
the two pinches. In the application of the general calculational procedure 
systems of these types were found. Several trials were carried out by use 
of the general procedure in order to make faii-ly certain that a system 
classified as a special case had been found. Then the general calculational 
procedure was abandoned, and the equations that follow were solved 
directly. These equations are based on adiabatic operation for all plates 
between the respective pinches and the top and the t)ottom of the column. 
The equations for the rectifying pinch are developed as follows. In the 
interest of simplicity all of the components are taken to be volatile; that 
is, no single phase lights and heavies are present. Since the vapor and 
liquid are in equilibrium at the pinch in the rectifying section, it follows 
from Equation (10-4) that 


In 


di 



which may be written as follows: 


Xp, 

L - Ml - Kn) 


where 


= Vr/D 


(10-28) 


(10-29) 


Summing both sides of Equation (10-29) over all components pre.sent in 
the rectifying pinch leads to the following material-balance function. 


Pl(^r, Tr) 


E--I 

1 - 1^r(l - Kri) 


(10-30) 


It is to be understood that Xm = 0 for all of the separated heavy compo¬ 
nents in this and other equations to follow for the rectifying pinch. 

After Qe has been found by use of Equation (10-25a), the conditions 
at- the top of the column have been completely determined since the com¬ 
position of the distillate is known and since D and are specified. An 
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enthalpy balance enclo^ng the top of the column and the rectifying pinch 
takes the form 


Lr[]ff(Xr)r — hr2 + D£H{XD)r “ Hd 2 — Qe — 0 (10-31) 


Recall that 


HUr)r - A, = Z hri)Xri — \riXri 


i-l 


7-1 


The XriS in this expression may be eliminated by use of Equation (10-29). 
Making use of the result so obtained, Equation (10-31) may be rearranged 
to give the folloAving expression for the enthalpy-balance function: 


T.) = (1 - Z 




- Ml- Kri) 


+ \H{XD)r-HD 


_Qc' 

D. 


(10-32) 


Equations (10-30) and (l(>-32) represent two independent equations in 
two unknowns and Tr. The desired solution is that pair of positive 
values of yffr and Tr that not only give Pi = P 2 = 0 but that also satisfy 
the conditions: 


1 


Tv.v. <T, < Th 

where Tn.p. is that temperature obtained by making a dew point calcula¬ 
tion on the basis of the .Yd.'s and Th is that temperature at which Krh = 1. 
The function Pi has two trivial solutions: one at ^, == 0 (for any Tr) and 
the other one at \l/r -- 1 (for Tr = Tv p.). The desired value of il^r is the 
positive root of the function Pi which lies between 4fr = I and 

h = 1/(1 - Krk). 

In order for the function Pi to have a positive root bounded in this manner, 
it is necessary that the assumed value of Tr lie between Td.p. and T*. The 
behavior of the function Pi in the neighborhood of the desired positive root 
is shown in Figure 10-2. These functions are of the same ^neral form as 
the material and enthalpy balance functions for the adiabatic flash which 
were presented in Chapter 2, Equations (10-30) and (10-32) may be 
solved for the desired values of and T, by the same procedures (Newton- 
liaphson and interpolation {regula falsi)) as described in Chapter 2, pro¬ 
vided that all of the assumed values of the variables satisfy the inequalities 
stated previously. 
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Figure 10>2. The rectifying pinch is represented by that pair 
of values of T, and which not only give Pi » Pj * 0 but also 
satisfy the following conditions: 

1 <^r< -—and To p. < T, < P*. 

1 — Ar* 


In a similar manner the following equations for the stripping pinch are 
developed. The material-balance function is 


where 


T,) 


L 




XBx 

1 - - 1 ) 


- 1 


(10-33) 


= V,/B 


Also, it is to be understood that xb% = 0 for all of the separated light compo¬ 
nents in this and other equations for the stripping pinch. The enthalpy- 
balance function for the stripping pinch is as follows; 


T,) = + 1) 


2 


i-l 


1 - ~ 1 ) 



ha — H{xB)t 


Qr 

F. 


(10-34) 
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After Qn has been computed by use of an over-all enthalpy balance, Equa¬ 
tions (10-33) and (10-^4) are solved by use of either the Newton-Raphson 
method or interpolation {regula falsi) for the positive values of and T, 
that not only give pi - pz = 0, but that also satisfy the conditions 

1 


0 < 4 '* < — 

A%, - 1 

Ti< T, < Tb.p. 


where Ti is the temperature at which K,i = 1 and Tb.v. is the boiling 
point of the bottoms at the column pressure. On the basis of the solution 
{4/r, Tr, 4'*} and T,) , the components are reclassified. If no more than one 
component is found to be distributed, the solution is valid; otherwise, a 
return to the general calculational procedure is required. 

P'requently when a distillate rate, 

k 

Z) = £ FXi, k <c (10-35) 

i-i 

equal to the sum of the FX^s for the first k components (numbered in the 
order of decreasing volatility) is specified, a perfect separation is obtained 
when infinitely many plates are used in each section of the column. A 
separation is said to be perfect when components « = 1 through i = fc are 
separated lights. 


di = FXi, i=l, 2, (10-36) 

and components i = k I through i = c are separated heavies, 

b, = FXi, i = k + l,k + 2, ...,c ’ (10-37) 

Since pinches also occur at the top and at the bottom of a column in addi¬ 
tion to those at the feed plate for the case of the perfect separation of a 
binary mixture at minimum reflux, pinches at the top and bottom of a 
column might be expected to exist for a multicomponent system. However, 
as shown in the next section, these additional pinches do not exist for multi¬ 
component systems. For multicomponent systems in which the separations 
are perfect, the conditions at the rectifying and stripping section pinches 
are found by use of Equations (10-30), (10-32), (10-33) and (10-34). 


Proof of the Absence of Certain Pinches for Multicomponent Systems 

First, it will be shown that if a multicomponent mixture is perfectly 
separated, a pinch does not occur at the top of the column. The truth of 
this statement will be established by means of an indirect proof. By this 
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method'the contraiy of the given statement will be assumed, and a con^ 
tradiction will be obtained. In the following proof a column with a partial 
condenser is selected for consideration. If it is now assumed that a pinch 
exists at the top of the column, the following relationships may he stated; 

Xoi — j/(t» — yu ~ y%i ~ ... 
xm - arii == Xj, ... 

(lo-as) 



A material balance around the condenser yields 

~ hnXiDx + DXdx (10-39) 

Since Xd^ = yot = Ao,Xo., Eciuation (10 .39.) reduces to 

(W - D)(K\) ■= Lo 


and since Vi — D = La, the result 

Koi -■ 1 ( 10 ~ 40 ) 

is obtained. This is recognized as a contradiction because it wa.s given that 
the distillate leave.s the column as a dew point vapor. Since the A'/s differ 
for each component, it follows from Equation (10-12) that .some of the 
Kx’s are less than unity and the remainder are greater than unity (except 
for not more than one component whicli may have a A'-value equal to 
unity). Therefore, the original statement is true. I'or a column with a 
total condenser the proof is constructed in an analogous manner. In like 
manner, the possibility of a pinch at the bottom of the column is ruled out. 


illustrative Examples 

A wide variety of problems have been .solved succe.ssfully by the pro¬ 
cedures proposed by McDonough (7). In order to illustrate these methods, 
a fairly simple problem was selected (see Table' 10-1) by McDonough and 
Holland (8). 

The operating conditions were varied as required in order to produce 
different arrays of separated components. In Example 10-1 three compo¬ 
nents were separated, in Example 10-2 all components were distributed, 
and in Example 10--3 all components were separated. The solutions are 
presented in Tables 10-2 through 10-4. 

In these examples, the temperatures of the distillate and the bottoms 
were correct to within 4 or 5 digits of the final values at the end of five or 
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ten trials. This accurate in the terminal temperatures suggests a corre« 
spending accuracy in the product distribution, the determination of which 
is the primary objective of the general calculational procedure. 

However, in order to obtain the same accuracy for the pinch tempera¬ 
tures, several additional triai.s were required. This was caused in part by 
an insufficient numl)er of plates l)etween the pinches. When this situation 
exists, a sizable mole fraction of a separated heavy component, for example, 
is computed at the rectifying pinch by use of Equation (10-9f). Thus 
additional trials are required for such examples in order to provide a 
sufficient number of plates ?)etween the pinches. This need was most pro¬ 
nounced for cases where either all components or all except one were 
separated. However, for such examples the pinch temperatures may be 
found by means of a direct solution, which is of course recommended. Also? 
for such examples the tenninal temperatures and rates at the end of the 
first five or ten trials were either equal to or very nearly equal to the 
correct values as shown in Tables 10-2 and 10-3. When all of the compo¬ 
nents are separated, 0 is set equal to unity in all of the formulas in which it 
appears. The results presented in Table.s 10-2 through 10-4 indicate that 
thci rate of convergence of problems solved by the general calculational 
procedure tends to increase as the number of components of the mixture 
involved in the determination of 0 increases. 

In order to determine the effect of the number of plates selected initially 
on the rate of convergence, the three examples were solved by the general 
calculational procedure for twf) cases. In the first, 10 plates and in the 
second case, 102 plates between the pinches were selected. The results are 
given in I’able lO-o. Although there is perhaps a l>etter number of plates 
with which to l)egin than 10, little is gained by commencing with a large 
number of plates. Moreover, the only examples that required an appre¬ 
ciable number of trials by the general calculational procedure could and 
should be solved directly. 


COMPLEX COLUMNS 

The calculational procedures described for conventional columns 
operating at minimum reflux may be extended to include complex columns. 
The resulting procedures are presented and demonstrated for the case of 
a column with one feed plate and one side-stream withdrawn (in addition 
to the distillate and bottoms). Equations are developed for the case where 
the side-stream is withdrawn as a liquid from a plate located above the 
feed plate. Each of two locations for the side-stream Wi are considered. In 
the first, the side-stream is withdrawn a finite number of plates from the 
top of the column; and in the second, it is withdrawn a finite number of 
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Table lQ-2 Temperature and vapor rate pro61cs obtained in the solution of -Example 10-1 (the solution shows components 1, 4, and 5 arc 

separated.) 
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Table 10-3 Solution of Example 10- 2 fthe solution shows all components are distributed) 
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Table 10-4 Solution of Example iO-3 (the solution shows all components are separated) 
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plates above the feed plate. Also, for columns which contain more than one 
feed plate, a calculational procedure which minimizes round-off error is 
presented. 

In the following development the specifications are taken to be Lo, D, 
Wi, and an infinity of plates in both the rectifying and stripping sections. 
In addition to these specifications the type of condenser, the column pres¬ 
sure, the flow rate of the feed as well as its composition and thermal condi¬ 
tion are specified, and the location of the side-stream withdrawal are 
specified. For this set of specifications, the problem is to find the product 
distribution. The extension of the ^-method of convergence to this particular 
set of specifications is given first because the resulting minimum reflux 
problem is very clo.sely related to the application of a combination of the 
Thiele and Geddes calculational procedure and the ^-method of convergence 
to complex columns (4, 5). In principle, the problem considered in this 
chapter differs from the one considered previously for complex columns in 
that infinitely many plates rather than a finite number are specified in each 



Figure 10-3; When Wt is withdrawn a finite number of plates 
below the top of the column, calculations are carried out in the 
directions indicated. 











19 


CofumiM at Minimum Rm/htx 273 


secticm of the column. In the next chapter, the combination of the Iliiele 
and Geddes calculational procedure and the 0-method of convergence is 
extended to incluck other types of specifications for complex columns such 
as hi/di for two components instead of Lq and D. The calculational pro¬ 
cedures for each of two possible withdrawal locations for the side-stream 
Jr/follow. 


StOE>STREAM, Wi, WITHDRAWN A FINITE NUMBER OF PUTES BELOW THE 
TOP OF THE COLUMN 


For this system, the material balances for the rectifying and stripping 
sections are as follows. Calculations are carried out in the directions shown 
in Figure 10-3. In the interest of .simplicity single phase lights and heavies 
are not considered in the statement of the equations. 


A 

~ — Aox 
di 

(KMla) 

V\i 

— = i4oi + 1 (balance around condenser) 

di 

(10-41b) 

-1-1, 2 g j g p 

di \ dx / 

(10-41C) 

= (£■) (k‘) 

di \dir di \Lj\di/ 

(10-41d) 

fri 1 tVt On 

- , or - - 

dx + Wii 1 - Ari di 1 - Ari 

(10-41e) 


(10-41f) 

5/. . , _ 

(10-41g) 
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Stripping Section 
hi 

— = ^A+i.t + 1 (balance around reboiler) (10-42a) 


Ui _ 1 

h 1 - S,r 


(10-42b) 


i.t 

~ 


hi 



/ + 1 g i g s 


(10-42C) 

(10-42d) 


The equations for the rectifying section apply for the heavy key and 
all components lighter. For the separated heavy components, 


di + wu = 0 


(10-43) 


In the stripping section the flow rates for the st'parated heavy components 
are calculated by Equation (10-42), and in the rectifying section the equa¬ 
tions stated previously in this chapter for conventional columns are appli¬ 
cable. For a separated light component ( 6 , = 0), the flow rate.s in the rec¬ 
tifying section are calculated by u.se of Equation (10-41); and in the 
stripping section equations analogous to those given previously for con¬ 
ventional column at minimum reflux are readily developed. The ditfercnce 
between the two sets of equations is that for the particular complex column, 
</, = FX,/Cii, whereas for conventional columns d, = FXt. 

The following formula for the calculation of 6 ,/d, for any distributed 
component is derived as discu.s.sed in Chapters 3 and 7. 


6, __ Hf-iJdi) -t- CuihJFX,) 

d, ( 17 ,/ 6 ,) + {vy,/FX,) 


(10-44) 


In the classification of the components the .same .scheme is followed as the 
one descrilied for conventional columns. 


Other Relationships 

After the calculated \'alues of 6 ,/d, and tt'i,/d, have been obtained, the 
^-method is applied in the same way as described for complex columns in 
Chapter 7. Compo.sitions arc computed by the formulas given in Chapter 
fl. On the basis of these compositions, the temperatures are detemiined by 
the bubble point procedure. 
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Entholpy Balances 

Before the presentation of the enthalpy balances, one variation in the 
material balances from the conventional procedure of Thiele and Geddes 
should be mentioned. Calculatioas from the top of the column down through 
plate p are made as indicated by Equation (10-41). After fp, has been 
evaluated, the vapor rate, Wp+i.ti is computed by the material balance: 


— Ipi 4" fii 

The temperature of plate p 4- 1 is determined by making a dew point 
calculation on the basis of the j/ih-i./s (obtained from the rp^i,,’s). The 
equations that follow represent enthalpy balances which enclose the top 
of the column and any plate j, where the constant-composition and Q- 
methods are employed. 


Q, = L,lHixo)i - hoi + Z)[7/(Xo), - //z>] 
^ - HjXoh-] 4 Qe 

' Cff(ii). - Ai] 


(10-45a) 
(10-45b) 


DlHi, - //(Zz)),+i] 4 Qc 4 i: g* 

_ k-\ 

- ;i,] 


2 


(10-45c) 


Lr 


DZHo - H{XD)r'] 4 IT,[/Ip - .^(Xp).J 4 a 4 i; Q* 

lHiXr)r ~ hr-] 

(10-45d) 


DIHd - H{Xn),^x] 4 l^iC/ip - //(x,),+t] 4^4 EQ* 4 EC/* 

LHix,),^x - h,] ' 

rij^J-2 (10-45e) 


DlHn - HiXo)}] 4 ~ fnx,-x),] 4 VFlHjyr)} - Hr] 

[_H{xs-i)f - /i/_i] 


4 


Qe 4 E 4" E 


*-r 


{H (ar/_i)/ - A/_i] 


S. 

(10-45f) 
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DlHj, - + Tfi[fep - H(x,)m2 - FIH - H(X)i^{] 

IH(xi)^, - A,-] 


Qe + Q* + ^ Q* 

+ -T^, f^j ^8-1 


- A,] 


(10-45g) 


The liquid flow rates are held within the specified Umits by use ci the 0" 
method. The corresponding vapor rates are f6und by use of appropriate 
material balances. 


Solutions for Special Cases 


When either all components are separated (they appear either in D 
and Wi or B) or all components except one are separated, the following 
procedure is recommended. It corresponds very nearly to a direct solution. 
In either the general calculational procedure or the one presented below for 
the special cases, only 6i must be determined by trial when either all compo¬ 
nents or all except one are separated. The material balance 


(u>l»)co “1“ (di)eo FXi (ft»)co 


may be solved for (d,)co to give 


FXi - (b.Oc 

1 + dl(Wu/dt)ca 


(10-46) 


(10-47) 


Observe that (6,)«, is equal to zero for all components except the single 
distributed component, and for it the value of (&»)«, is known. Thus 


= E - D (10-48) 

i“l 

which is solved for di in the usual way. For a system with one distributed 
component, $o is calculated (after 0i has been determined) by use of the 
definition, Equation (7-1). When all components are separated, ffo is taken 
equal to unity. For each separat'd heavy, (d,)™ is taken equal to zero in 
Equation (10-48) as well as in those which follow for the rectifying pinch. 

Several trials were carried out by use of the general calculational pro¬ 
cedure in order to make fairly certain that a system classified as a special 
case had been found. Then the gen<;ral calculational procedure was aban¬ 
doned, and the one that follows was used. 

Since the calculated and corrected values of Wu and d» for the separated 
lights (or the separated lights and one distributed component) are inde¬ 
pendent of the conditions at the rectifying and stripping pinches, the 
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correct c&stribution ctf all components appearing in D and Wi may be 
determined by condderation ctf the top part of the column (plates 0 through 
p) alone. Successive trials are perfonned by use of the equations repre- 
s^ting the material and enthalpy balances for plates zero through p. The 
e(»^ponding values of ft are found by use of Equation (10-48). When a 
value of ft — 1 is obtained, a solution to the top part of the column has 
been found. Then the conditions at the pinches are determined in a manner 
analogous to that described for conventional columns. At the rectifying 
pinch the desired set of values for and Tr is that positive set which giv^ 
Pi « Pj = 0. The functions Pi and Pj are defined as follows: 


Pl(^r, Tr) 


A (di + Wu)/(D + Wj) 
h 1 - f^rd - Kri) 


(1(M9) 


P*(t^r, Tr) = {4^r ” 1) 


^ l{di + Wxi)/{D + Wi)-]Ki 

h 1 - ^,(1 - Kri) 



. / Wi \ 


Q. 


D + Wi 


where 


(10-50) 


D + Wt 

In the application of these equations observe that for the separated heavy 
components (d, + Wn) = 0. The development as well as the method of 
solution of Equations (10-49) and (10-50) is analogous to that shown and 
described for Equations (10-30) and (10-32). 

Similarly, the conditions (E,, T,) at the stripping pinch are found by 
the simultaneous solution of pi(^„ T.) and p 2 (^„ T,), Equations (10-33) 
and (10-34). 


SI0&STREAM, Wu WITHDRAWN A FINITE NUMBER OF PUTE^ ABOVE THE 
FEED PLATE 

When the side-stream is withdrawn below the rectifying pinch, the 
(iorr^ponding calculational procedure is very nearly the same as that 
shown for the previous case. Calculations are carried out as indicated in 
Figure 10-4. The material balances for the stripping section are given by 
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(Bottain*) 


Figure 10-4. When Wi is withdrawn a finite number of plates 
above the feed plate, calculations are carried out in the directions 
indicated. 


Equation (10-42). For the rectifying section the material balances are as 
follows: 


loi 

= iloi 

rf. 


(10-51a) 

Vu 

~ — -4ot + 1 

a. 


(10-51b) 

Vri 1 


(10-51C) 

di 1 — Afi 


T--'© 

+ 1, r S P 

(10-51^) 


’ di XLjKd} 

(ia-51e) 
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(lO-nlg) 


Equations (10-42) and (lO-ol) apply for all of the distributed compo¬ 
nents. For a separated light component calculations are made down from 
the top of the column to the feed plate as indicated by E)quation (10-51). 
Then in a manner analogous to that shown for conventional columns, 
calculations are continued from the feed plate toward the pinch in the 
stripping section. 

For a separated heavy component, calculations are made from the 
bottom of the column to the feed plate as indicated by E(pjation (10-42). 
From the feed plate calculations arc continued to plate p in the rectifying 
section by use of the following equations, which represent material balances 
that enclose the top of the column and any plate j above the feed plate. 



( 10 -o 2 a) 


(lO-52b) 


(10-52c) 


(10-52d) 

(10-52e) 


Prior to the application of Equation (10-52),must be evaluated. 
By repeated substitution of the expression for - 41 . 1 / 6 , into the one for 
Ifi/bi, the following expression for Wti/b, is obtained: 


where 


hi (Lp/lFO -h 4>i(WFX,) -f *.- 


(10~r>3) 


= Sp+i,i + Sp+i,iSp+i,i + ... + Sp+i,iSp+2,i... 
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After uhi/bi has be^ determined by Equation (10-53) and the bott(»ns 
rate determined by l^e over-all material balance 


bi = 


FXi 

1 + {wu/bi) 


(10-54) 


the flow rates for a separated heavy component in the rectifying section 
may be calculated by ui% of Equation (10-52). 

In the selection of the number of plates between the two pinches, the 
same procedure as described for conventional columns is employed ex¬ 
cept that the initial value of r is selected such that the rectifying pinch 
is located above plate p. The remaining calculational procedures are either 
the same as or analogous to those described for the first type of specification. 


Illustrative Examples 

In order to demonstrate the type of results that may be obtained by 
use of the proposed calculational procedure, three examples are presented. 
The statements and specifications for these examples are given in Table 
10-6, and the solutions appear in Tables 10-7 through 10-9. These ex¬ 
ample's tvere taken from References (7, 8). 


CALCULATIONAL PROCEDURE FOR COLUMNS WITH MULTIPLE FEED PUTES 

The general calculational procedure for such columns is about the same 
as that described in detail in Chapter 7. For illustrative purposes consider 
a column with two feed plates located a finite number of plates below the 
withdrawal of the side-stream Wi. 

First consider the calculational procedure for the distributed compo¬ 
nents. Calculations are commenced at each end of the column and con¬ 
tinued from the top to the upper feed and from the bottom to the lower 
feed plate. Before the flow rates between the upper and lower feed plates 
can be calculated, the terminal rates must be determined. In the same 
manner as showm for the development of Equation (10-53), a formula for 
the evaluation of 6,/d. is obtained. This expression may be obtained either 
as a function of the Ay/s by carrying out the substitutional process from 
the top feed plate to the lower one or as a function of the SjiS by carrying 
out the substitutional process from the lower to the upper feed plate. Since 
these formulas are nearly independent of round-off error, they give about 
the same value for 6,/di. Thus only one of the formulas is needed. After 
the bi/di s and the corresponding terminal rates have been determined, 
tfie flow rates between the two feed plates are calculated either by making 
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Reproduced by permission of Hydrocarbon Processing tfc Petroleum Refine) 








Table 10-7 Temperature and Vapor Rate Profiles Obtained in the Solution of Example 10-4 (W'l is Withdrawn from Plate 5) 



Reproduced by permission of Hydrocarbon Processing <t Petroleum Refiner 


Tabue 10-8 Temperature and vapor rate pro&lce obtiuned in the solution of Example 10-4 (ITi is withdrawn from plate 5) 
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Table 10-0 Temperature and vapor rate profiles obtained in the solution of Ehiample 10-6 (Wi is withdrawn 5 plates above the feed plate) 
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8 
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calculations down frcsn the upper feed plate to the lower one or by making 
calculations from the lower feed plate to the upper one. Except for round¬ 
off error, which may be appreciable, the rates are the same. That set of 
rates possessing the minimum round-off error is retained and the other one 
(hscarded. This selection is made by use of the simple ratio test. 

For the separated lights, the calculations are made from the rectifying 
pinch past both feed plates to (or toward) the stripping pinch. 

For the case of a separated heavy component, calculations are made 
up from the stripping pinch to the lower feed plate. Before further calcula¬ 
tions may be performed, terminal rates must be evaluated. This evaluation 
is accomplished with the aid of a formula for Wu/bi developed in a manner 
analogous to that shown for Equation (10-53). The substitutional process 
is commenced at the lower feed plate and continued past the upper feed 
plate to the location of the withdrawal of side-stream Wi. After the terminal 
rates have been computed, the flow rates between the lower feed plate and 
the rectifying pinch are calculated in the usual way. Note that when Wi is 
withdrawn a finite number of plates from the top of the column, the flow 
rates for the separated heavies are evaluated by making calculations from 
the bottom of the column to the rectifying pinch. 


NOTATION 

k, m, n — Integers used for counting 

Mi = Sum of a series of terrtis; used in some of the intermediate steps of the 
derivations 

Pi, P 2 = The material balance and enthalpy balance functions, respectively, for 
the stripping section pinch 

Pi, Pi = ITie material balance and enthalpy balance functions, respectively, for 
the rectifying pinch 

tf = Sum of a particular .series considered in the derivations 

Tb.p. == Bubble point temperature computed on jthe ba.sis of the xsi’s (or Xi>,’s) 
and the. column pressure 

Td.p. == Dew point temperature computed on the basis of the Xjoi’s and the 
column pressure 

T/i «= Temperature at which Krh — 1 at the column pressure 

7'i = Temperature at which JK,i = l at the column pressure 

Trf T, = Temperatures of the rectifying and stripping section pinches, respectively 
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Xnv \<« = Latent heats vaporization for component t at the rectifsdng and 
stripping section pinches, respectively 

== Vapor flow rates at the pinches relative to the respective terminal rates; 
= Vr/D, \(ft = V,/B. Also, for a complex column symbol U also 
used to denote (V,)/(D + H’l) 


Subscripts 

h = Heavy key component 
H ~ Single phase heavy component 
/ = Feed plate 
I ~ Light key component 
L = Single phase light comjwnent 
r = Rectifying pinch 
s ~ Stripping pinch 


PROBLEMS 

10-1 Beginning with first principles, develop Equations (10-8a) through (10-9f), 
and (10-25a) through (10-27). 

10-2 Develop the formulas for the P-functions given by Equations (16-30), 
(10-32), (10-33), and (10-34). 

10-3 By use of material balances and equilibrium relationships, develop Equa¬ 
tions (10-41a) through (10-44). 

10-4 Verify the expressions for the enthalpy balances given by Equations (10-45a) 
through (10-45g). 

10-5 Develop the expression.s given by Equations (10-49) and (10-50) for the 
functions Pi and P 2 , resi^ectively. 

10-6 Develop Equations (10-51 a) through (10-53). 

10-7 (a) For the case where the keys are the lightest and heaviest components 
of a mixture in a conventional column at minimum reflux and the 
action at the feed plate is the same as that stated in Chapter 3, revise 
Figures 3-1 through 3-5 as required to describe this type of operation. 

(b) Let the thermal condition of the feed be defined in terms of as 
follows: 


L,= Lr+qF, or F,-V.= (1-?)F 
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. By use of the diagram of part (a) and the necessary equHibrium and 
material balance relationships show that the g-line, 

Xt~ (1 — 9)yri+ gx„ 


holds for bubble point liquid, dew point vapor, subcooled, and super¬ 
heated feeds. 

(c) Show that the g-line may be rearranged to the following form 


P(^) = L w. 

1-1 9 + (1 ■“ 9)Xr 


- 1 


10-8 Construct proofs for the relationships .stated in the following table: 


Thermal condition of 
the feed 

Relationships (where the keys are the lightest 
and heaviest comjwncnts of the mixture) 

Boiling point liquid 

yri = //.I, Xr, = Xi = Xr„ and 

Tf= Tr=- T,. 

Subcoolcd liquid 

Utx - y,t, Xrx = X.x, Tr = T„ aud Tr is that 
T > 0 which makes p(T) = 0 (see Part (c) 
of Problem 10-7). 

Partially vaporized 

yri ~ yst ~ Vfi, Xrx ~ x«j ~ xpi, and 
Tr = T. = Tf. 

Dew point vaiK)r 

1 

Xrt ~ X»i, 3/ri ~ //dii Tf — Tg, Xt ~ Vn, 
and Tf = Tr = T,. 

Superheated vapor 

Xrt = Xg„ T/r. = Tf = T,, aiul Tf is that 


T > 0 which makes p{T) = 0 (see Part (c) 
of Problem 10-7). 


Except for a partially vaporized fee<l, a direct method of proof may be used 
which makes u.se of the Figures of Part (a) of Problem 10-7 and certain 
material balance and equilibrium relationships. A proof for the relationships 
given for a partially vaporized feed may be obtained by use of the indirect 
method. An outline of this proof follows. In order to prove that Tf ~ Tr — 
Tt, make the supposition that Tp < Tr, and then obtain a contradiciton. 
Next suppose Tf to be greater than Tr, and obtain a contradiction. This 
leads to the conclusion: Tf = Tr. Similarly, show Tf ~ T,. .After these two 
proofs have been obtained, the equality of the compositions readily follovrs. 
CHint: When you are ready to give up, see Reference (6)]. 

10-9 For feeds of different thermal conditions, outline calculational procedures 
(of a direct nature) for the determination of the product distribution for 
specified values of Fi and D where the keys are the lightest and heaviest 
components of the feed. 
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10-19 (a) Develop the'eompoDentrmat^ial balance extx^ssions that api^y for 
distributed cj^nponents for the case of a conventional column in iriiioh 
an infinity of plates are specified for the rectifying reaction and a finite 
number of pUdes are specified for the stripping section. 

(b) For the system described in Part (a), describe tiie inxx»darte that 
should be used for the detection of the separated U^t and separated 
heavy components. 

(c) Develop the component-material balance expressions for the separated 
components. 
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In Chapter 10 the specifications were stated from an operational point 
of view, whereas in the present chapter the specifications are stated from 
the standpoint of design. Instead of specifying Fi (or Lo) and D for a con- 
.ventional column as w'as done in Chapter 10, separation specifications 
(6,/d,) for each of two components are fixed and the problem is to find 
the Vi (or Lo) and the corresponding D required to effect these separations 
w’hen an infinite number of plates are used in both sections of the column. 
Similarly, instead of the set of specifications consisting of Vi (or Lo), D, 
and Wi for a complex column, two values of 6,/d, and the withdraw^al rate 
Wt are specified. The smallest value of V'’i (or Lo) needed to satisfy the 
specifications must lie found. The final solution also gives the total distillate 
rate and the complete product distribution. Calculational procedures and 
convergence methods follow’ first for a conventional and then for a complex 
column. These are based on the work of Anthony (2) and Abdel-Aal (1). 


CONVENTIONAL COLUMNS 

When both sections of a column contain infinitely many plates, the 
equations for the material balances and the formulas for the calculation of 
the compositions are the same as those given in Chapter 10. The component 
having the smallest specified value of fii/d, is referred to as the light key, 
and the other component for which 6,/d, is specified is called the heavy key. 
Components lighter and heavier than the keys are classified again as the 
separated lights and heavies, respectively. Also, the collection of compo¬ 
nents consisting of the two keys and the components having volatilities 
intermediate to those of the keys are referred to as the distributed 
components. 
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Converg«n^ M«thod 

This application differs from the general (^method described previously 
in that a 9 is to be selected for each of the distributed components; that is, 



(11-1) 


Since the corrected values of bi/di are known for the keys, i = h (heavy key) 



Figure 11-1. When convergence is obtained, the line 
[ln(&</d,)M versus ln(h,/d,)„l 
coincides with the 45* diagonal. 


and i » I (light key), 6oi and 9 m are computed directly by use of Equation 
(ll-t). However, the multipliers of components having volatilities between 
the two keys cannot be determined directly. It appeared reasonable to sup¬ 
pose that the 9o’s for these components should Ue between those for the 
keys. The following relationship, based on a linear variation between the 
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logarithms of the cdtrected and calculated values of bi/di (see Figure 11-1)» 
was found .to give satisfactory results. 


6ot = ^oj 



( 11 - 2 ) 


where 



After 0ot has been determined for a given component by Use of Equation 
(11-2) and (6,/d,)„ by Equation (11-1), the corrected distillate rate for 
each distributed component is given by 


FX. FXi 

(di)co = - --:- (11-3) 

1 + (b,/dt)to 1 + ®o»(i>«/di)co 

The total distillate rate is taken as the sum of the corrected rates for the 
components in the top product. 

The compositions are calculated by use of Equations (6-3) through 
(6-7), For a system that does not contain single-phase components, these 
formulas reduce to 


{Ijt/bi) ea(.bi) CO iVji/di) ec (di) eo 

Xjt = — , y,i = 

2 il,i/bi)ca(bi)co (,Vii/di)cu(,di)co 

1 1-1 


(11-4) 


In the calculation of the compositions, the calculated flow rates of the 
separated lights should be altered to reflect the fact that the vcdue of Vx 
assumed to make the given trial calculation was not the correct one. This 
alteration was accomplished through a procedure that made use of the 
following postulates. For the separated heavies 

{bi/di)co = eoh{bi/di)ca ( 11 - 5 ) 

and for the separated lights it is postulated that 

% 

(b./di)« “ eot(bi/diU (11-6) 

For a separated light component [(6,)«i = 0 and (6,)» = 0], the product 
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> k 

_ / 

Il!(W6»)ea](6<)» which appears in Equation (11-4) is replaoe<l by its 
equivalent, 


“ [CKill 


~ ®oj (d»)w = Boiilii) 

ca 


(11-7) 


Similarly, for a separated heavy component [(d,)ea = 0 and (d,)e„ = 0], 
the indeterminate form which appears in Equation (11-4) is replaced by 
its equivalent, 



(11-8) 


On the basis of the compositions given by Equation (11-4), the calculated 
temperatures arc found by making bubble point calculations. In all prob¬ 
lems and for all trials after the first one, the assumed profile for the next 
trial was obtained by averaging the calculated tempera! ures plate by plate 
with those used to make the given trial. 


Selection of Trial Values for Vi (or Lo) 

After the temperature profile for the next trial has been determined, 
the value of F, required to effect the separation may l)e found. Then the 
liquid rate, L,, is found by material balance, since the corrected distillate 
rate will have bet*n determined as described in the previous section. For 
coastant-L/F problems, the remaining flow rates in the rectifying section 
were tiiken equal to the corresponding rates at the rectifying pinch, h'or 
such problems the flow rates in the stripping section were found by use of 
appropriate material balances that took into account the thermal condition 
of the feed. 

For the general case where the total rates o^ flow are determined by 
enthalpy balances, Fi (or Lo) is calculated by use of an appropriate en¬ 
thalpy balance after Fr has Ixjen determined as shown in a subsequent 
section. The value of Fr to be used for the next trial is found by use of the 
material balance function corresponding to the pinch in the rectifying 
section. This function is developed as follows. At the rectifying pinch 

Vri 1 

di 1 Art 


(11-9) 
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Siaee Ui/dt » Ari{vJ/di), it follows that 

^ (di)eo (di) coi^f 

” “ Sri - 1 “ KriVr- Lr 

Since F, = Lr -f- D, 

/ 

~ Kr^Vr - Lr ^ 1 - Ml ^ Kri) 

where 

Xb.- = (d.)~/D = (<ii)-/S 

= Vr/D. 


( 11 - 10 ) 


( 11 - 11 ) 


Summation of both sides of Equation (11-11) over all components followed 
by rearrangement yields 


P(^r) = Z 




1 - ^,(1 - Kri) 


- 1 


( 11 - 12 ) 


where it is understood that Xoi = 0 for each of the separated heavy compo¬ 
nents. Values of the KriS and XoiS obtained for the last trial for the pre¬ 
viously assumed value of F, (or Fi) are employed in the determination of 
the next best value of F,. Thus the problem of the selection of the next 
value of Fr reduces to finding that positive value of il^r such that P(4'r) — 0. 
As described in Chapter 10, this may be done by use of either Newton’s 
method or interpolation (regula falsi) . Rather than determining the next 
best value of Fi by use of the material balance function P^^r), the corre¬ 
sponding material balance function for the stripping section pinch may be 
employed. By solving a wide variety of problems, Anthony (2) showed 
that the use of the value of F, as given by Equation (11-12) generally 
leads to overcorrections. These were reduced by restricting the variation 
in Ff for successive trials in the following manner. For the first five trials 
the value of Fr to be used for the next trial through the column was allowed 
to differ by no more than 1.2 and 1/1.2 times the value used to make the 
last trial calculation. After the first five trials the restrictions were altered 
at the end of each third successive trial as follows: 1.1 and 1/1.1, 1.05 and 
1/1.05, and 1.025 and 1/1.025. For all subsequent trials restrictions of 
1.0125 and 1/1.0125 were used. If the value of Fr found by use of Equation 
(11-12) lay within the prescribed limits, it was averaged with the F, used 
to make the last trial calculation. 

A check which was included in the proposed calculational procedure 
merits a brief description. The possibility of the selection of values for 
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Vr, V„ Tvf ind T, that give negative values for either or lri/4i or both 
for one or more of the distributed components exists. Such a selection is 
seldom made except in the initiation of the general calculational procedure. 
In the event of the selection erf a value of Vr such that a negative number is 
obtained for Vri/di for one or more of the distributed components, values of 
Vr lying between the values of Vr used to make the last trial calculation 
and the one computed by use of the P-function should be selected and 
tested until one is found which gives a positive value for y„/d,- for each of 
the distributed components. In the event that the Vr selected leads to a 
value of V, that gives a negative value for for any one of the dis¬ 
tributed components, this value of V, is discarded and replaced by the one 
which makes piU/,) — 0 (see Equation (10-33)). For constant-L/F 
problems, F, is found by material balance, and for the general case F, is 
determined by use of enthalpy balances as described in the next section. 


Enthalpy Balances 

When the total rates of flow are determined by use of enthalpy balances, 
the same general calculational procedure described previously is employed 
with certain modifications. After W for the next trial calculation has been 
selected as described previously, the remaining rates are determined by u.se 
of enthalpy balances. 

In making these balances, the enthalpies are calculated by the con¬ 
stant-composition method, and the flow rates throughout the column are 
maintained within the specified limits by use of the Q-method. These 
balances are commenced by the determination of the external reflux Lo by 
means of an enthalpy balance enclosing the rectifying pinch and the top 
plate of the column. 


F^r + Lo/io = ViHi -h L4ir 

which reduces to 

^ - H(Xd),2 + LrlH{Xr)r ~ /t,] 

[^(xo), - ho-] 

since 


(H-13a) 


(11-13b) 


VMr = Z + d,) = L,H(x,)r + DH(Xp), 

I—A 

VMi * LoH(zo)i + DH{Xd)x 
The condenser duty is given by 

0. - - ffr] + Limzr). - A.] - ft (11-13C) 
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For iJie plates betwe^ the two innches 


/-I 


Li 


+ Q. + fl, + Z 0. 

*■^+1 


[»(*,)„ - W 


i/-i 


DZHd - H(X„hJ + 0, + 0i + VrLHjyr), - H,2 

- A,-.] 


Clug>. Mi 


r + 1 g j ^ / - 2 {ll-13d) 


+ 


j-i 

L Ok 

k-r+l 


- *,-i3 


(U-13e) 


g[gi> - H(Xn)Ml + 0. + g. - F[g - g(X)»t.3 
[g(i,)„ - M 


+ 


Z <2* 

fc«r+l 


[H(x,),+i - /ly] 


, / ^ J ^ « (ll-13f) 


The reboiler duty is given by 


Qk — DHd + Bha + Qe + Qi + Qk — FH (ll-13g) 

k-r+l 


In making these calculations, the compositions and temperatures for the 
plates immediately above and below the pinches are taken to be the same 
as those of the respective pinches; that is, Xr-i.t = Xri, Tr-i — T,, a:,* == 
and T, — T,+i. After the liquid rates have been determined by Equar 
tion (11-13), the rates are calculated as follows: 


Fi - Lo 4- D (ll-14a) 

F, = Lm- fA r^jSf-l (ll-14b) 

(Note: Lr-i — Lr) 

Vf = L/_i + D (11-14C) 

Vf = L/-1 - B (ll-14d) 

Vi = Li^i- B, / + 1 ^ i ^ « + 1 (ll-14e) 

(Note: L,>i = £»,) 
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The mteiN:ooler (or heater) duties are calculated in the same maniusr as 
described in Chapter 10. Best results were obtained when the variations in 
the flow rates between successive trials were limited as follows. The flrst 
three trials were made with the same set of L/V*s. For all subsequent 
trials the rates were determined by enthalpy balances. For corresponding 
trials the same restrictions were placed on the F/s calculated by enthalpy 
balance as those used for Vr. Other procedures described in Chapter 10 
were employed, such as the selection of a suitable finite set of plates be¬ 
tween the pinches. 

In order to illustrate the convergence method, the solution of Example 
11-1 is presented (see Tables 11-1 and 11-2). This problem was formulated 
by taking certain results obtained in the solution of Example lO-l as the 
specifications for Example 11-1. The agreement between the results of the 
two examples is seen to be good. Example 11-2 (see Tables 11-3 and 11-4) 
demonstrates the adequacy of the basic postulate given by Equation 
(11-1) for the estimation of the 0o»’s for components having /f -values’s 
between those of the keys. 

Anthony (2) developed the set of restrictions for the vapor rates stated 
in a preceding section by solving a wide variety of examples. The tendency 
toward obtaining values for the ^o’s that were alternately too large and too 
small increased as the specified values of h/d for the light and heavy keys 
were decrea.sed and increased, respectively. For all problems considered, 
the proposed restrictions on the vapor rates gave satisfactory results pro¬ 
vided the specified values of b/d for the keys .satisfied the two inequalities 


and 


bi/d,>0.l!i (11-15) 

bn/dn < 10 (11-16) 


For specified values of b/d smaller and larger than these more severe re¬ 
strictions are required. 


COMPLEX COLUMNS 

• 

In order to demonstrate the application of the general convergence 
method to complex columns, a particular unit was .select(;d; detailed treat¬ 
ment of this unit is given. The column selected has one side stream, IFi, 
withdrawn (as a liquid) in addition to the distillate and the l)ottoms. I'lie 
withdrawal of Wi is located on plate p, which is taken to bo a finite number 
of plates from the top of the column. The specifi{;ations are taken to be the 
hi/d'iS for two components and the withdrawal ratc^ Wi. The smalk'st value 
of Yi needed to effect this separation is to be found. The equations repre- 
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Table 11-2 Temperature and vapor rate profilea obtuned in the solution of Elxatnple 11-1 
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• These temperatures were obtained by the averaging procedure. At the end of 38 trials the successive temperatures for each plt^ differed 
by no more than 3 X 10~*. 
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Table 11-4 Solution of Ebcample 11-2 
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Final product dbtribution 
(Trial No. 35) 

•o 

o 

d 

2.5000 

8.2384 

15.9121 

13.3333 

15.0000 


•o 

15.0000 

12.5000 

11.7616 

4.0879 

1.6667 

o 

d 

Component 

m 

» 

m 

o 

— 

*p 

O 

■i. 

9 

e 

•p* 

O 

it 

m 

1. 


Final vapor 
rates 

(Trail No. 35) | 


86.94 

i 

86.94 

86.94 

80.28 

92.89 

92.89 

92.89 



1 

1 

1 

1 

1 

Temperature profiles,* (*F) 

Trial No. 


256.62 

284.43 

284.43 


284.43 

299.39 

316.51 

316.51 

316.51 

376.98 

45.02 

0.9997 

0.9994 

6866 0 

0.9987 

88.70 


256.05 

286.81 

00 

GO 

286.74 

08108 

o 

00 

CO 

318.10 

318.10 

376.61 

44.72 

0.9468 

1.0393 

9081 1 

1.2392 

88.00 

o 

253.32 

271.46 

271.46 

271.46 

271.32 

285.75 

305.76 

305.87 

305.93 

372.40 

42.39 

1.1663 

1.2300 

1.2957 

1.3156 

68.20 

«0 

255.55 

285.74 

285.74 

285.74 

285.75 

306.08 

318.05 

318.41 

00 

372.99 

43.19 

4.8327 

1.9578 

0.8995 

0.6078 

84.09 

Plate No. 

0^ 

O 


pH 

+ 

K 

04 

+ 

CO 

+ 

1. 

/(Feed) 

- 1 

1 

pH 

1 

i» 

g 

S 

•H 

+ 

Si: 

cj 



<1 




* TlieBe temperatures were obtained by use of the averaging procedure. At the end of 35 trials the successive temperatures for each plate 
differed bv no more than 3 X 10~*. 
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senting the component-material balances for this unit have been stated 
in Chapter 10. A^in the relationship of the tfoi’s as given by Equation 
( 1 1-1) is assumed to apply. Also, for all components heavier than the heavy 
key, 00 , is taken equal to 00 ^; and for all components lighter than the light 
key, 00 , is set equal to 08j. The corrected rates for all components are further 
restricted by the requirement that they satisfy the component-material 
balance 


FX, = [l + (j) + (^) 1 (11-17) 

_ CO ^ • CO- 


and the specification Wi. These requirements are met by the selection of 
a 01 > 0 such that 0 i( 0 i) = 0 where 


01 (®l) = £ (m^I.)co - Wi 

i-l 


The formulas for the corrected rates, (wi,)** and (d,)*#, are 


(11-18) 



(11-19) 


(d,) CO 


__ 

1 "f" Ooi(^bx/di) ca "h 0l(U)i,/d,')ca 


( 11 - 20 ) 


After these have been determined, ( 6 ,)«, is computed by use of Equation 
(11-1). Since the pinch occurs an infinity of plates below the top of the 
column and those components heavier than the heavy key are separated 
at the rectifying pinch, it follows that for each separated heavy component 
{wii)ea = 0, (m>i,)w = 0, and {b,)e„ - FXi. Compositions are calculated 
by use of Equation (11-4). For the separated lights 





which reduces to 


( 7 ) (b.)» = eoi(^) (d,)« ( 11 - 21 ) 

'O./eo W,/«« 

Also, for a separated light, the formula for (d,)**. Equation (11-20), 
reduces to 


(d,)eo * 


FXx 


1 + 


( 11 - 22 ) 
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On the basis of these compositions temperatures are calculated by use of 
the bubble point procedure. After the first trial, the profile to be used for 
the next trial was obtained by “quartering," which consists of the following 
calculation: 


T (new assumed value) = T (last assumed value) 

rr (calculated value) — T (last assumed value) 

L 4 

In the same manner as was described ior conventional columns, each 
trial calculation through the column is made on the basis of^n assufned 
value for F,. After the corrected d.’s and u’l.’s have been found, the corrected 
temperature profile is obtained as described in the i)receding paragraph. 
On the basis of these results, the Vr to be u.scd for the next trial calculation 
is found by use of the material balance function for the rectifying pinch, 


Pii'r) 


y + M>j,)/(Z) 4- Wi) 


(11-23) 


where 


= Vr/{D + IFi) 


This expression is developed in a manner analogous to that shown for 
Equation (11-12). In the application of Equation (11-23), observe that 
for the separated heavy components (d, -f Wu) = 0. The value of > 0 
required to give F{yf>r) - 0 is found in the usual way. The corresponding 
value of Vr follows immediately from this result. On the basis of the 1% 
so obtained and the value of Vr employed to make the last trial, the value 
of Vr to be employed for the next trial w'as selected by essentially the same 
procedure as that used for conventional columns. P or complex columns the 
maximum deviation of the vapor rates between successive trials was re¬ 
duced to one-half of each of those stated for, conventional columns. Also, 
when the value of Vr given by the P-function was within the permitted 
limits of variation, the value of Vr to be employed for the next trial was 
obtained by quartering (same as the procedure described previously for 
the selection of temperatures) instead of averaging as was done in the case 
of c.onventional columns. For constant-L/F problems the flow rates 
throughout the column were determined by use of material balances in 
the same manner described for conventional columns. 
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Enthdipy Balonctts 

After Vr and Lr have been determined by use of the P-fuaetion and the 
associated forcing procedure for Vr, Lp may be found by means of an 
enthalpy balance enclosing plate p + 1 and plate r of the rectifying pinch. 

VtHt •¥ L^p — Vp^iHp ^.1 + L,hr + Wihp (ll-24a} 

But 


VrHr = ^ri^lri + d, + U> 1 ») 

VrHr = LrH{Xr)r + DH{Xl>)r + W,H{Xp)r 

= i; + A) = + DH(Xv)^t 

i -1 

Then in view of these expressions Equation (ll-24a) reduces to 
LLJijx,), - hr] + W,lH(x,)r - h,-] + DIH(X„), - 

” lH(xp)p^i - Ap] 

(ll-24b) 

If this value of Lp is not within the limits, the quantity Qp+i is computed 
in the usual way. The temperature of plate p + 1 is determined by the same 
procedure as described in Chapter 10. Next Lp_i is computed by use of the 
enthalpy balance which is represented by 

jr LrLH{Xr)r-hr'}-{-WilHiXp)r-hp-] + DlHiXD)r-H{XD)p-] + Qp^l 

(ll-24c) 

If this value of Lp_i is not within the prescribed limits, Qp is computed. 
This process is continued until Lo has been computed by use of 


LlH(x,),-Kl+W£H(x,)r-h,2+l>iH(XB),-H(XB)il+'EQt 

1 _ 

lH{x,h-fh2 

(ll-24d) 

If this value of jU is not within the prescribe limits, Qi is determined. The 
condenser duty is given by 

p+i 

VMr -= LX + DH„ + wx + Q. + E 0* (ll-24e) 


VJIr = LrH{Xr)r + + W^H{Xp)r 


and since 
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the desired expression for Q, is as follows: 

IH-I 

0. - D[mXB)r - H»] + liH(xr)r - A,] + W,[H(x,)r - h,J - £ Q, 

t-I 

ai-24f) 

After Qe has been determined, enthalpy balances are written around the 
top of the column and the plates between the two pinches. Thus 

IH-I J-l 

T ___________________ **“r+l 

r + lgjS/-2 (n-24g) 

P[tfi, - H(Xb),2 + Wlh, - g(x,Xt] + V,lH(y,h - HrJ + 0. 

[HCx,-,h - hf-J 


and in the stripping section 


+ 


p+i j'-i 

]C Ofc + Q* 


k.l ib-r+l 


[//(Z/_l)/ — A/_i] 


{ll-24h) 


p+i 

__ *-l 


+ 


E <?* 

k-r+l 


[^r(a:,)y+x--AJ 

and the reboiler duty is given by 


, fgjgs (ll-24i) 


p+i 


Qj* = D/fz) + Bhs + W,h, 4- Q, 4. £ Q* 4. Q,- FH (ll- 24 j) 

*>1 krr+l 


The proposed calculational procedure and convergence method for the 
particular complex column is demonstrated by the solution of Example 
11-3 (see Tables 11-5 and 11 - 6 ). Other cases such as the one in which the 
side stream Wi is withdrawn a finite, number of plates above the feed plate 
may be treated in a mani^r anidogous to the one shown. Also, the calcula- 
tional procedure is readily modified to include the case where one or more 
side>streams are withdrawn from the stripping section. 
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Table 11-6 Solution of Example 11~3 
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Final product distribution 
(Trial No. 25) 

5 

3.1681 

9.16575 

7.6661 

00 

00 


•o 

o 

d 

1.4132 

9.2365 

0000*03 

0000*031 0*0 

•« 

16.8319 

9.4211 

3.0973 

0 0 

Component 

si 

O 

3 

0 

O 

•« 

o 

•A 

w» 

O 

1 

ss 

Final vapor 
rates 

(Trial No. 25) 


142.04 

142.32 

142.32 

142.30 

126.76 

141.24 

141.24 

141.24 



““1 





Femperature profiles,* ("F) 

Trial No. 

»o 

210.68 

240.88 

245.23 

245.24 

245.26 

277.84 

295.23 

295.23 

295.23 

355.79 

29.350 

S000*I 

1.0004 

0.9987 

20.02 

140.61 

S 

210.72 

240.77 

245.01 

245.02 

245.04 

277.89 

295.47 

295.47 

295.47 

355.78 

29.337 

0.94406 

0.96520 

9666*0 

19.84 

139.37 

o 

210.22 

242.28 

246.90 

246.93 

247.12 

278.73 

293.72 

293.72 

293.76 

355.99 

29.499 

2 3846 

0.97156 

0.9948 

20.35 

155.33 



210.41 

241.71 

243.52 

243.68 

244.08 

274.14 

19*008 

69 008 

300.73 

355.91 

29.438 

0.33155 

_ 

0.51620 

1.0137 

16.37 

138.89 


o 
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1 

Ai 




TTI 




£ 





*3 

1 



M 



«i4 



04 








O 




B 

B 


+ 

+ 

B 

1 

1 


+ 

• 

We 

i« 


1 ^ 

■ 



o 

U3 

u 





•b 

«» 

5% 


• 

O 

46: 
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• These temperatures were obtained by use of the quartering procedure. At the end of 25 trials the successive temperature profiles agreed 
to within 5 digits. 
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The applications of the convergence method presented in this chf^ter 
are more limited (see Equations (11-15) and (11-16)} than is the one 
given in Chapter 10. Hie method proposed here was subject to overcorreo- 
tions which were more difficult to dampen than those produced by the 
method given in Chapter 10. 


NOTATION 
(See also Chapter 10) 


SubKriptt 

k — heavy key component; a component for which the ratio of b/d is specified 
I light key component; a component for which the ratio of b/d is specified 


PROBLEMS 

11-1 Commencing with Equation (11-1) and the postulate beneath it, show that 
Equation (11-2) follows. 

11-2 Develop the expression for iP(^r) as given by Equation (11-23). 

11-3 For the case where plate p is located a finite number of plates from the tqp 
of the column (see Figure 10-3), construct a proof of the existence of the 
rectifying pinch. 

11-4 For the case described in the previous problem, show that 


di + u>i, = 0 


for a separated heavy component. 

(Hints: (1) Develop a formula for (di -|~ %ii)/bi by matching at the feed 
plate. (2) See Equation (10-24).) 

11-5 For the case where the side^stream ITi is withdrawn a finite number of plates 
above the feed plate (see Figure 10-4), conscruct a proof of the existence of 
the rectifying pinch. 

11-6 For the same case described in the previous problem, show that for a sepa* 
rated heavy component, d. == 0 .'uid toii 0. 

11-7 For the case of a column similar to those shown in Figures 10-3 and 10-4 
except that the side stream ITi is withdrawn as a liquid from the reetifying 
pinch (if it exists), construct a proof of the existence of the rectifying jnnch. 
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11-^ For tile column dMcribed in tiie previous problem, show tiiat for a separated 
heavy component, di — 0 and loi,-» o. 
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Systems: Treatment of Distillation 
Columns with Side Strippers 
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A complex column with an attached side stripper represents one type 
of a distillation system. A more general treatment of systems is presented 
in the next chapter. The special case where the stripping medium, steam, 
is Considered to t)e a single phase component is treated in this chapter. The 
method presented follows closely the one proposed in References (2, 3). 
In it, the side stripper is considered in the same convergence loop as the 
primary distillation column. This relationship permits the simultaneous 
convergence of these units. In effect, the strippers arc considered as parts 
of the distillation column. This procedure differs from the one recently 
shown by Amundson et al. (1) in which solutions were obtained alternately 
for the distillation column and the side stripper. In order to focus attention 
on the inclusion of a side stripper in the same convergence loop as the dis¬ 
tillation column, the equations are stated for a distillation column with 
one feed plate and one side-stream withdrawn. This side stream is treated 
by a steam stripper. Steam denoted by the subscript “L” is taken to be 
the only component which appears in the vapor phase alone. A component 
denoted by the subscript “/f” is considered to be the only one which ap¬ 
pears in the liquid phase alone. All components except steam are assumed 
to enter in the feed F. 


AAATERIAL BALANCES 

In order to distinguish the flow rates and other quantities for the stripper 
from those of the distillation column, symbols with “primes” are employed 
for the stripper as required for clarity. As shown in Figure 12-1, the side- 
stream from the distillation column is stripped by use of a steam stripper 
and the vapor from the stripper is returned to plate p,. the same plate from 

310 
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which the side-stream is withdrawn. When the vapor is returned to some 
plate other than the one from which the liquid was withdrawn, the plates 
of the column between the withdrawal and the return of the side-stream 
together with the stripper are referred to as an “internal loop” (see Figure 
12-2). Since the treatment of an internal loop is a logical extension of that 
which is developed for the system shown in Figure 12-1, it is left as an 
exercise (see Problems 12-1 and 12-2). 


Materia) Balances for tite Distillation Column 


For the system shown in I^’igurc 12-1, the following material balances 
for the rectifying section of the distillation column apply for all of the 
distributed components. 


where 


— = v4b, -f 1, (balance around the condenser) 
di 

(12-la) 

Vji i 



2 ^ ^ p — 1 

(12-lb) 

7. = ( 


+ 1, 

hi 

y = I 

di 

\ d. ) 

1 + 1 


(12-lc) 


-) + ( 

i • 

v'u 

< di 


(12-ld) 

Vii 

T = 1 

di 

(x) 

1 + Cu, 

p+2^j^/-l 

(12-le) 

A 

T “ * 

di 

V di 1 

( 4- Cu 


(12-lf) 


Ci< = 1 + Wu/di . 

Vpi — Vpi "4" Vii 


For the stripping section Equations (3-9) trough (3-11) are 
applicable. 

The flow rat^ of the single phase components at all points throughout 
the system are either known or readily computed. On the basis of assumed 
L/V and temperature profiles, fixed values for Vi, D, and Wi, calculations 
are initiated at the top of the column and carried out as indicated by 
Equations (12-la) through (12-le). The computations lead to a numerical 
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Figure 12-1. Steam stripper for the ride-stream withdrawn 
from the distillation column. (Reproduced by pennisrion of 
Hydrocarbon Processing dt Petroieutn Refiner) 


DISTILLATION 

COLUMN 



Figure 12-2. Diagram of an interaal loop. (Reproduced by pet- 
miarioD of Hydroavbon Proeeseing dt Petroleum Sefinsr) 
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value for S,i/di. However, before further calculations for the distillation 
column may be made, v'u/di must be evaluated. After the value of the latter 
has been found, the quantities v,i/di and uht/di, appearing in Equations 
(12~ld) and (12*-le), ^are readily calculated. The development of the 
expression for the computation of v'u/di follows. 


Moterioi Balances for the Side Stripper 


For the side stripper the material balances for all of the distributed 
components are represented by 



d, 



1 ^ ^ M 


( 12 - 2 ) 


From the analysis given in Chapter 8, it follows that round-off error is 
minimized in the side stripper by use of Equation (12-2). Continued 
substitution of the expression for into the one for lUi.t/d* leads to 
the following relationship. 


where 


^ ^ (I'oi/di) 
di 


(12-3) 


♦» = 1 + 4* SiiSti 4* ... + SiiSii ... Su-i.iSui 


An over-all balance is given by 


Vu loi Ijfi 
di di di 


(12-4) 


When Equations (12-3) and (12-4) are solved for v'u/di, one obtains 


di \ 4 »,- / \dj 

The quantities I'm/dt and Vpi/di are related as follows: 


I'si 


di 



(12-5) 


( 12 - 6 ) 


Elimination of t^/di from Equations (12-5) and (12-6) gives 
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The value of Lo to be employed in this expression is calculated as described 
in a subsequent section. Since Vp^/di = Vp^/di 4- v'u/di, the following ex¬ 
pression is readily obtained from Equation (12-7). 


Ti ~ 1 + - DJLp/LUpi) 


( 12 - 8 ) 


After Vu/di has been calculated by use of Equation (12-8), Vpi/di is (im¬ 
puted by use of Equation (12-7) and I'mi/dt (which is equal to Wu/di) is 
calculated by fj(|uation (12-3). After has been evaluated, the calcu¬ 
lations indicated by Equation (12-2) may be performed for all components 
except steam. 

After these computations for the stripper have been made, calcula¬ 
tions are continued to the feed plate of the distillation column in the usual 
manner as indicated by Equations (12-ld) through (12-lf). Likewise, 
the calculations for the stripping section of the distillation column are 
performed as indicated by Equations (3-9) through (3-11). After these 
calculations have been made, b,/dt for each distributed component is com¬ 
puted by use of Equation (10-44). 

The return of the vapor stream V'l to the column at a plate different 
from the one from which the side stream is withdrawn is called an internal 
loop. When F* is returned to plate located above p, the treatment of 
the side stripper is similar to that shown except that the material balances 
for the plates between q and p of the distillation column are also described 
by a series. 


CONVERGENCE METHOD 


In the following considerations assume that F, D, Wi, V\, F^+i, /, AT, Af, 
the type of overhead condenser for the. distillation column, the system 
pressure, and the thermal conditions of the feeds F and have been 
specihed. 

Each trial calculation through the system leads to a set of calculated 
values for hi/di and wu/di. The corrected rates are given by Equations 
(7-1) and (7-2) in terms of the multipliers 0o and 0\. These give rise to 
two functions, jio(<?o, and pi(5o, ^i) (see Equations (7-6) and (7-7)), 
which may be solved for the desired values of 9o and 9i as described in 
Chapter 7. Compositions in the distillation column are calculated by use 
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of Equations (6-3) throv^h (6-7). For a side stripper the following for¬ 
mulas are applicable. 


, (V'< - vh\ 

“ I—ft) 


( Vji/di)ea (di) et 

E (v'Mcaid,). 

iftH.L 


i 9^ H, L 


yU 



vh/ri 

/Lj ljH\ {ljt/bt)ea{bt)eo 

\ l ; / E (iii/b^ca(bi)j 


19^ H,L 


(12-9a) 


(12-9b) 

(12-9c) 


iS* = y, (12-«d) 

The same approach used to obtain these expressions readily shows that, 
for a system containing any number of side .strippers, the corresponding 
equations for the calculation of the compositions are of the same form as 
Equation (12-9). 

The total vapor and liquid flow rates appearing in these formulas are 
the correct values. If all of the flow rates are fixed by the specifications, 
then these values are used in Equation (12-9). Usually F.w+i and Wi (also 
denoted by LJ,) are the only flow rates specified. For the remainder of the 
rates the following approximations were found to give satisfactory results. 

1"! = Z (r) + ■'5t, j ^ 1 (12-10) 

xfiH.L 'W, I ca 

t; - Z (r) (W« + I'm, (12-11) 

iftH.L 'Oi 'co 

Vi - Z ft (t) (> 2 - 12 ) 

iriH,L ^di Ica. 

L'a — E (tI {di)m + Win (12-13) 

For the particular system under consideration, note that ajx, = Fw+i and 
I'iH — WiH = Oin Equations (12-9) through (12-13). 

The development of Equations (12-9), (12-10), and (12-11) is pre¬ 
sented in the next section. Equations (12-12) and (12-13) are developed 
in the following manner. The material balances lead to a set of terminal 
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rates for all of the distributed components. For the stripper, the following 
values are obtained. 



(12-U) 


Multiplication of both sides of this equation by 9i(d0«» gives upon 
rearrangement 


Bi 





(12-15) 


Recall that the 9’s are calculated such that for each component, the term 
on the right hand side of Equation (12-15) is (wu)a>- Furtheimore, this 
corrected rate is in over-all material balance, which is expressed as follows: 

FXi = (di)^ + (6.)e. + (wu)co (12-16) 

Since the corrected value of Wu has been fixed by the convergence method 
for the combined unit, the number of corrected sets of values for vu and 
Zw that satisfy an over-all balance around the stripper has been reduced. 
That is for each distributed component, 



(lot)eo (Wli)iso — {'U)u)eo 

(12-17) 

One such set of values for Zo* and vii is obtained by taking the left hand 
members of Equation (12-15) to be individually equal to (/ot)«» and 
(vii) to as follows 


(;«)« - *1 (t) (*)« 

\di/ ca 

(12-18) 


(oil)- = »1 (^) (A). 

(12-19) 


Summation over all distributed components yields the desired results. 
Equations (12-12) and (12-13). These values of LS and Vi are in over-all 
material balance with the specified withdrawal rate Wi from the stripper. 
As a consequence of the procedure used for the calculation of these values 
of Vi and Lo, each component is also in material balance. The valura of 
vii and Vi given by Equations (12-19) and (12-12) are used to calculate 
the composition of the vapor leaving the stripper. 


Devebpment of Equations (12-9), (12-10), and (12-11) 

Consider a side stripper for which Vj and L'$ are fixed for each plate by 
use of the reejuired intercoolers (or heaters). Suppose a trial calculation 
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has beesi carried out for the distillation column and the stripper and that 


the set of corrected values for Wi,-, Vu and vu has been obtained as described 
previously. Expressions suitable for the calculation of the compositions 
on each plate may be developed on the basb of the following postulates. 
Let 9i be defined by 

{v‘ii)U = ffy 

t) 

Wca 


(12-20) 

and Tj by 




= ry (- 

\u 

-) (Wl<)«„ 

i9iH,L 

(12-21) 



1 ^ M 


For j = 0 and j — M +• 1, more general definitions are permitted for r 
and a; namely, 

t 

(yif+i,,)« = <rjv+j.( 

\ Vu /c 

tc) i 3^ H, Li 

(12-22) 

(H 

(loi)co — To, [ — 
\w 

— j (u^,')eo) i 

it' ca 

pi H, L 

(12-23) 


As shown below, the ratio of tru+i.t to to, is not independent of i for the 
particular selection of the corrected values of wu, Hi and vu stated in the 
previous section. 

Ek]uations (12-9) through (12-11) are shown to follow on the basis 
of the given postulates. Expressions for Vj and Lj are obtained by summing 
both sides of Equations (12-20) and (12-21) over all distributed compo¬ 
nents followed by the addition of vh and l',/f to each side of the respective 
equations to give 


Vi= T, 

wtH.L 

(“j {Vu)eo + v'jL^ 
Wu' 

\ S3 S M 

(12-24) 

if- Z 

ipM,L 

f—) {Wu)co + ViU, 

WOu'ea 

1 S3 SM 

(12-25) 


By use of the conventional definition of the mole fraction and Equations 
(12-20) and (12-24) it follows that 

,_ ffi(VjiMi)ca(Vu)e« 

]C ff»(»J./t'l.)e«(yM)« + v'jL 


(12-26) 
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When Equation (12-24) is solved for <r/ one obtains 

V'i-v'a 

2 iVii/vii)caiVu)r, 


(12-27) 


Substitution of this expression for o-,- into Equation (12-26) gives 


/ Vj - {vii/vu)cMt)e0 

ifliH.L 


(12-28) 


When (vitleo is pven by Equation (12-19), each term in the summation 
of Equation (12-28) may be written in the form 

(t) - e, (y) (d0„ (12-29) 

Substitution of this expression into Equation (12-28) gives the desired 
result, Equation (12-9a). When FJ and LJ are unknown, the approxuna- 
tions given by liquations (12-10) and (12-11) may be employed. In the 
development of these expressions, it is convenient to begin with* a further 
examination of the multipliers, <r and r. 

When the solution is obtained, <r, = t/ = 1 for all j. Use of the postulates 
represented by Equations (12-18), (12-19), (12-20), and (12-21) gives 
several values of <r and r that are also equal to unity for each trial. The 
values of j for which <r, and t ,- are equal to unity as well as the values of 
(fM+i.i and To, follow. For j = 1, note that Equation (12-24) requires that 
ffi = 1.0; and for j = M, Equation (12-25) requires that tm = 1.0. When 
the distributed components do not appear in V'm+i, the expression for 
follows immediately from Equation (12-22). Since the stripping 
medium is specified to consist of steam alone, both (t'ji/+i,,)ea and (var+i.<)«* 
are equal to zero for i = 2 through c, where steam is given the component 
number 1. Thus Equation (12-22) reduces to 

(»»)« 

1 = 7-7- (12-^) 

(Wl.Oea 

Elimination of (vi,)«» from this expression by use of Equation (12-19) 
3 delds 
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The quantity ro,- is evaluated as follows. Elimination of (lai)a, from Equa> 
tions (12-18) and (12-23) gives 


, (diK 

g - 
(d.)*a 


(V>u)ca 

(Wu)ea 


(12-31) 


When (toii)eo is replaced by its equivalent as given by Equation (7-2), 
it is found that 


TOi(Wlt)n) Toi(Wit/di)ea(dt)ro ■ ^ (di)to 

- — - 

(Wlt)ca (W>li) ca (di)ea 


(12-32) 


Cktmparison of this expression with Equation (12-31) shows that to, = 1.0. 
Equations (12-24) and (12-29) may be combined to give 


v; - E (■'A) (y) s J s iW (12-33) 

Equation (12-10) is seen to he an approximation of this expression in that 
the combined multiplier, (<rA), is taken equal to unity when the value of 
0 -,-is unknown. Similarly, Equation (12-2r)) may be restated in the following 
form. 


= E ('. ir) ('>•)"■ + 1 SiS M (12-34) 

iftH ,L ^ ^0' '6,/ fa 

Equation (12-11) represents an approximation of Equation (12-34). 
Again, when the value of t, is unknown, the combined multiplier, 
is taken equal to unity. These approximations are based on 
the results obtained by Dickey (2), who solved a wide variety of examples 
and found these to be the best of the approximations considered. 


OTHER REUnONSHIPS 

After a given trial has been carried out to give corrected compositions 
and the corresponding temperatures, values of Vi, Lo, V, and V, are deter¬ 
mined by use of a combination of the constant-composition and Q-methods 
for making enthalpy balances. These flow rates are used in the stripping 
factors for the stripper for the next trial. For the distillation column, the 
enthalpy balances were written around the top of the column and any 
gpiven plate below it. Where Vm+i, Wi, and the enthalpy of the steam is 
specified for the side stripper, the enthalpy balances for this unit are 
commenced at the bottom and carried out step-by-step to the top of the 
stripper. 
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The statement and specifications for Example 12-1 are given in 
Table 12-1. In the solution of this example, tlie temperatures were deter¬ 
mined by use of the bubble point procedure; and for every trial after the 
first the temperature profile to be used for the next trial calculation was 
obtained by averaging. The total flow rates in both the distillation column 
and the stripper were determined by use of a combination of the constant- 
composition and Q-methods. The variation of the rates between successive 
trials was restricted in about the same manner as described in Chapter 5. 
Prior to the initiation of the procedure for making enthalpy balances, the 
first three trials for both the distillation column and the side stripper were 
made at a fixed set of vapor and liquid rates. For the next four trials, the 
vapor rates were permitted to vary by not more than 20 percent, and for 
all subsequent trials the change permitted was 5 percent. It should be 
mentioned that the same solution may be obtained by use of other restric¬ 
tions of the same order of magnitude as those employed. The solution of 
Example 12-1 is given in Tables 12-2, 12-3, and 12-4. Note that for the 
specified steam enthalpy a heating duty was required for the bottom plate 
of the side stripper. This may be effected either by use of a reboiler on the 
bottom plate of the side stripper or by use of steam having an enthalpy 
such that the heater duty required for plate M is zero. 
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Table 12-2* Temperatures and vapor rates obtained for the distillation eolumn in the solution of Example 12-1 


Chap, 12 



* The temperatures shown are those ralculated at the end of the trial indicated. At the end of 24 trials, the assumed and calculated 
temperatures agreed to within 5 digits, and at the end of 30 trials to within 8 digits. 

Ileproduced by permission of Hydrocarbon Processing Jt Petroleum Refiner 













































































Table 12-3* Temperatures ami vapor rates obtained in the side stripper in the solution of Example 12.1 
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* The temperatures shown are those ealrulated at the end of the trial indicated. .\t the end of 24 trials, the assumed and calculated 
temperatures agreed to within 5 digits, and at the end of 30 trials to within 8 digits. 

Reproduced by permission of Hydrocarbon Processing <fc Peirolaim Refiner 






















































Table 12-4 Solution of Example 12-3 



Reprodticed by permission of Hydrocarbon Processing & Ptircdeum Refiner 
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NOTATION 

(Sea also Qiaptars 2 through 11) 

M = total number of plates in the side stripper 

Qy e= intercooler (or heater) duty for plate j of the side stripper 


PROBLEMS 

12-1 Develop the component-material balances for the rectifying section of the 
distillation column for the system containing the internal loop as shown in 
Figure 12-2. 

12-2 (a) Show t|hat the equations developed in Problem 12-1 may be solved to 
give 

where 

12, = 14- Ap-i.i + 4 ... -f Ap_i,,Ap_2 ,1" • ■ Ap..m4-l,%Ap—m,i 

~ Ap—i^iAp—i,i...Ap.^m^l,iAp-^^i 

(b) Show that the expression given by Equation (12-7) is applicable for the 
system under consideration. 

(c) Then show that 

wi* Q* 4 «»C(f’p-i".»/d,) — l] 


di £2.4 (VC-J*.- - l))(Lj,/LUpi) 


where 


__ _ __ ^ _ 


di di 
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Systems of Distillation Columns* 
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Sin(!e the procedure for including one unit as a part of another (as was 
done in Chapter 12 in the treatment of aide strippers) becomes cumbersome 
when several units are involved, efforts were directed by Tommc (2) and 
Tomme el al. (3) toward the extension of the 0-method for the treatment 
of systems. As a result of this work, a generalized “0-Method for Systems" 
was developed. It is distinguished from the “0-method" for a single column 
by use ot a capital “0." However, when the system consists of a single unit, 
the 0-method for systems redu(;es to the 0-method for a single column. 

When the output from one unit is the input to the next, the 0-method 
for a single column is employed by obtaining the solution for each unit 
in succession. However, the 0-method for systems is employed when units 
are connected in series and a recycle or feedback stream Ixjtween units is 
involved. In the treatment of systems of this tyjM?, the calculational pro¬ 
cedure of I'hiele and Ceddes is employed for each unit. Round-off error is 
minimized by the procedures described previously. The total flow rates 
throughout each unit are determined by use of a combination of the con¬ 
stant-composition and (,1-methods for making enthalpy balances. Tempera¬ 
tures are calculated by use of th<* bubble point procedure. After a set of 
terminal raUss has been calculated for each unit, the 0-mcthod is used to 
find a (^orrecited s(*t which is in component-material balance for each unit 
and for the entire system and which is in agreement with the specified 
terminal flow rates. 


DEVELOPMENT OF THE O-METHOD FOR SYSTEMS 

The 0-method is perhaps best understood by (X)nsideration of a specihc 
system such as the one show'n in Figure 13-1, which consists of a reboiler- 

* A summary uf this work was presented in a paper by J. A. McDonough, W. J. 
Tommc, and C. D. Holland at the Technical Meeting of the South Texas Section of the 
A.T.Ch.E. at Galveston, Texas, October 20, 1961. 
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absorber (Unit I) and a conventional distillation column (Unit II). In this 
application the terminal flow rate D is specified; this rate determines Vi 
since the feed rate F is fixed. Also, the recycle rate Ls (or B) is specified; 
this rate in turn det^^rmines B (or Ls). In addition, for each unit the type 
of condenser, the pressure, the numlx*r of plates, and the locations of feed 
plates are specified. Also, the composition and thermal condition of the 
feed F to Unit I, as well as the liquid reflux rate (Lo) for the second unit, 
is fixed. 


V. 



Figure 13-1. A system with rt'cycle or feedback. (Ileproduced by 
permission of Hydrocarbon Processing d: Petroleum Hefner) 


In order to initiate the calculational proeedure for the .system, L/V 
and temiMirature profiles, as well as a set of ft/s and a set of f.v,’s, must be 
assumed. On this basis, trial calculations an? carried out for each unit as 
discussed in greater detail in a subsequent section. At this point in the 
argument, suffice it to say that, on the basis of the assumed values stated 
above, the following calculated values are obtained. For Unit I, the rates 
(wi.)eii and and the ratios and {lji/lsi)ea are obtained. 

Similarly for the second unit, the terminal rates (d,)ea and (6,)«a and the 
ratios (v„/d,)e« and (Z/i/6,)ea are determined. Again the compositions on 
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each plate are altered in a manner reflecting the deviation of the terminal 
rates from the specified values of D and Ly. For Unit I 

{Vfi/Vu)ea{Vu)ee , (l»«/liVi)eo(ljV»)eo 

ya = -■■■■■■ . . and Zji = - (13-1) 

{Jji/lffi)enilyi)ev 

i-I 1-1 


For Unit II 


Vh = 


{Vn/di)ca{di)co 

2 (v,./d)ca{d.).. 

I**! 


and Xji = 


(Iji/hi) ea(Jii) eo 

1-1 


(13-2) 


When the system contains single phase lights and heavies, the formulas 
for the yjiS and xy*’s are preceded by 


Vi - E K/i 

_ L 

V, 


and - - - 

hi 


respectively. The development of these formulas from basic postulates is 
analogous to that described previously in Chapter 4. This approach readily 
shows that the corrected terminal rates and the calculated rates may be 
related by use of two multipliers as follows: 



(13-3) 


(13-4) 


The “capital 6“ is employed in order to emphasize the fact that the cor¬ 
rected rates obtained by use of these multipliers must satiny the over-all 
material balance for each unit of the system instead of only one unit, 
which is the case when the “lower case is employed. Specifically, for 
each unit a corrected set of terminal rates must be found that satisfy the 
independent component-material balances enclosing each unit and the 
specifications D and Ly. For two units two independent over-all material 
balances exist, which may be taken as a balance around the entire system, 


FX, = {vu)co + (di)„ 


(13-5) 


and a balance enclosing the first unit, 


FXx = (vu)e« + (fjvOeo “ 


(13-«) 
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Note tliat the equation representing a material balance for Unit II was 
taken to be dependent. Tliis dependency is readily shown by combining 
Equations (13-5) and (13-6) to produce the relationship. The develop¬ 
ment of the formulas for (viiOw and (di)eo in terms of the calculated rates 
and the B’s follows. After these expressions have been developed, formulas 
for {hx)» and (6,)eo are produced by making use of Equations (13-3) and 
(13-4). When Equation (13-5) is solved for one obtains 


(d<)» = 


FXx 

1 “I" (t'ii/di)co 


(13-7) 


Similarly, Equation (IS-d) may be solved for (t/i<)e* to give 

FXx 

(Vii) = - 

1 "f" ©o(iiV»/Vli)CO 0l(5»'/dt)ca(di/ri»)co 


(13-8) 


Dividing the members of Equation (13-7) by the corresponding ones of 
Equation (13-8) and solving for (d,/i»i,)w yields 


(-) =- 
\viJ 1 


Boilufi/vu), 


(13-9) 

+ ei(5./d.)co 

CO 

Substitution of this expression into Equations (13-7) and (13-8) gives 
the desired formulas, 

Q(i{lst/V\t)taFXx 


(d<) CO — 


I + 0o((A'iA'li)ro “f 9l(6i/d»)i 


(13-10) 


[1 -}- 0,(5./d.)co]EX. 

1 + Qoil]fi/Vu)ea -f- 0l(5»/d|)eo 


(13-11) 


The formulas for ilsi)co and (b,)™ are readily produced from Equations 
(13-3), (13-4), (13-10), and (13-11). 

In order to determine 0o and 0i, two independent equations are re¬ 
quired. These equations are developed on the basis of the two independent 
specifications, which are taken to be D and Ltf. Since these specifications 
must be satisfied by the corrected rates, the desired set of yalues for 0o 
and 01 is that positive set which makes Qo = Gi ~ 0, simultaneously, 
where 


c.(efc e,) - Z (A). - D (13-12) 

»-i 

Oi(e,, e.) = E - Is (13-13) 

- t-l 

Of course the expression given by Equation (13-10) is understood to be 
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asod for ((/,)„ in the function Go, and the following expression for 
is understood to be used in the function Gt, 


or 


(^ffi)ro — Oo(i.\'i/Vii) ea(Vli) eo 


1 + 0o(^Vi/l’l,)ca + Ol(ifi/dt)ea 


(13-14) 



Figure 13-2. Ilehavior of the* function Go in the neighlx>rhoud of 
the positive r(K)t8. 


The behavior of each of these functions in the neighborhood of the set of 
positive roots is shown in Figures 13-2, 13-3, and 13-4. The e's may be 
determined by use of the Newton-Raphson method as descrilied in Chap¬ 
ters 1 and 7. If the feed f contains single phase lights and heavies the 
function Gi is modified as follows: 

L.v is replaced by (L.v — Ijt) 

H 

Such components are treated in a manner analogous to that described in 
Chapters 6 and 7. 
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Figure 13-3. Bohavior of the function Gi in the neighborhood of 
the positive routs. 
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Traatmertf of Soporotod Compoiwnh 


The development of the formulas to be employed for separated compo* 
nents for the system shown in Figure 13-1 is similar to the one presented 
in Chapter 6 for single columns. Again as components are separated, 
certain ratios become indeterminate. For a heavy component separated 
in the reboiler-absorber, both (vi.)ea and {vu)eo are equal to zero and the 
product [(»,»/«!,) eo(i>i<) COJ, which appears in Equation (13-1), is replaced 
by its equivalent; namely, 




(13-15) 


Similarly, for a light component separated in the reboiler-absorber, 
= 0 and (/.v.)eo - 0, and it is readily shown that 



(13-16) 


Formulas for the corrected terminal rates of the separated components are 
developed in the following manner. For a heavy component separated in 
the reboiler-absorber, it follows from Equation (13-5) that 


(d.)co = FX, 


(13-17) 


The formula for ilN,)eo is found by first restating Equation (13-6) in the 
form 



Elimination of (&j/d,)eo and (d!,)ea from this expression by use of Equations 
(13-4) and (13-17), respectively, followed by rearrangement gives 

= FX, [l + ©i (^) ] (13-18) 

The formula for ibi)eo for the separated heavy component follows upon 
combination of Equations (13-4) and (13-18). For a light component that 
is separated in the reboiler-absorber, (/Ar«)« - 0, (hi) a - 0, (d,)** =» 0, 
and (t>i,)«, = FXi. 



Chap. IS 


The QnMethod of Convurgenee 333 


Components separated in the distillation column are described by the 
following formulas, which are developed in a manner analogous to that 
shown for the reboiler-absorber. For a heavy component sepau'ated in the 
dbtillation column, {di)ea — 0 and (</,)«, - 0, and 



(13-19) 


= (W- = e, (—) FX, (13-20) 
{vu)co = FXi (13-21) 


For a light component separated in the distillation column, (&,) 
(6t)e. = 0, and 


Also, 


{Iji/bi) ee —' 0l(lji/d*)ea(di)e* 

FXi 

(vii)ctf “- 

1 + 00 (/at ,■/»!,) ea 

(d,‘)co ~ {iNi)eo ~ 0o(^Ar»/l^li)eo(l^It)cc 


ea — 0. 

(13-22) 

(13-23) 

(13-24) 


TREATMENT OF A SYSTEM OF COMPLEX COLUMNS 

The 6-method is readily applied to a system of complex columns such 
as the one shown in Figure 13-5. The withdrawal of two side streams 
creates two additional degrees of freedom which permit two additional 
specifications to be made. In the following treatment, these are taken to 
be the flow rates Wi and Wi. Again compositions for each unit are computed 
by use of Equations (13-1) and (13-2). For each of the streams {W\ and 
TFj) withdrawn from the system a corresponding multiplier is obtained, 

(tPii/vii)«. = 02(it>itAi.)co (13-25) 

(«>2i/dt)co = Qi{W2i/di)ca (13-26) 

Thus for the system shown in Figure 13-2, the corrected and calculated 
rates are related by Equations (13-3), (13-4), (13-25), and (13-26). The 
6’s are to be determined such that the over-all material balances, 

FXi = (vii)ai + idi)eo + (wit)«* + (w*»)«* (13-27) 

- FXi =“ (Vlt)ee + (llfi)(» + iWii)to — (6«)«# (13-28) 

and the specifications D, Lk, Wi, and Wt are satisfied. The set of positive 
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Figure 13-5. A system of complex columns. (Reproduced by 
permission of Hydrocarbon Processing & Petroleum Refiner) 


O’s that mako.s = (ii - (h = (h = 0, simultaneously, satisfy these 
conditions. In a manner similar to that shown in Chapter 7, the following 
functions arc developed. 


01, 02, 03) = E (d,)« - D (13-29) 

i-l 

r 

fM(0«, 01, 02, 0a) = E (^N.)« - Ls (13-30) 

1-1 

C 

fr2(0„. 01, 02, 03) = E (13-31) 

O’3(0o, 01, 02, 03) = E (w>2»)n» (13-32) 


The following formulas for the corrected terminal rates for the individual 
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cmnponents that uppc'ar in theso functions are developed by use of the 
same approach shown for the first system. 



On{lNi/Uu)mFX, 

(13-33) 


ft + ft.ft 

(13-34) 

where 

fii = |[0n(/.Vi/Cii)fnJ[l + 0a(W''2,/f/,)f„3 

/f2 = 1 -+• 02(M;ii/Cli)rn 



/fs = 1 + 0l(5,A/,)f„ -f 03(tt)2,Ai,)f„ 


The formulas for {lsi)cu, (6,)™, (m’i.)™, and (u> 2 ,)r„ readily follow by use of 
these results and Equations (13--3), (13-4), (13 25), and (13-26). 


Again, the 0’s may be determined by using the Newton-Kaphson method 
as descrifx‘d in Chapters I and 7. 


USE OF THE e-METHOD FOR THE SOLUTION OF SYSTEMS OF INTERRELATED 
UNITS 

The tem\ “interrelated units” means that the particular units arc re¬ 
lated by one or more rerycle streams. Although the convergence char¬ 
acteristics of the 0-method have not been investigated for any systems other 
than the combination of two distillation columns, the jwbmtial u.se of this 
method for solving problems involving int(‘rrelated units should be recog¬ 
nized. These units need not 1 k' distillation columns! In g(‘neral, after a 
trial calculation has lieen performed for any system of units, the 0-m(ithod 
may be employed to choose for each unit a corrected sf't of terminal rates 
that are in componcnt-maU’rial balance and in agreement with the sp('cificd 
total flow rates for each unit. Also, it should be observed that the 0-method 
of convergence may bt' extended to include sfx*cifications oth<‘r than those 
considered herein. As a general rul(‘, any information which is known with 
certainty about a unit or a system of units may lx* incorporated in the 
0 multipliers. 


SIGNIFICANCE OF THE MULTIPLIER 0 

In the meshing of unit*;, it is necessary to obtain a relationship l)etween 
the'distribution of products and the composition of the feed to the column. 
In the previous development the multipliers (0) represent such a relation- 
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ship. Further significance of these multipliers is afforded by consideratioa 
of a conventional column at total recycle. Components 1 through e are 
understood to appear in all of the feeds (to be considered) to the column, 
and regardless of composition the total feed rate F is understood to be held 
fixed. Further, suppose that the same distillate rate D is specified for each 
of feed compositions and that the a’s are constant. Such a system is repre¬ 
sented by Fenske’s (1) equation, 

bi/di = (6*M)(a.M)(13-35) 


where {N + 2) is the total number of equilibrium stages (the number of 
plates plus the reboiler plus the partial condenser) and the base component 
is denoted by the subscript An over-all material balance leads to 


di = 


FXi 


1 + (bi/di) 

Summing both sides of this equation over all components gives 

FXi A FXi 


(13-36) 




-z 


1 + (6(M) “ 1 + (t»M)(ai/o,)-«'+*' 


(13-37) 


In view of Equation (13-37), it is convenient to define the function G as 
follows: 


G{bM) = 


FXi 


(6»/d*)(a./a»)-<"+» 


- D 


(13-38) 


Equation (13-38) shows that for a given column at total recycle and a 
specified value of D, a K/dk exists for each set of feed compositions; namely, 
the value that gives G{bk/dk) = 0. Since each feed contains the same set 
of components, the same values of (a,/at) appear in Equation (13-38) 

for each set of feed compositions. Graphically the problem is represented 
in Figure 13-6 for two different feeds. This treatment parallels the one in 
which the total distillate rate is varied instead of the composition of the 
feed (see Problems 9-8 through 9-11). 

An expression for the multiplier 6 for a conventional column at total 
recycle is developed in the following manner. When the distillate is with¬ 
drawn at the rate D and a feed having a composition denoted by the sub¬ 
script “1" is fed to the column, the process may be represented by Equa¬ 
tion (13-35) rearranged to the following form. 


log ibi/dih = log (6*/d*)i - (AT -f 2) log («</«») (13-39) 

Shniiarly, when a feed consisting of the same components but of different 
composition is fed to the same column and when the distillate is withdrawn 
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at the saihe rate D as for the previous case, the operation is represented by 

log {bi/di)s » log (6*/(ifc)i - (AT 4- 2) log (ai/ak) (13-40) 

Observe that ibk/dk)i and {bk/dic)i are the values required to give 
G{bk/dk) ^ 0 for the specified value of D and for the respective sets of 
feed compositions. When Equation (13-40) is subtracted from Equation 



Let («,/ 

Figure 13-4. Significance of 6 at total recycle. (Reproduced by 
permission of Hydrocarbon, Proeetnng dt Petroleum Refiner) 


(13-41), the result is as follows: 


Thus 


log 


(Vd.)x 

{bi/dih 


ibk/dk)t 

(bk/dkh 



(13-41) 


(13-42) 


Since the multiplier enclosed by brackets is the same for all components, 
Equation (13-42) may be written in the form, 


ibMi =» eibi/dih (i3-t3) 


Therefore, at total recycle, 6 corresponds to a direct solution. 
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Only the best tif the calculational procedures investigated is described 
here. These procedures dealt primarily with the manner in which the con¬ 
vergence methods are applied. In all of them the compositions of L.v and 
B were assumed first along with L/V and temperature profiles for each 
unit. Then a trial calculation for the distillation column and the reboiler- 
absorber was carried out as described in Chapters 6 and 7, respectively. 
After the terminal rates had been determined, the ©-method was applied. 
Temperatures were determined by use of the bubble point procedure. 
Because of the similarities of this approach to those described in Chapters 6 
and 7, computer programs for different units may be tied together. In 
fact the ^method for each unit may be left in the respective programs, 
and identically the same set of germinal rates will be determined. That is, 
if the 0^s are defined in terms of the corrected rates for each unit (as deter¬ 
mined by the 0-method), the resulting terminal rates for the system are the 
same as those found where the 0’s are defined in terms of the calculated 
, rates. Equations (13-3) and (13-4). A proof of this statement is presented 
in the next section. 

The second and all subsequent trials through the complete system differ 
from the first one in that the system is placed in material balance by use 
of the 0-method after the step-by-step calculations for each unit have been 
performed. For example, suppose the first trial has been carried out and a 
corrected set of terminal rates for the system has been determined. On the 
basis of these corrected rates the next trial calculation for the first unit is 
carried out in the usual way to give a set of calculated rates for the first 
unit. This set of calculated rates, together with the last set of corrected 
rates for the second unit, is used with the 0-method to determine another 
set of corrected rates for the system. (Instead of using the corrected rates 
for the second unit, the last set of calculated rates for this unit may be 
employed to give the same set of corrected rates for the system. This is 
proved in a manner analogous to the second proof shown in the next sec¬ 
tion.) Then the temperature profiles for each unit are determined. For the 
illustrative example presented in Tables 13-1 through 13-3, the assumed 
profile for the next trial for each unit was taken equal to the last calculated 
profile. (Averaging of the profiles would be necessary for systems that con¬ 
tain a substantial amount of methane in the feed F.) After the temperature 
profile for the second unit has been determined, the step-by-step calcula¬ 
tions are carried out on the basis of the feed composition obtained by the 
last application of the 0-method. Upon completion of these calculations, 
the 0-method is again applied to the set of calculated rates obtained for 
the second unit and the last set of corrected rates for the first unit to give 
another set of corrected rates for the system. 
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Stability and c<Mivergence were enhanced by carrying out the first 
three trials for each unit at a fixed set of L/V's. The flow rates for all sub¬ 
sequent trials were determined by use of the constant-composition and 
Q-methods. The variation of the rates for each unit between successive 
trials was restricted. The vapor rates for the reboiler-absorber were limited 
to changes no greater than 20 percent, and for the distillation column the 
limit was 3 percent. For the example shown an adiabatic solution was 
obtained. 

Although only the single system consisting of two units is considered 
here, the 6-method of convergence is readily extended to include a system 
of any number of columns (see Problem 13-3). 


PROOF OF THE EXISTENCE OF THE 0'$ 

For a system such as the one shown in Figure 13-1, proof of the existence 
of the two 0’s is presented. This proof follow’s the one given by Tomme (2). 
Although a general proof of the existence of the 0’s for those systems with 
convergence formulas having three or more 0’s has not been constructed, 
a numerical example has not been found w'here the 0’s failed to exist. 

In the following arguments all of the calculated terminal rates are under¬ 
stood to be known positive numbers, and D, Ls, and ¥ are assumed to be 
specified positive numbers such that F — Z) > 0, F — Ljv > 0, and B > Q. 
After the proof for the case where F — Lit > 0 has been presented, it is 
extended to include the case where F — Ljv < 0. Under these conditions 
a set of 0’8 always exist such that Go — Gi == 0, simultaneously, where Go 
and Gi are defined by Equations (13-12) and (13-13). 

For convenience, this proof is divided into three parts. In the first and 
second parts, the existence of the traces shown in Figure 13-4 for ail sets 
of positive, finite values of 0i and for all positive values of 0o greater than 
the asymptotic value of 0o is proved. In the third part point “a” is shown 
to be always to the left of point “6” (see Figure 13-4). In the fourth part, 
the proof is extended to include the case where F — Ls < 0. 

1 . Existence of the Trace of the Function Go in the QS\ Plane 

In order to prove the existence of the trace of Go for ail positive and 
finite values of 0o and 0i, the fact that the function Go will always intersect 
the 0(raxi8 must be shown. That is, for 0i » 0 a 6o exists such that 
Go (00, 0) = 0. Therefore, note that Equation (13-12) demonstrates that 
Go(0, 0) = —JD and that 

lim Go(6o, 0)=F-/) = y, >0 

er*«B 
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Since the partial derivative of Go with respect to 6o (at 8i » o) decreases 
uniformly from its value at 6o = 0i = 0 to zero as 0o becomes infinite, 
the surface of the function Go intersects the positive 0iraxis at one and only 
one point (denoted by 0o *> "a" in Figure 13-4). 

ITiis conclusion holds not only for 0i = 0 but also for any finite value 
of 01 > 0. Since the value of the function Go changes from minus to plus 
as 00 goes from zero to Infinity, 


Go(0, 0i) « -D 

lim f?o(0o, Qi) — F — D ~ Vi > 0 

there exists at least one value of 0n such that 

Cro(0O, 0i) — 0 

, An examination of dGo/d$o shows that only one .such 0o is possible. 

Also observe from Equation (13-12) that as 0i is increased, the corre¬ 
sponding value of Oo required to give (7o(0o, 0i) = 0 incr eases. Thus for 
01 > 0, the intersections of the surface of Go with the 0o 0i plane occur at 
values of 00 > a and result in a trace such as the one shown in Figure 13-4. 


2. Existence of the Trace of the Function Gi in the 0o0i Plane 

First, where the specifications are made such that F — Ln > 0, the 
function Gi intersects the 0(raxis. That is, for 0i' = 0, a 0o must be shown 
to exist such that Cri(0o, 0) = 0. In Figure 13-4 this value of 0o is denoted 
by “6.” Observe from Equation (13-13) that 

G'i(0,0) = -L.V 

and that 


lim Gi(0o, 0) = F —• Zfv > 0 

Also, the partial derivative of Gi with respect to 0o decreases steadily 
from its value at the point (0, 0) to zero as *00 increases without bound. 
These two results lead to the conclusion that Gi intersects the positive 
0(raxis at one and only one point. 

Before presenting the generalization of this result for values of 0i > 0, 
the existence of the asymptote shown in Figure 13-4 will be demonstrated. 
The value of the a^rmptote is obtained as follows: 
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Thus.^the value oi 6o required to make (7i(6o, «) »: 0 is 



E (WvuUFXi 


l-il 

Although this information is not required in the proof, the asymptote may, 
depending upon the particular set of specifications, be shown to lie either 
to the right or to the left of the point (a, 0). 

Fo r any finite, positive value of 0i, the surface of Gi intersects the 
00 01 plane because 

G'lCO, 0i) — —Ls 
and 

Um 0,(6^ e.) = E [) + 8. (j) 1 ffXi - Lw > F - L* > 0 

and the partial derivative of Gi with respect to 0o has its maximum value 
at 0o-=t 0 and decreases steadily to zero as 0o is increased without bound. 
Also, these conditions permit only one intefsection. Comparison of 
Cl ( 00 , 0) with Cl ( 00 , ) shows that the point (0, b) is always to the right 

of t he asy mptote. Thus as 0i is increased, the trace of the function Ci in 
the 00 01 plane moves from the point (0, b) toward the asymptote. 


3. Proof Thot b > a (See Figure 13«4l 

Since for all 0i > 0, the 0o that gives Co(0o, 0i) == 0 is greater than 
“o” and the 0o t hat m akes Ci(0o, 0i) = 0 is less than “b," the traces of 
Go and Ci in the 0o 0i plane intersect, provided b > o. Proof of this in¬ 
equality is established in the following manner. In view of the fact that 

dCo(0o> 0) dGi(0o, 0) 

d0o 500 

and that 

I G,(0,0) I < I G,(0, 0) I 

it follows that h > a. 


4. Extension of the Proof to Include Those Speciflcotions Where F — Ln <0 and 
S>0 


For this case the trace of the function Co in the 0o 0i plane has the same 
properti^ established previously. However, when F Ly < 0, the surf^ 
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of Gi do^ not cut the positive Braxis. In fact it gets no closer than the 
asymptote, 

Ln- F 

e, = - - 

E ib./diUFX, 

1-1 

which is obtained by taking the limit of ^ri( 0 o, 0 i) as 0 o becomes infinite 
and then solving for the value of 0 i required tq give 61 {«, 0i) = 0, Thus 
as 00 is reduced from an infini tely l arge value to the asymptotic value, the 
trace of the function Gi in the 0 o 0 i plane moves from the asymptotic value 
of 0 t toward the asymptotic value of 0o. Since the trace of Gi is br>unded 
in this manner and since the value of 0 o re(}uired to make (?o( 0 o, 0 i ) = 0 
increases as 0 i increases, the traces of Go and Gi intersect in the 0 o 0 i plane. 


PROOF OF THE EQUAUTY OF CERTAIN TERMINAL RATES 


The corrected set of terminal rates defined by Equations (13-44) and 
(13-45) will be shown to be equivalent to those defined b^ Equations 
(13-3) and (13-4). More specifically, suppose a set of corrected terminal 
rates must be found that satisfy the material balances (Equations (13-5) 
and (13-6)) and the specifications Ly and D simultaneously, where the 
multipliers are defined by 

0 

{lNi/Vu)eo ~ 0o(fyt/Vl»)e (13-44) 

(5i/d.)« = ^(6.M)« (13-45) 

The subscript ‘'c*' is used to denote the corrected rates obtained by the 

^-method for each finit. In the application of the ^method to each unit, 
tlie feed compositions (xa* and xm) that were assumed in order to carry 
out the first trial for the system are taken to be correct. The ^s for each 
unit are defined as follows: 

(hi/vu)t *= 9o{lNi/vu)9e (13-46) 

(5i/d0. “ 9t{bi/di)„ (liM7) 

Eiach of the 9's is determined independently of the other. The first, 9», 
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is determined such t^t the specified value of Ls (or Fi) and the material 
balance 

FXi + Bxb. = ihi)e + {Vu)c (13-i8) 


are satisfied simultaneously. The second multiplier, 6i, is determined such 
that the specification D and the material balance 


LnXSx — (bi)e + (di)e (13-49) 


are satisfied simultaneously. Each procedure just described for the deter¬ 
mination of the 0 for each unit is the 17-method for a single column, and it 
would ordinarily be in the program for the given unit. 

The definitions of the 6’s as given by Equations (13-44) and (13-45) 
will be shown to lead to identically the same set of terminal rates as those 
resulting from 6's as defined by Equations (13-3) and (13-4). Again, 
Equations (13-5), (13-6), (13-44), and (13-45) may be combined to give 
expre.ssions for (di)^ and (ijNr,)e« of the same form as Equations (13-10) 
and (13-14) ._For any given trial, these expressions contain the two vari¬ 
ables 00 and 6i, and the remaining terms are constants. Since any constant 
may be represented by a combination of two other constants, the corrected 
rates, (l]^i/vu)c and (&i/d,)e, may be replaced by their equivalents as given 
by Equations (13-46) and (13-47). The resulting expressions are as follows: 



Oc0o(llVt/Vu)eaFX^ 

1 + 0o5o(/iV./yit)e« + O\0iibi/di)eQ. 


(13-50) 


and 


0o9o(ijV<Ali)eaCl + Ql0l{b%/di)ea^FX, 
I + Q(fio(,lNi/Vii)ca + ^0libi/d,)ea 


(13-51) 


deamination of Equations (13-50) and (13-51) shows that with each 
9o a 00 appears and with each 6i a 0i appears. Thus if the following changes 
of variable 

00 = 00^0 ©1 ~ 01^1 * 


are made, the resulting expressions are identically the same as Equations 
(13-10) and (13-14) except for the symbols by which the variables are 
denoted. Hence 

00 ~ 00 “ 0o®o 


and 


01 01 — 01^1 


and thus the two sets of definitions of the‘multipliers (Equations (13-3) 
and (13-4) and Equations (13-44) and (13-45)) lead to the same set of 
terminal rates. 
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NOTATIONS 

(See Chapters 2 through 7) 

Go, Gi, Gt, Go » functions of the 8’s 

A|, Ri, Rt = products defined after Equation (13-34) 

6 » multiplier used in the treatment of a single distillation column 
6 = multiplier employed in the treatment of a system of columns 

PROBLEMS 

13-1 Beginning with Equations (13-3), (13-4), (13-5), and (13-6), develop the 
expressions for (d,)Mand ivii)eo as given by Equations (13-10) and (13-11). 

13-2 Similarly, develop the expressions for (dt)e» and (vitOo as given by Equations 
(13-33) and (13-34). 

13-3 For each of the following combinations of three units, develop the formulas 
for the corrected rates and the expressions for the G^functions (or (s>function 
where a unit is not interrelated by a recycle stream). Also, the product of 
Q{hi/di)ca should be replaced by r„ For example, for a system in which three 
0’s are involved, let 

{h\/d\)eo = eiib\/d\U = 

(b'MU = e*(6yd?)c. = r*.- 

(6!/d?)«=ei(6!/d?)«=r.i 

(a) Two units interrelated by a recycle stream as shown in Figure Pl3-3a. 




Figure PlS«3a 


Hint: Two G^functions and one g-funetion should be obtained. 
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FiguK PlS-«b 

(b) Three units interrelated as shown in Figure Pl3-3b. 
Hint: First show that 

(a\) rw) 

* (1 + n,) (1 + rn, + rti) + rstTu 

_ F.y<ri,(l -f- ra,) _ 

* ** (1 + (1 + rw + fu) + 

,^_ FXiTiirs^ _ 

(1 + tm) (1 + Tfi + Ti,) + ri,r« 

(c) Three units interrelated as shown in Figure P13.3c. 
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Use of Efficiencies for Mass and 
Heat Transfer in Conventional 
and Complex Columns 



In order to approach more closely the actual operating conditions 
within a column, efficiencies for mass and heat transfer have l)een included 
in the treatment of conventional columns by Taylor (7) and in complex 
columns by Lynch (4). The approach presented in this chapter is a com¬ 
bination of the calculational procedure of Thiele and Geddes and the 
method of convergence. It follows closely the approach taken by Taylor 
(7). Flow rates throughout the column are calculated by use of a combina¬ 
tion of the constant-composition and Q-methods. 

The efficiency of mass transfer is customarily called plate efficiency. 
Two expressions for plate efficiencies are considered. The first of these 
represents a slight modification of the well-known Murphrec plate effi¬ 
ciency. The second consists of a modification of the “vaporization effi¬ 
ciency” defined by McAdams (2) in the batch-steam distillation of a 
system consisting of one volatile (two-phase) component. This treatment 
was extended by Holland and Welch (3) to include any number of volatile 
components. From a calculational point of view the modified vaporization 
efficiency is superior to the modified Murphree plate efficiency. For each 
of these modified plate efficiencies, the corresponding calculational pro¬ 
cedures for conventional columns are presented. For complex columns the 
procedure for the use of the modified vaporization efficiencies is given. 
Also, a general procedure is presented in which a combination of the two 
types of modified efficiencies is employed. 

Corresponding to the plate efficiencies for mass transfer, two efficiencies 
for heat transfer are presented, 'fhey were found to lie about equally 
satisfactory in the solution of numerical examples (7). 

No doubt other definitions for the plate efficiency, such as the one pro¬ 
posed by Ravicz (6), could be employed successfully with the fl-method 
of convergence. 
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The modified Murphree efficiency is defined by 



ya - Vj+ui 
“ Vi+l.i 


(14-1) 


The mole fraction of component i in the vapor V^i that enters plate j is 
denoted by Vn-i.t- In the vapor, K,-, leaving plate j, the s 3 rmbol y,-, is used. 
These mole fractions are sometimes referred to as average values because 
VmV i+i.t And represent the actual molal rates at which component i 
respectively enters and leaves plate j. The quantity is defined by 


Y fi — 


(14-2) 


where ICy, is evaluated at the actual temperature and pressure at which 
the liquid leaves plate j. The actual composition of the liquid leaving plate 
j is represented by the xu’h. When it is specified (or assumed) that the 
liquid leaving plate j is at its bubble point at the column pressure (this 
amounts to requiring that the sum of the Ky.’s be equal to unity), Equa¬ 
tion (14-1) reduces to the definition proposed by Murphree (5). As will 
be shown, if it is specified that the liquid leaving plate j is at its bubble 
point, at most only (c — 1) values of the efficiencies may be specified. 

The fact is readily shown that the liquid leaving a given plate need not 
be at its bubble point in order to develop Equation (14-1) from first prin¬ 
ciples. As proposed by Brown (1), the rate of mass transfer of a component 
from a bubble of vapor having a surface area A to the liquid is given by 

r = KoACf-f^) (14-3) 

where 


A = Interfacial area per bubble 

7^ = Fugacity of the particular component in the liquid; it is evalu¬ 
ated at the composition, total pressure, and temperature of the 
liquid 

S* = Fugacity of the particular component in the vapor; it is evalu¬ 
ated at the composition, the total pressure, and the temperar 
ture of the vapor 

Ko — Over-all coefficient of mass transfer 
r =s Moles of a given component transferred from the vapor to the 
liquid per unit time 

A further insight into this expression may be gained if the vapor is assumed 
to be a perfect gas and the liquid phase is assvuned to obey Raoult’s law. 
Then 


f* = Py and = P*z 
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where P is the total pressure in the gas phase and P* is the vapor pressure 
of the pure component evaluated at the actual temperature of the liquid. 
Thus on the basis of the suppositions, Equation (14-3) reduces to 


r 


KQAp{y - 


P*x \ 
P ) 


Since nothing in the preceding argument requires that the liquid he at its 
bubble point, 


Z (P.’Xi/P) 

1-1 

need not l)c equal to unity. When the Hijuid is required to l)e at its bubble 
point, (P*x)/P is commonly replaced by y* (the mole fraction a compo¬ 
nent would have in the vapor if the vapor were in equilibrium with the 
li({uid). If the liiiuid is not required to be at its bubble point, the ratio 
(P*x)/P is replaced by K to give 


r = KoAP{y - Y) (14-4) 

However, be sure to note that Y Is not to be referred to as a mole fraction. 
Calling Y a mole fraction is tantamount to specifying that the liquid be 
at its bubble point because the definition of a mole fraction requires that 
the sum of the E’s lie equal to unity, which condition is precisely the same 
as that for the liiiuid at its bubble point. 

For the rate of^mass transfer an expression of the same form as Equa¬ 
tion (14-4) may be obtained on the basis of a set of postulates more gen¬ 
eral than those employed in the previous case. If the fugacity of the given 
component in the vapor phase is assumed to be given by the ideal solution 
law, 

P =py 


and in the liquid phase by the general relationship 

JL = ylJLj. 

then 

r = KaAply - (tVV/')^:] = KqAplj/ - F] (14-5) 

where 


/** = Fugacity of the pure component in the vapor state at the total 
pressure and at the temperature of the vapor. 

9 Fugacity of the pure component in the liquid state at the total 
pressure and at the temperature of the liquid. 

7 * = Activity coefiicient of the given component in the liquid phase. 

Although the vapor and liquid phases are under approximately the same 
total pressure, the use of a A-value for /p may constitute a minor 
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approximation. In t)» ^ventional definition of K the fugacities and 
are evaluated at th^lime temperature and total pressure. Althot^h 
/* is primarily a function of the total pressure, it does vary to some extent 
with temperature. The approximation aHses when the temperature of the 
vapor is taken to be different from that of the liquid. In this connection 
recall that the equality of the temperatures of the two phases is a neces- 
saryi^but not a sufficient, condition for equilibrium. Also, when K is taken 
equal to (tV^)//‘', the effect of composition is understood to be included 
in the definition of K. 

When the rate of mass transfer for a component is defined by Equation 
(14-5) and the other postulates made by Murphree (5) are invoked, a 
relationship between the plate efficiency and the dynamics of the plate is 
readily obtained. This relationship is of the same form as the one found 
by Murphree except for the fact that the expression for the plate efficiency 
(Equation (14-1)) contains Y instead of y*. 

From a calculationai point of view, the modified Murphree efficiency 
was found to be far superior to the Murphree plate efficiency. In the appli> 
cation of Equation (14-1), c values of the Ef.’s are specified. All of the 
compositions are assumed to be known (which is the case when the Thiele 
and Geddes calculationai procedure is employed), and the temperature of 
plate j must be found subject to the conditions, 

YtVii = 1 and - 1 (14-6) 

i-i .-1 

and that the efficiency is given by Equation (14-1). When the latter is 
solved for F,„ the result 


Y,i = y,+\.i + 


Vii “ 




(14-7) 


is obtained. Elimination of from Equations (14-2) and (14-7) yields 

— hi “b j/ji ■“ y}+i,i 


When each side of this equation Is summed over all components, the result 
18 




i-i 




(14-8) 



1-1 



1—1 


= 0 


since 
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by Equation (14-6). Thus the temperature of the tiquid leaving plate j 
is iiiat value of T,- which gives /(T,) = 0 when 

/(n) = Z E?X,a,i - E ( 14 -«) 

• 1-1 1-1 

When this value of Tj is substituted into the right hand side of Equation 
(14-2), the sum of the KaZjt’fi will not in general be equal to unity. 


THE MODIRED VAPORIZATION EFRCIENCY 

For any component i this efficiency is defined by 

~ Vli/Yli (14-10) 

where is again defined by Equation (14-2). This efficiency was found 

to be far more convenient to use than the modified Murphree efficiency, 
particularly in the treatment of complex columns. Elimination of Yu from 
Equations (14-2) and (14-10) yields 

= y,i (J4-11) 

Thus the temperature of the liquid leaving plate j is that positive value of 
Tj which gives /(T,) =0, where 

fm = t, KK,aii - 1 (14-12) 

l-I 

For a liquid of known composition and c speci6ed values for the E^/s, 
Equation (14-12) is readily solved for T, by use of either Newton’s method 
or interpolation {regula falsi) as described in Chapter 2. Again the sum of 
the corresponding F„’s is not generally found equal to unity. 

If the liquid leaving plate j be required to be at its bubble point (i.e. 

e 

Yji = 1), then the conventional bubble point function is obtained by 

<—1 

use of Equation (14-2), namely; 


J(T,) - Z - 1 

i—l 

After Tj has been found, the corresponding values of F„ (or y*i) are calcu¬ 
lated by use of Equation (14-2). Then from the definition of Equation 
(14-10), the y^.’s are computed for (c — 1) of the components; that is, for 
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all components except component the one for which an is not 
specified. The mole fraction, yjk, is computed as follows: 

Viit = I - T, ya 

i9^k 

After yjk has been determined, the vaporization efficiency is calculated by 
use of Equation (14-10). Similar relationship.s may be developed for 
Murphree efficiencies. From a calculational point of view, the requirement 
that the liquid leaving plate j l>e at its bubble point leads to several awk¬ 
ward situations. First, the value of i/,* (obtained as descriljed previously) 
may be negative. If this condition occurs, the other efficiencies must be 
adjusted in some manner, which at best would be of rather an arbitrary 
nature. Secondly, how should the k*th component be selected? The results 
(solution) might well depend on the selection of this component. 

In conclusion, the requirement that the liquid be at its bubble point 
appeared to lead to too many computational problems which could be 
avoided by use of the modified efficiencies. 


‘ EFRCIENCY OF HEAT TRANSFER 


In a manner analogous to the development of the expres.sion for the 
Murphree plate efficiency (5), the following expression for the efficiency 
of heat transfer. 


- n 


(14-13) 


is readily shown to be related exponentially to the over-all coefficient of 
heat transfer, the heat capacity of the vapor, and the contact time between 
the vafior and lifjuid on plate j, where 




T) 

TUi 


Temperature of the licjuid leaving plate j, calculated by use 
of either E(|uation (14-9) or (14-12) (whichever is 
appropriate) 

Temperature of the vapor leaving plate j 
Tempt>rature of the vapor entering plate j 


Actually, tlu' complete expression for e, consists of a rearrangement of the 
well-known heat transfer relationship, q = UAATm. Ravicz (6) also em¬ 
ployed this relationship in his treatment of heat transfer in columns. Cor¬ 
responding te the definition of the vaporization efficiency, the alternate 
definition for the efficiency of heat transfer may be employed, 

e] = T)/Tf 


(14-14) 
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Each of the efiiciencks was investigated and found to give satisfactory 
results. 


USE OF THE MODIFIED MURPHREE PLATE EFFICIENCY IN THE TREATMENT OF 
CONVENTIONAL COLUMNS 

A hypothetical flow rate defined as follows is used in the application of 
the modified eflicicncies to distillation: 

i'* = ViYii (14-15) 

When the definition of Ky, as given by Etjuation (14-2) is substituted into 
this expression, the following result is obtained. 

vl = = (K,A:,./L,) L^,. 

Thus 

Vf% — or lf% — AiiVji (14—16) 

When the modified Murphree plate efficiencies are employed in the 
description of a conventional distillation column, the following material 
balances are obtained for the rectifying and stripping sections. 


Rectifying Section 

For a partial condenser: 

^ ^ (Vi/fl) - (1 - K,) 

<1, (F,/!))£?. + (1 - 

lot/df = Ani(di/di) 

Vu/dt — (loi/dx) + 1 

For a total condenser: 

vu/di = (WD) + 1 
In general: 

^ 4- A„(vi./dx)2 

d< (Ff„/F,)£?. + (1 - E?,)A,: 

^ ~1~ ‘^f-iAv/~\.*/dt)2 

di ~ + (1 - Ar-i,)A/_x, 

lii/di * {vM,i/di) - I, 1 g ^ - 2 


(14-17a) 

(14-17b) 
(14-17c) 

(14-17d) 


(14-17e) 

(14-17f) 

(14-17g) 

(14-17h) 


U-i.i/di =* {iti/dA •— 1 
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Stripping Section 

. — En+i.i Sif+i,i (14~18a) 

Oi 


hi 




hi/hi = ivt+i.i/hi) +1, f ^ N 


fSjSN 


(14r-l8b) 

(14-18c) 


Equations (14-17a) through (14-17h) for the rectifying section are 
developed in the following manner. !> or a partial condenser 


_ Xoi — yu _ {Vi/D)di — Wif 

” r« - yu “ (Vfl/rf? - »H 

where d* — DYm. Equation (14-19) may be arranged to give 



©(^)« 


1 ] 


(14-19) 


(14-20) 


The ratio, vu/di, is eliminated from Equation (14-20) by use of Equations 
(14-17b) and (14-17e) to give the desired expression for d*/d», Equation 
(17a). After the formula for d*/d« has been developed, the formulas for 
Ui/di and Vu/di, Equations (14-17b) and (14-17c), follow immediately. 

The expression for vti/di is obtained by beginning with a material 
balance around the top plate, ^ 


and the efficiency for this plate 

{Vt/Vi)vu - 

" (Vv'VOufi - 

as well as Equation (14-2) from which it is shown that 

l\i/di A.\i{V\i/d^ 


Elimination of vXi/di and lu/di frdni these three equations produces the 
desired result, which can be generalized to give Equation (14-17e). The 
remainder of the equations for the rectifying section are developed in a 
similar manner. 
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The equations for the strippii^ section are developed by commencing 
at the bottom of the column. For the rehoiler, the expression for the modi¬ 
fied Murphree plate efficiency reduces to 

= yy+t.i/Yjf+t.i = »jv+i,iA5r+i,< 

Also 

VN+l,%/f^i = 5iV+l.» 


These two equations are readily solved to give the desired result, Equation 
(H-lSa). Equation (14-18 b) is obtained in the following manner. A 
material balance around plate N yields 

Isi WA’+j.i ^ 

67 "TT 


This result follows from Equation (14-18c) for j = N. Also, for plate N 


and 


(Vjf+l/YN)VNi — 
(Fiv+i/Fjv)vSri — vs+i,x 

VNi — SsilNi 


These three relationships may be solved for v^i/bi to give Equation 
(14-18b), for j = N. Continuation of this procedure leads to the remainder 
of the equations stated for the stripping section. 


Selection of a Suitable Set of AAodifled Murphree Plate Efficiencies 

The form of the expression for the modified Murphree plate efficiency 
leads to a rather serious disadvantage inasmuch as manv apparently 
reasonable values for the plate efficiencies yield neipitive rates of flow. A 
procedure for the detection and modification of the troublesome values 
for the efficiencies was developed. Basically, the procedure is as follows. 
Each of the equations is examined and it is determined whether or not the 
specified value of £% would give a negative flow rate. If such a value of 
Efi is found, another value for Efi (one near the specified value) is selected 
as required to maintain positive rates of flow. An examination of the equa¬ 
tions for each section of the column follows. 


1. Examination of the Ef^s for thn Rectifying Section 

Consider first the numerator of Equation (14-17a). Since Vi/D is always 
greater than unity, the numerator of this equation is positive. If tiie de- 
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nominator of this equation is negative, it is set equal to zero and solved 
to give the maximum value of the efficiency, 



mftx 



^0,- - (Fi/D) 


(14-21) 


Then the following value for the efficiency is used in Equation (14-17a). 


•pM _ 

/iOi — 


1 + P 


(14-22) 


The symbol “p” is used to denote a small positive number of the order 
of ]0~*. Satisfactory results were obtained by taking p — o X 10~*. 

It is necessary that the value of v, 4 i,*/d» given by Equation (14-17e) 
be greater than unity in order to satisfy the material balances represented 
by Equation (14-17g). If the value of obtained is greater than 

unity, no further testing is required. If not, further examinations are made 
by use of the following expression, 


- (1 - 

di (V,^r/Vi)E%+ (1 - Er,)A„ 


(14-23) 


which is obtained by elimination of Vj+i,i/di from Equations (14-17e) and 
(14-17g). If the numerator of Equation (14-23) is negative, it is set equal 
to zero and solved for the minimum value of the efficiency, 

iE%)^in = 1 - (K,WE,)(t;,-./d.) (14-24) 

Then the following value for the efficiency is computed and used in Equa¬ 
tion (14-17e). 


E%= {I +p)(E^)mi„ (14-25) 


The procedure for testing the denominator of Equation (14-23) is analo¬ 
gous to that described for Equation (14-17a). The maximum value of Efi 
is defined by 




An 


An - (FyWEy) 


(14-26) 


If the denominator of Equation (14-23) is negative, the following value 
for the efficiency 

(14_27) 

1 4* p 


is employed in Equation (14-17e). 
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2. Examination of the for the Stripping Section 


Material balance relationships permit to take on any positive 
value. Thus if the v„/c/, as determined by use of Equation (14-18b) is 
negative, the expression is set equal to zero and solved for the maximum 
value of the efficiency 






Then the following value for the efficiency, 


(14-28) 


■pM _ 

iij, — 


1 + V 


(14-29) 


is used in Equation (14-18b). 


USE OF THE MODIFIED VAPORIZATION EFFICIENCY IN THE TREATMENT OF 
CONVENTIONAL COLUMNS 


The modified vaporization efficiency, defined by E<iuation (14-10) 
leads to a much simpler calculational procedure than does the modified 
Murphree plate efficiency. When modified vaporization efficiencies are 
employed, the material balances are found to be essentially the same as 
those shown in Chapter 3 for conventional columns. In fact, the equations 
become formally the same by use of modified absorption and stripping 
factors defined as follows; 


A^.. - — 

" ■ n- 


Li 


S^ji = E)iSii = E^jiKi,V,/Li 


(14-30) 

(14-31) 


USE OF A COMBINATION OF THE MURPHREE AND THE VAPORIZATION 
EFFtaB4CIES 

» 

This procedure consists of the use of successive sets of E]t^ as the first 
approximations of the specified set of On the basis of a selected set 
of E^iiS, each trial calculation through the column is made in the usual 
way. This procedure has the advantage over the direct use of Eft» in that 
the necessity for the examination of each plate efficiency as calculations 
are carried out through the column is eliminated. In the case of absorbers 
and complex columns, such an examination is impossible because the 
terminal flow rates must be determined prior to either the initiation or 
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completion of the 8tep>by-step calculations. Expressions (wrresponding to 
Equation (8-4) for the calculation of the terminal rates for an absorber 
would involve all of the plate efficiencies. Thus, if modified Murphree plate 
efficiencies were employed directly, negative values for the terminal rates 
could be obtained. It would then be necessary to determine which of the 
gave the negative rates. The following procedure eliminates this 
difficulty. In order to describe this calculational method, suppose a set of 
are known for each plate of a conventional distillation column. The 
first two or three trials (two trials were used) through the column may be 
made on the basis of « 1 for all plates and components. At the end of 
every subsequent trial, a better set of E>,’s are computed on the basis of the 
specified Ef/a and the compositions obtained by the last trial. The two 
efficiencies are related as follows: 

n - Ef,+ (1- Ef,) (14-32) 

If a ne^tive value for E% is given by Equation (14-32), the expression 
is set equal to zero and solved for the maximum value of the efficiency, 

(SfO™.- „ (l*-33) 

On the basis of the maximum value, an Efi is calculated by use of Equation 
(14-27). Then this Efi is used to compute by Equation (14-32). 

If formulas based on experimental results are available for the calcula¬ 
tion of a better set of Ef/s on the basis of improved sets of temperatures 
and compositions, they should be employed prior to the calculation of the 
E^u'a by Equation (14-32). 

Other Relationships 

The formulas for the calculation of the bi/di a for conventional columns 
as well as those for the computation the compositions (ya’s and x,<'8) are 
the same as those shown in Chapter 3. The total flow rates throughout the 
column are calculated by use of a combination of the constant-composition 
and Q-methods for making enthalpy balances as described in Chapter 3. 
When efficiencies for heat-transfer are employed, the vapor enthalpies ate 
evaluated at the temperatures required by the specified heat-transfer 
efficiencies. 

USE OF MODIFIED VAPORIZATION EFHClENaES IN THE TREATM^T OF 
COMPLEX COLUMNS 

The calculational procedure resulting from the use of modified vaporiza¬ 
tion efficiencies in the treatment of complex columns is far superior to the 
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prooedtire corresponding to the direct use of the modified Alurphree 
efficiencies. In the treatment of complex columns the use of a combination 
of modified Murphree and vaporization efficiencies was investigated and 
found to give satisfactory insults. 

Absorbers were used to investigate the use of efficiencies in the treat¬ 
ment of complex columns. The material balances for an absorber may be 
represented by equations that include either the top of the column and 
any given plate 


- = AU,i (—) + (l - 2 g i ^ AT -f 1 (14-34) 

Vu \ Vu f ' fi,/ 


or the bottom of the column and any plate 


f i—1.» 



1 ^ y ^ iv 


(14-35) 


The corresponding liquid and vapor flow rates may be computed from the 
vapor and liquid rates given by Ekjuations (14-34) and (14-35) by respec¬ 
tive use of the relationships: /„• = and Before calcula¬ 

tions may be initiated by use either Equation (14-34) or (14-35), the 
terminal flow rates must be evaluated by use of 

Inx + (fi*< + w®- ““ l)yjv+i.i 

— _ -^- (14-36) 

Vu M|/oi + Viv+l.i 

where 


Wi = AX'<Aw-i,». .. AjiAii 

= I + A%i -f AtriAif-i.i 4- ... + AwtAtf-i.i -.. Aj<Ajt 


and the over-all material balance, 


Vrf+i.i + hi 

1 4 " {Iffi/vu) 


(14-37) 


Round-off error is minimized by application of these equations in the 
same manner as described in Chapter 8. Also, it should be remarked that 
Equations (14-36) through (14-37) differ from those in Chapter 8 only by 
the superscript zero on Uie absorption and stripping factors. Similarly, the 
equations for columns from which side-streams are withdrawn differ from 
those stated in Chapter 7 only in the superscript zero. 

If a set of modified Murphree efficiencies is specified instead of a set of 
m<^fied vaporization efficiencies, the procedure described making use of a 
combination of the two types of efficiencies is recommended. It is applied 
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to complex columns in the same manner described (see Equations (14-32), 
(14-33), and (14-34)) for convention^ columns. 


illustrative Examples 

The use of the two types of modified efficiencies in the treatment of 
conventidhal columns was investigated by the solution of a wide variety 
of numerical examples, three dH which are shown here. Example 14-1 was 
selected in order to demonstrate the direct use of modified Murphree 
efficiencies. The same problem (called Example 14-2) was solved by use 
of a combination of the modified Murphre^and modified vaporization 
efficiencies. For Examples 14-1 and 14-2, the efficiencies were ordered in 
different ways as shown in Table 14-1. In order to further test the pro¬ 
cedure for the use of a combination of the modified Murphree and vaporiza¬ 
tion efficiencies, a bounded sot of random efficiencies was selected using a 
program that generated random numbers. The efficiencies so obtained 
(listed in Table 14-2) were taken as specifications for Example 14-3. After 
solutions had l)een obtained, the bubble point temperatures corresponding 
to the final liquid compositions were computed and tabulated in Tables 
14-3 and 14-6. In view of the wide range of efficiencies employed in the 
solution of the examples, the bubble point temperatures are surprisingly 
close to the actual temperatures. 

Note that if E’ft has the same value for each component, the actual and 
the bubble point temperatures are equal. This conclusion follows immedi¬ 
ately from Equation (14-9). Because of the manner in which the efficiencies 
were ordered for Examples 14-1 and 14-2, the efficiency for each compo¬ 
nent is equal to 0.9 on plate 2. On this plate the actual and bubble point 
temperatures are seen to be equal in Table (14-3). 

In the solution of Examples 14-1, 14-2, and 14-3 (shown in Tables 
14-3 through 14-C), the temperature of the vapor leaving each plate was 
assumed to be equal to the temperature of the liquid leaving the given 
plate. This amounts to taking the efficiency for heat transfer equal to 
unity for each plate, C; = e® = 1- The use of heat transfer efficiencies is 
illustrated by the solution of Example 14-^. Except for the specification 
of the heat transfer efficiencies, this problem is the same as Example 14-3. 
The random set of e/s selected for Example 14-4 are given in Table 14-7 
with the final solution. 

The use of a combination of modified Murphree and vaporization effi¬ 
ciencies in the treatment of complex columns is illustrated by Example 
14,-5 (see Tables 14-8 through 14-10). The solution to tiiis example was 
obtained by Lynch (4). 
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Table 14-2 Modified Muiphree efficiencies specified for Elxample 14-3 

(Bandom values for the efficiencies lyinjt between 0.01 and 2.0 were selected for all plates except the reboiler, and for the latter the random 
values were between 0.5 and 1.5.) 
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Efficiencies 

Component No. 

v«l 

pN 

0.941 

0.155 

1.003 

1.004 

0.826 

1.523 

1.432 

1.587 

1.053 

1.653 

1.123 

0.238 

1.040 

o 

1.003 

0.519 

0.750 

1.014 

1.054 

1.267 

d 

1.790 

1.205 

0.626 

0.715 

1.257 

1.034 

a 

0.051 

1.022 

069 0 

0.484 

1.174 

1.177 

0.350 

0.444 

I 

0.865 

1.134 

1.343 

0.731 

00 

1.032 

0.469 

0.830 

1.014 

1.858 

1.876 

1.228 

1.435 

0.784 

980 I 

0.119 

0.154 

1.226 

B 

0.340 

1.208 

1.287 

1.342 

0.085 

0.839 

998 1 

0.517 

1.433 

1.292 

O.lll 

d 

0.844 

CD 

1-483 

1.644 

1.014 

0.392 

OJ 

QO 

■O' 

1.929 

0.759 

0.345 

1890 

0.670 

0.807 

0.814 

1.032 


0.162 

0.635 

0.545 

1.110 

0.236 

1.273 

0.654 

0.097 

1.497 

0.887 

1.722 

1.374 

L _ _ . 

1.013 

B 

SOI 1 

1.840 

o 

d 

1.469 

1.997 

9610 

1.303 

0.552 

0.726 

1.774 

0.339 

0.934 

1.290 

eo 

1.632 

068 0 

0.745 

1.334 

1.623 

1.924 

IS 

to 

d 

1.354 

1.174 

1.272 

1.778 

8101 

1.147 

N 

1.659 

0.142 

1.823 

1.383 

0.394 

d 

ssro 

0.704 

1.713 

90ST 

0.533 

0.576 

806 0 

B 

0.284 

_ 

0.823 

0.327 

_ 

1.322 

0.866 

o 

t- 

d 

1.933 

1.253 

€890 

1.321 

1.869 

1.809 

1.132 
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Tabus 14-3 Solution of Example 14-1 obtained by iiuJting direct use of modified Murphree efficiencies 
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Product distribution 
(Trial No. 17) 


ii-oi X m f 

T 

s 

X 

7 

e 

X 

ri 

7 

o 

X 

'C 

ui 

_ 

2.8.52 

14.4MU 

15.198 

pat 

000 6 

8.500 

7.000 



*e 

2.000 

000 01 

5.992 

12.446 

0.648 

o 

«iid 

X 

a 

O 

D « 

7 

o 

X 

to 

« 

1.527 X 10-* 

7 

o 

•-< 

X 

md 

T 

o 

X 

s 


Component 

No. 


N 

eo 


T 

iO 

© 

00 

0» 

9 

Pd 



Vapor 

rates 

Trial No. 17 


00 

i 

O 

i 


78.6 

1U5.V 

119.8 

130.9 

140.4 

147.3 

151.0 

149.7 

125.0 

— 

1- 

Bubble 
point 
temp, of 
liquid 

97.08 

123.40 

140.08 

158.88 

201.64 

K O 

5 

ei 

to 

1 261.08 

267.01 

271.71 

278.57 

267.04 


« 

O 

'W' 

€ 6 

el 

lHI 

97.13 

123.50 

140.08 

158.11 

200.92 

223. 

238.83 

251.40 

259.74 

265.21 

269.25 

276.83 

w 

9p4 

ec 

66666 0 

C4 


123.49 

140.09 

158.11 

200.88 

222.3U 

238.85 

251.29 1 

259.77 

265.23 


276.82 

s 

CO 

31.601 

1.00077 


96.91 

123.32 

140.06 

158.23 

201.33 

222.3» 

238.74 

250.94 

o 

sM 

264.32 

268.52 

277.02 

328.63 

31.56 

0.967 

c« 

87.01 

*i4 

pat 

136.89 

1 160.67 

^ 1 

22tS.^/ 

242.11 

255.21 

r- 

r- 

278.39 

291.93 

310.73 

358.30 

31.68 

0.609 
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No 
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e« 

CO 
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© to 

t- 

oo 

o> 

o 

pd 

Pd 

04 

i 

o 

H 

<3 
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365 


* Averaged temperatures. Each calculated temperature profile was averaged plate by plate with the profile used to make the givm tiial 
calculation. 



Tabls 14-4 Solutirai of Example 14-2 by use of a combination of modified Murphree and v^wrixation efficiencies 
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Intermecfiate efficiencies 

Trial No. 

PHf 

0.785 

8 

s 

10.720 

4.212 

1 1.074 

890*1 

0.951 

• 

o 

1.221 

1.247 

1.502 

1.720 

0.400 


W 
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d 
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1.720 

0.400 

• 
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00 
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1.039 

686*0 
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e 
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aa 

•A 
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-1 
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f« 
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tej 
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tej 
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A 

O mS 
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•» 

oS 
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Temperature profiles (*F) 

Trial No. 


97.13 
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r'v 

S 

§ 

158.11 


222.39 

1 

251.27 
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269.25 

276.83 

327.65 

31.600 

1.0000 

iM 
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00 
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00 

00 
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276.82 

327.70 
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00 
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ao 

00 

153.82 
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Table 14-5 Final set of modified vapomation efficiencies obtained for Example 14-2 
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Vm* Ejffiei»nci9»/or Man and //cat Tran^fer 3Q7 


A 



1.720 1.575 1.396 1.360 1.099 0.972 0.987 1.166 1.324 1.477 


















































































Tablk 14-6 Solution of Example 14-3 for which a random set of modified Murphree etficienciee waa specified 
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l>(Calc.) 30.833 31.534 31.613 31.600 

9 0.616 0.049 1.006 1.0001 



























































Table 14-7 Solution of Example 14-4 in which heat transfer efficiencies are also employed 
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Product distribution 
(Trial No. 20) 
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0 

X 

«k 

T 

0 

X 

0 

T 

0 

X 

T 
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X 

at 
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T 

0 

pN 

X 

Ol 
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S 

1 

0 

pH 

X 

Comp. No. 


M 
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»c 

CD 


00 
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Temperature and vapor rate profiles 
(Trial No. 20) 



94.8 

94.7 

90.7 

75.4 

105.6 

TOST 

127.2 

110.7 

134.1 

6 OSl 

114.7 

110.0 

¥ 

104.54 

132.40 

150.92 

174.44 

214.12 

232.17 

229.56 

239.73 

00 

279.43 

283.30 

319.32 

U098 

£ 

»4 

100.65 

131.40 

150.43 

148.72 

200.44 

233.19 

228.11 

229.77 

257.10 

278.66 

270.82 

293.21 

367.75 

Specified 
heat transfer 
efficiency 
a (Eq. 14-13) 

_ 

0.877 

0.949 

0.980 

0.607 

0.569 

0.717 


0.724 

0190 

0.835 

0.743 

eo 
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Tabub 14-0 Solution of Example 14-5 by use of a combination of modified Murphree and vaporisation dficiencies 
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Intermediate efiiciendes 

Trial No. 


2.383 

0.914 

1.000 

1.000 

0.750 

1.300 

0.650 

009 0 

i 

S 
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_ 
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«o 
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000 1 
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<* 
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1 
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I 
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■ 

Temperature profiles (°F) 

Trial No. 


61 901 

8S60I 
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108.94 

107.79 
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97.41 
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e» 
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107.84 

104.04 

eo 

77.50 

85.002 

«o 

1^ 

106.13 
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109.26 
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Tabue 14-10 Fmal wt of modified vaporication dfieiendeB obtained for ICawnp Io 14~5 


Plate 

No. 

Modified vapoiisation^fficiencieB 

Component No. 

1 

1 

2 

' 

' a 

4 

5 

6 

1 


1.012 

1.088 1 

1.085 

2.383 

0.072 

2 

B 


1.014 

1.157 

7.498 

« 

0.914 

3 

1.000 



1.372 

84.753 


4 . 


nmol 

1.005 

2 167 

0.800 


'5 

[^9 

• 

1.000 

1.016 

B 

B 

0.750 

6 

a **4 

a 


1.010 

1.300 

0.700 

0 700 

B 

# 

a « 

ggi 

mum 


B 

IB 

1 - 

1 0.650 

8 

1.038 

0.096 

0.773 

1.318 

2.177 



NOTATION 

(Sea also Chapters 2 through 8) 

A = interfacial area per bubble of vapor 

ej — efficiency of heat transfer; defined by Equation (14-13) 

e° = modified efficiency of heat transfer; defined by Equation (14-14) 

Eft — modified Murphree plate efficiency (for mass transfer); defined by 
Equation (1) 

E^ — modified vaporisation efficiency; defined by Equation (14-10) 

fi jL fugaoity of a pure component in the liquid state and the fugaoity of a 
component in a liquid mixture, respectively; definitions follow Equap 
tions (14-3) and (14-5) 

^ fugacity of a pure component in the vapor state and the fugadty of a 
component in a vapor mixture, respectively; definitions toUow Equa* 
tions (14-3) and (14-6) 
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* . ' 

Ko over-all cd^oient for the traneter of mass from tiie vapor to the liquid 
phase « 

* tr 

P tots! pressure in the vapor phase 

F* ^ vapor pressure ctf. a pure component evaluated at the temperature of 
the liquid leaving a ^ven plate' - ■ 

r a: rate of mass transfer'; see Equation (14-3) 

T), Tj aa actual temperatures of the vapor and liquid leaving plate respectively 

«> 

v*i = a hypothetical flow rate; defined by Equation (14-15) 

Vji — mole fraction a component wot^hf in the vapor if the vapor were 
in equilibrium with the liqi^ paving pUt^ j 

f * 

Ya^ product of Ka and xa, where Uiese quantitiie^ are evaluated at the 
actual conditions of the liquid leaving plate j ; ^ 


PROBLEMS 

14-1 (a) By use of the mean value theorems presented in jOhapter 4 4nd. a.ma¬ 
terial balance, develop the following differential equation that describes 
the rate of transfer of a component from the vapor to the liquid phase 
as the vapor passes through the liquid on plate j. 

-diVyi)/dz= KoifiSiyi- F.) . 

where 

a — Interfacial area per unit volume of the liquid-vapor mixture on 
plate j 

Kai = Coefficient of mass transfer for component t on the y’th plate. 
(Note: this Kq differs from the one appearing in Equation (14-5)) 
= Mean cross-sectional area of the plate (i.e. the volume of the 
mixture on plate j is equal to z^S) 

z = Depth of the liquid-vapor nuxture on plate j; measured from the 
surface of the plate (z — 0) to the top of the liquid-vapor mixture 

(z = Zt) 

(b) Show tbaX 

exp( - Koifi&z^Vi) 

and state the assumptions involved in the integration. 

/ 

1. Repeat Part (a) of Problem 14-1 for heat-transfer and show that for 
any plate j 

-d(VH)/dz^ UaSiT*- T^) 

where 

V » mass rate of flow of the vapor 
H » enthalpy per unit mass of vapor 
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2. Show 4luit 

d(VH)/dz « Vc,{dT*/dz) 

and state the assumptions implied by this relationship. 

* 

3. Show that tiie foUowing eicpression is obtained for the efficiency of 
hea{ transfer. 

e, = 1 — exp( — UaSit/Vcp) 

and state the assumptions recpiired in order to obtain this expression 
by intefp'ation of lhadifferential equations given in Part (a). 

14-2 Develop Equations (14-17a) throufl^ (14-18c). 

14-3 Show that, when modified vaporization efficiencies are employed, the expres¬ 
sions for the material balance for a conventional column are as given by 
Equations (3-6) through (3-11) except that 4°, and 5°, appear instead of 
A ft and Sj%m 
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Determination of Plate Efficiencies 

and Otbfer Topics 



The first part of this chapter is concerned with the determination of a 
set of plate efficiencies on the basis of the usual available operational data. 
Other topics, some of which have not been thoroughly investigated, are 
discussed. One of the subjects considered is the reduction of the time 
required to solve problems. 


PUTE EFFICIENCIES 

Frequently the determination of a set of plate efficiencies from certain 
available operational data is desirable. Since this information is usually 
rather limited in scope, this fact must be recognized in the calculational 
procedure for the determination of the efficiencies. The method developed 
supposes that in addition to the usual specifications (such as the number of 
plates; the location of the feed plate; the type of condenser, D, Vi, F; and 
the composition and the thermal condition of the feed), the composition 
of the distillate (or bottoms) and the temperature on each plate are known. 
Although whether or not each plate operates adiabatically will be known, 
the total vapor and liquid rates throughout the column are not generally 
knoMm. Also, the compositions of the various streams throughout the 
column are seldom known. Because of this a method for the determination 
of the plate efficiencies was developed by Harris (3) requiring neither the 
knowledge of the internal flow rates nor the compositions. This procedure 
as,modified by Taylor (5) is presented. By use of it, problems such as 
Examples 15-1 and 15-2 may be solved in less than 10 minutes with an 
I.B.M. 709 computer. 
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Modified vapomation efficiencies were selected for use in the calcula- 
tional procedure and convergence method because of the relatively simple 
manner in which they may be combined with the procedure of Thiele and 
Geddes. Although the definitions of these eflBciencies, as well as the modified 
Murphree eflBciencies, were presented previously, they are repeated here 
for convenience. The modified vaporization efficiency is defined by 




and the modified Murphree plate efficiency by 


vu _ 

rj ii — 

i',-. “ ym,i 

The quantity has the definition 


( 1 ^ 1 ) 


(15-2) 


T;. = (15-3) 

I 

where Xji is the mole fraction of component i in the liquid leaving plate j. 
The equilibrium constant, Kji, Is evaluated at the temperature of the liquid 
leaving plate j. 

As discussed in Chapter 14, the equations stated previously for con¬ 
ventional and complex columns with perfect plates are readily converted 
to includes vaporization efficiencies by replacing the absorption and stripping 
factors, A,i and jS,„ by A®, and 5%, respectively. These factors were de¬ 
fined by Equations (14-30) and (14-31). 

Since the temperature of the liquid leaving each plate j is taken to be 
one of the specifications, a set of Ey.’s must be found such that the sum of 
the yi^s is unity. Thus 


E = 1 (15-4) 

which is readily developed by use of Equations (15-1) and (15-3). Further, 
the E]i8 must be selected such that the calculated values of bi/di are in 
agreement with the specified values. 

On the basis of assumed sets of E^/s and L/V% and the set of specified 
tempemtures, the Thiele and Geddes equations are applied as diown in 
Chapter 14 to give a set calculated values for 6,/di, The ^method may be 
applied in the usual way to obtain a better set of values for 6i/di, namely, 


(6i/di}e = Bibi/di)ea 


(15-5) 
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where the subscript “c” is used to identify the improved set of terminal 
flow rates. The quantity 0 is determined in the usual way such that the 
improved set of rates are in component-material balance, and in agreement 
with the specification D. The (bt/d,)e’s represent a good estimate of those 
values which would be obtained if the solution corresponding to tlwi 
assumed set of E]i8 were found by the procedure described in Chapter 14. 
A measure of the accuracy of the assumed set of i^,’8 is provided by the 
following ratio. 


(bi/dt) CO 

Jb-/d.)c 


(15-6) 


The specified values of are identified by means of the siibseript “co.” 

Thus the problem reduces to finding a set of such that simul¬ 
taneously, Equation (15-4) is satisfied for each j and Equation (15-6) 
reduces to &» = 1 for each i. At the end of each trial, flow rates throughout 
the column are found by use of the constant-composition and Q-methods. 
Compositions needed for carrying out these computations are found by use 
of Equations (4-9) and (4-10) modified as indicated by Equation (15-10). 
Also the enthalpies of the pure components are evaluated at the specified 
temperatures. 

If the results obtained by a given trial do not satisfy Equation (15-4) 
for each j and give dt = 1 for each i, another set of A";/s must be selected. 
This selection may be made by use of the convergence method presented 
in the next section. After the required set of has l)een found, the 
corresponding set of EfiS is given by the following expression 


1 - (yi+i.i/Yj*') 


(15-7) 


which is readily developed from Equations (15-1) and (15-2). 


Gxivergence Method 

In the follow!]]^ development a conventional column with a total con¬ 
denser, N plates, and a reboiler is considered. The total condenser is as¬ 
sumed to behave perfectly in that the distillate leaves the column at its 
bubble point at the column pressure. Then in view of Equation (15-6), 
the specification of the bi/dts alone fixes the temperature. To, of the dis¬ 
tillate. Since all of Uie 6t/d/s are specified, D is fixed. Also, the overhead 
vapor rate Vx (or Lo) is assumed to be specified. However, this specifica- 
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tion is not available for use in the selection of the £//s because it is com¬ 
monly employed in the determination of the condenser duty, Q,. 

Thus the problem reduces to the selection of a set of ^?y,’s such that the 
c + iV + 1 independent specifications (c values of 6,/d,) and AT d-1 values 
oi Tj) are satisfied. Observe that this relatively small set of specifications 
does not permit the selection of a set of £^,’s mutually independent for all 
j and i. In order to pick such a set, it would be necessary to make at least 
c{N + 1) independent specifications. This case was not considered because 
seldom .if ever are this many variables known with any significant degree 
of acciitacy. 

Although many schemes could be proposed for the selection of c(iV' + 1) 
values of in agreement with c + AT + 1 specifications, the following 
scheme, 

(15-8) 

gave satisfactory results for all problems considered by Harris (3). In this 
expression jS,- depends on j alone and depends on i alone giving N + 1 
values of‘/3y»and c values of f^t. Rearrangement of Equation (15-4) into 
functional form leads to the following definition of the function /,; namely. 


/,■ = -^-1 (15-9) 


Again each Kjt is evaluated at the specified value of Tj. Also, each xa is 
regarded as a dependent variable whose value may be determined for any 
choice of the independent variables, A®, and Since the corrected values 
of 6, (the specified values) do not reflect the choice of the £?s and /9y’s, 
the improved values of 6, that reflect the particular choice of the inde¬ 
pendent variables should be employed in the calculation of the t,/s as 
follows: 


(Z,./6.).a(6,). 




Z ilii/hi)ca{hi)c 


(15-10) 


The F/s and L/s that appear in the Thiele and Geddes equations are 
also taken to be dependent variables whose values may be found for any 
choice of the independent variables by use of enthalpy balances. With these 
intermediate calculations understood, the c values of and the iV 4- 1 
values of jSy are to be selected such that = 1 for all i and /y = 0 for all j 
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where 


Bi = Bi(£i, ^2, ■ ••£?, 01, 0s, • - - , 0s+i) ^ 


9s — 9 s{Ei, R% •. 01 , 0s, .. 0x+i) 


9c = 9c{E^, a .. 01 , 0s, - Av+i) 

/i tA, .... K0i,0t, ...,/3.v+i) 

Ss = /*(£?. £5, ..3i. 0s, ../3.V+1) 


(15-11) 


Jn+I = .... /i-o /32, .... ^^41) J 

After the n’th trial has been made on the basis of a set of variables denoted 
by Pfi, n and /3,.n, an improved set for use in the next trial (the n 4- I'st) 
may be found by use of the Newton-Raphson ecjuations which follow. 

d9i d9i d9i 

1—— A/9i + — ^0s + ... + ” A^at+i 
001 d 0 s d 0 N+i 


d9c ^ d9e „ d9e 

1 =® Se H-^ AjBi H-rr AEs + .. . + AEc 

dE\ dE\ dEe 


d9c d9c d9e 

+ ~ A0i H-— A^2 + • •. + “ A0N+1 

001 00s 00N-\.l 


0fi dfi 0fi ^ 

H- A0i H- A0S + ... H- A0N+1 

001 00s 00S+1 


0 = % Afil + % Afis + ... + ^ Afi; 


(15-12) 


. .a 

H- A0i H- A0S + ... + ~ A0N+1 

001 00s 00 S +1 
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where 


~ /5j,n+l *“ /3},ii 


The Newtx>n-Raph8on equations represent (c + iV + 1) equations in 
(c + JV 4- 1) unknowns, the ^®,„+i’s and iS/.n+i’s. The $iB and /,’s are 
evaluated on the basis of the last set of independent variables, the J^.n’s 
and jSy.n's. After the derivatives have been evaluated as described in a sub¬ 
sequent paragraph, the Newton-Raphson equations may be solved for the 
c values of and the (iV 4 1) values of /3, from which the next set of in¬ 
dependent variables (the £^,„+i’s and the iS/.b+i’s) are readily obtained. 

The partial derivatives appearing in the Newton-Raphson equations 
were evaluated numerically. The numerical procedure is applied in the 
same manner as described previously in Chapter 7. After the 9,’s and 
/,'s have been determined for the last set of variables {BXn, fii.n), the 
partial derivatives of 9i and /, with respect to the E'iS are computed in the 
same manner as that described for the A;’th component. Let all of the 
variables be held fixed at those values used for the previous trial except 
for Ek.n which is selected as follows, 

E^k.p = £*.n 4 p (15-13) 


The rate of convergence of the problem to the desired solution was in¬ 
creased by decreasing the values of p as the ^/s converged to the correct 
set. In general a value of p less than 10~® should not be employed, because 
for values of p less than this, the effect of round-off error becomes com¬ 
parable to the effect of the change in El on Bk and the //s. The sequence of 
p's stated in Table 15-1 was found to give satisfactory results. On the 
basis of this El.p, the remaining £t,n's, and the /9],n's, another trial calcula¬ 
tion through the column is carried out to give values for Bt and /i, ft, ..., 
fff+i. On the basis of the Bk so obtained and the one found by the previous 
trial, the partial derivative of Bk with respect to ^ is computed 


dBk _ Bk(El,p, fil.H, . . &N+l,n) (?*(JS*,n, /SaT+I.i.) 

dEl p P 


(15-14) 


The corresponding partial derivatives of the /,’s with respect to ^ are 
computed in a manner analogous to that which follows for /]. 


Bf\ fli,Et^,i, . . ., E^^p, . . ., Ec^n, ^l.ni • • •! ^iV+l,n) 

M p 


/.c£1 


l.ni 


E!k,n^ • • •* Efe.U} 0N+l.n) 


• • • 


P 


(15-15) 
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The purtial derivatives of the SiS and the //s with respect to any one of 
the /3 /b are computed by the same general approach. 


Treatment of Systems Containing Relatively Light and Heavy Components 


Methods for the analysis of a mixture of compounds are bound by 
certain well-known limitations, one of which is the size of the smallest 
amount of a component which may be determined quantitatively. Examples 
were solved in which tiie value of b./d, was assumed to be unknown for any 
component having either an Xm or an xai < 10~‘. The heaviest component 
having an Xj), > 10“® is referred to as the “heavy key” and indicated by 
the subscript “b.” The lightest component having an xsi > 10~^ is called 
the “light key” and distinguished by the subscript For all components 
having either an X^i or an xai less than 10~‘, the correct (or actual) values 
of their respective hi/di s are unknown. Thus the number of specifications 
is in effect reduced by the number of such components unless an equal 
number of arbitrary specifications are made. Although these specifications 
are arbitrary, they should be realistic in order to obtain a reasonable set 
of E°ji8. Several schemes exist for choosing a set of (6./d,)ee’s for the compo¬ 
nents lighter and heavier than the keys. Of these only one is presented. 
This scheme does not propose to choose a precise set of values for the 
{hi/di) ecS (for i < I and i > h) that are independent of trial number. 
Instead it consists of a procedure for the calculation of a corrected set of 
hi/diS on the basis of the results obtained for the last trial calculation 
through the column. More specifically, a single value of 9, (denoted by 8) 
fori < I and i > hw defined as follows: 


ihi/di)co = 8(bi/di)r, i < I (15-16) 

{K/di)co = 8ibi/di)c, i > h (15-17) 


This value of 6 is found by use of the following g function. 


m 


FX< 


+ z 


FX, 


1 -|- 0(bi/di)e j-j 1 + {bi/di)t 

Oh 


- D 


(15-18) 


The desired value of f is the one which makes g{8) — 0. For this value of 8, 
the (b,/dj)««'s for the “separated components” are both in over-all material 
.balance and in agreement with the specification D as well as the specified 
values of (bi/di) for the distributed components (1 through h). For the 
remainder of the trial (the evaliiation of the partial derivatives), the 
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values of (6,/d.)w given by Equations (15-16) and (15-17) are con¬ 
sidered to be the specified values. On the basis of these values of (bi/di) 
the derivatives are evaluated in the same manner as that described for 
the case where the (5v/d,)r«’s are specified at the outset of the ^ven trial 
or problem. In effect this procedure supposes that To is unknown. The < 
particular value obtained by the proposed procedure may differ slightly 
from the operational value. However, this deviation will probably be 
within the experimental accuracy of the measurement of this particular 
variable. Note also that, in the limit as convergence is obtmned, the pro¬ 
posed procedure leads to a value of unity for each 9,. 

When a partial condenser instead of a total condenser is employed, 
c + N + 2 equations in c -f AT + 2 unknowns are obtained. 


Illustrative Examples 

In order to test the convergence properties of the procedures described 
in this chapter, examples were first solved on the basis of a given set of 
Eyi’s (computed preassigned sets of values of and /3,) as described in 
Chapter 14. The resulting (6i/di)«,’s and T/s were taken as the specifica¬ 
tions for the problems used to test the procedures described in this chapter. 
Statements of Examples 15-1 and 15-2 are presented in Table 15-1, and 
the solutions are given in Tables 15-2 and 15-3. The specifications stated 
for these examples were found by solving the given problem as described 
in Chapter 14 on the basis of the following set of values for and 

^ = 0.75 + (i - 1) (0.05) 

- 1, for J - 1, 3, ..., 9, 11 
/3, = 0.9, for j = 2, 4, ..., 8, 10 

As shown in Table 15-2, these values were determined by the procedures 
presented in this chapter. The calculational procedure wa^ followed as 
described in the development. 

For the case w'here some of the bx/di'a are unknown, the proposed 
calculational procedure is illustrated by the solution of Example 15-2, 
shown in Table 15-3. The efficiencies for the distributed components ua 
in good agreement with those found in Example 15-1. Although the pro¬ 
posed procedure did not give the same efficiencies as those found in Example 
15-1 for the component lighter and heavier than keys, the procedure did 
lead to convergence and to very nearly the correct set of efficiencies for 
the distributed components. In view of die specifications for thi8*pa^cular 
.example, the results obtained are as good as may be. expected. 



Table 15-1 Speeificstions for EzampleB 15-1 and 15-2 
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15-2 Same as Example 15-1 except that the 6,-Af,'s for componenta 1, 2, 9,10, and 11 are considered to be unknown. Also, 

the temperature (To) of the distillate is taken to be unknown. 




















































Table 15-2 Values of 9i, Pj, and vapor rates obtained in the solution of Example 15-1 



























































































































Table 15-3 Values B?, 6,/d„ 0, and vapor rates obtained in the solution of Example 15-2 





To « 12l.549rF (Trial No. 10) 
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OTHER TOPICS 


Speed 


In the interest of reducing computing costs, any increase in the rate 
of solving problems is always desirable. The bubble point procedure, 
Equation (2-2), requires an appreciable percentage of the computing time 
for the combination of the Thiele and Geddes calculational procedure and 
the 9-method of convergence. Determination of temperature by use of the 
bubble point procedure consists of finding a IT,- such that/(3r,) = 0 (the 
actual limit employed was 1 /(T,) \ ^ 10~®). When the temperature of each 
plate is calculated with this accuracy, the time required for the determina¬ 
tion of these temperatures amounts to anywhere from about one fourth to 
one half or more of the total running time. As the number of plates is in¬ 
creased, the relative amount of time required to make the bubble point 
calculations increases. Thus the determination of temperatures represents 
a rather obvious area worthy of further investigation. Recently, some work 
was done along this line by Abdel-Aal, Anthony, Taylor, and Wetherold 
(1). The results obtained are promising. 

The method considered has as its basis the fact that, as convergence is 
obtained, the relative volatility of each component for each plate does 
not change between successive trials. (Note, this does not imply that the 
relative volatility of a component becomes independent of plate number 
as convergence is obtained.) Instead of finding the T, such that/(7’,) = 0, 
the method consists of finding a first approximation for Tj indicated by 
Tj,n+i. If the relative volatilities were independent of temperature, the 
approximate value, Ty.n+j, would also be the correct value. In order to 
make this calculation, a component is selected as the “base” or reference 
component, and its A-value is identified by the subscript “6.” (This com¬ 
ponent need not be present in the mixture under consideration.) Let the 
temperature used to make the last set of trial calculations through the 
column be indicated by r,.„. Then as shown in Chapter 2. 


Kb Iry.n+i = 


Kb Iry.n 


f r 

CS Kji a,-,- 


i-l 


i-1 


(15-19) 


Thus if the a's are independent of temperature, this expression gives the 
correct value of Kb, and the correct temperature may be obtained from a 
curve fit such as: 

T - o + 61iC6 + ciiCj + diiCj + .... (15-20) 

Although the a’s may vary with temperature, the value of Kt ^ven by 
Equation (15-19) approaches the correct value as convergence is obtained. 
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Also, the temperature corresponding to the Kb computed by use of Equa¬ 
tion (15-19) is the same as the one given by use of the y^/s; immely, 

Afc S l/jt/aji Iry.i, (15s-21) 

1-1 

[See Problem 4-2 (d).] 

Problems were solved in which each of several hypothetical components 
were used as the base component. Perhaps, the most unusual of these was 
the one for which the coefficients in Equation (15-20) have the following 
values; a = c = d= ... =0, and 6 = 1; that is, 

T = Kb (15-22) 

However, for the conventional-column problem considered (Example 5-7), 
the overcorrections which resulted from the use of such a component led 
to a bouncing of the temperatures from the lower to the upper limits of 
the curve fits. This component is like a light hydrocarbon in that its value 
of K is large at the temperatures involved in Example 5-7. It differs from 
the light hydrocarbons in that for all T its slope, dKb/dT = 1, whereas for 
the light hydrocarbons, dK/dT approaches zero as T increases as discussed 
in Chapter 6. As the temperature scale for this base component ( T = Kb) 
was changed from ®R to ®F, the tendency toward overcorrection was 
diminished. Although this particular base component was investigated 
no further, additional work might produce a useable procedure. 

The use of hypothetical components having simple relationships for T 
as a function of Kb permits the direct determination of T,.»+i once the cor¬ 
responding value of Kb has been computed by use of Equation (15-19). 
The use of such components avoids the necessity for the determination of 
a set of coefficients (a, 6, c, d, ...) for Ab as a function of T. Other hypo¬ 
thetical base components investigated are thosM3 having the following 
relationships between Kb and T, 

Kb = a-\'hT (15-23) 

In Kb = (h/T) + o (15-24) 

Of these, the second has a Kb versus T relationship most nearly like that 
of a hydrocarbon. In order to define completely a particular base compo¬ 
nent, two values of Kb at each of two values of T are required. Values of 
Kb evaluated at the lower and upper temperature limits of the curve fits 
for each of several components were employed as indicated in Tables 15-4 
through 15-9. The component whose /C-values at Ti.l. and Tu.l. are used 
to determine the constants in Equations (15-23) and (15-24) is called the 
“hypothetical base component.” In Table 15-4, i-C 4 is the “hypothetical 
base component.” 



Table 15-4 Solution of Examples 5-7 and 5-1 by use of several different procedures for the determination of the temperatures 



t At the «id of the number of trials indicated, each of the temperatures used to make a pven trial calculation with the corre- 

spmidmg cdculated temperatures to within four digits. “Averaging” is used to indicate that for each trial after the firet, the temperatures 
irere averaged, as described in Chapter 5. 






















































Table 15-6 Effect of the hypothetical base component on the rate of convergence of conventional columns at minimum reflux 
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The results given in Table 15-4 show that the solution of Example 5-7 
is obtained in the smallest amount of time by use of the expression given 
by Equation (15-24) for Kb, where the hypothetical base component is 
taken to be i-C 4 . 

The results given in Tables 15-5 and 15-5 show that the tendency 
toward making overcorrections increases as lighter and lighter components 
are used as the hypothetical base component. On the other hand the use 
of a very heavy component as the base results in overdamping. Both of 
these tendencies are diminished as the boiling range of the feed is decreased. 
In general, the best results seem to be obtained for conventional columns 
by use of cither the middle component or the next lighter one as the hypo¬ 
thetical base component. Averaging of the temperatures is also recom¬ 
mended. Although averaging increases the computing time for problems 
having narrow boiling feeds, it made possible the solution of problems con¬ 
taining a large percentage of methane; see Example 6-6, Table 15-5. 

The use of the middle component as the hypothetical base component 
plus the averaging of temperatures decreased the running time for the 
minimum-reflux problems by more than one half. The results obtained 
for several examples are presented in Table 15-6. 

In the case of absorbers two problems were considered in order to in¬ 
vestigate the effect of the relative amounts of methane in the rich gas and 
the relative amount of lean oil on the rate of convergence. In Example 
8-2 the rich gas contained 70 moles of methane and 20 moles of lean oil 
(n-Cg), whereas in Example 15-3 (see Table 15-7) the rich gas contained 
25 moles of methane and 70 moles of lean oil. The results given in Table 
15-8 show that as the amount of methane is decreased and the amount of 
lean oil is increased, the tendency toward overcorrection is decreased until 
overdamping is obtained. Again, the choice of the middle component as 
the hypothetical base component plus the averaging of the temperatures 
gives good results. 

For the particular stripper example considered, the results are presented 
in Table 15-9. This problem. Example 8-3, contained a relatively large 
amount of the heavy, 500-componcnt, which tended to promote damping. 
Again, less computing time was required to obtain the solution by use of 
KbB rather than bubble points. However, the amount of time saved by 
using KbB rather than bubble points was not appreciable for this particular 
example. 


Design Specifications 

Historically the subject of distillation has been approached from the 
standpoint of design, making necessary the determination of the minimum 
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number of plates required to effect the specified separations for the two 
key components at a speciffed value of Lo/D. Of course certain other specifi¬ 
cations such as the complete definition of the feed stream, the type of con¬ 
denser, and the column pressure are made. In practice most of the problems 
are of an operational nature in that they usually involve the determination 
of the product distribution that can be expected when a given column is 
operated at a specified set of conditions. As described in previous chapters, 
extensive use of the combination of the 5-method of convergence and the 
Thiele and Geddes calculational procedure has been made in solving prob¬ 
lems of the operational type. At the time of this writing no attempt has 
been made to extend this combination to obtain a direct solution for the 
design problem. These problems have been solved indirectly by obtaining 
solutions for each of a series of problems in which the total number of 
plates, as well as the location of the feed plate, is varied. 

It should be pointed out that the product distribution obtained by the 
5-method at the end of the first few trials represents a good approximation 
of the correct distribution. This is particularly true for conventional 
columns as reflected by the temperatures obtained for the distillate and 
bottoms (see Example 5-2, Table 5-5). If the product distribution is 
approximated in this way, the time required to solve several cases would 
be appreciably reduced. In the neighborhood of the desired solution, it 
would be desirable to obtain convergence for each case. 

Another approach has been taken by Erbar and Maddox (2). They 
improved an existing graphical correlation in which the number of plates 
required to effect a specified separation of two components at a given Lo/D 
is represented as a function of the minimum reflux ratio and the number of 
equilibrium stages needed to effect the separation at total recycle. 

Peiser (4) has described a direct method for solving the design problem 
that makes use of the calculational procedure of Lewis and Matheson and 
the 5-method of convergence. With minor modifications, it should be 
possible to apply this method to the Thiele and Geddes calculational 
procedure. A suggested combination follows. By this approach a set of 
values for AT (number of rectifying plates) and M (number of stripping 
plates) tibiat minimize the total number of, plates and satisfy the separa¬ 
tion specifications at the specified value of Lo/D is found every time a 
trial calculation through the column is made. The separation specifica¬ 
tions may be stated in terms of the 5’8 as follows: 


(bk/dk)eo ^ ^ 

(bk/dk)ca 


(15-25) 


(bl/dl)e» ^ J 

ibl/dl)ta 


(15-26) 
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where the subscript denotes the specified values and "ca” tlie calcu¬ 
lated values of b/d. The specifications are stated in terms of inequalities 
in order to eliminate solutions involving a fractional number ol plates. 
The introduction of these inequalities usually leads to two or more com¬ 
binations of N and M which both satisfy the specifications and minimise 
the total number of plates. The further restriction that is to be mini¬ 
mized as well as the total number of plates reduces the number of solutions 
to one. A scheme for finding such a set of values for N and M is readily 
devised. One such is as follows. First let M be held fixed at rine upper limit 
for the number of plates permitted for the stripping section. Then compute 
the values of h/d for the keys for different values of N until the smallest N 
that satisfies the separation speciheations is found. Next, decrease the 
value of M by one and repeat the procedure described. Continuation of this 
process leads to the desired set of values of N and M for the given trial. 
The calculated d.-’s and 6,’s corresponding to this set of values for AT and 
M are used as the corrected raters in the formulas for the calculation of the 
compositions. Also the distillate rate, D, for the next trial is taken equal 
to the sum of these d,’s. Corresponding to the particular set of values found 
for N and Af, the temporatures and flow rates arc found in the usual way. 
Then the procedure is repieated. In the addition and removal of plates, it is 
suggested that this be done within each section of the column at the point 
where 


ir«. - T,\ 

was a minimum for the previous trial. When the values for N and M and 
the temporaturcs do not change between successive trials, the desired 
solution has been found. 


NOTATION 


(See Chapters 7 through 14) 


LITERATURE CITED 

1. Abdel-Aal, H. K., R. G. Anthony, D. L. Taylor, and R. G. Wetherold, personal 
communication. 

2. Erbar, J. H. and R. N. Maddox, ‘‘Latest Score: Reflux vs. Trays," Pelr(4eum 
Rilfiner, 40, No. 5,-183- 



Clutp. 15 


Determination of Plate Effieieneiea 397 


3. Harria, T. R., "Determination of Plate Efficiencies for Conventional Columns/' 
M.S. thesis, A. and M. College of Texas, College Station, Texas. 

4. Peiser, A. M., "Better Computer Solution of Multicomponent System," Chemi- 
cal Engirmring, 67,126* 

5. Taylor, D. L, (To be used as part of the research requirement for the Ph.D. 
degree at the A. and M. College of Texas). 



Thermodynamics of Vapor-Liquid 
Equilibria of Multicomponent 

Mixtures 


16 


Many of the thermodynamic relationships for solutions are needed in 
order to describe various methods proposed for the correlation of vapor- 
liquid equilibria data. In this chapter certain of these relationships are 
developed. A knowledge of the thermodynamics of pure components is 
assumed. In view of this assumption the general development moves 
rapidly from the first and second laws to the resulting expressions for 
multicomponent mixtures. Particular attention is devoted to the partial 
molal quantities and to the fugacities of components in mixtures. All of 
the thermodynamic relationships needed in Chapter 17 for the correlation 
of vapor-liquid equilibria data are derived in this chapter. 


THE RRST AND SECOND LAWS OF THERMODYNAMICS 

The first law (the energy of the universe is constant) implies that the 
internal energy function, is independent of path. As a consequence of 
the second law (heat does not of itself flow from a body of lower tempera¬ 
ture to one of higher temperature), the entropy function, 5, can be shown 
to be independent of path. For a pure component both the first and second 
laws are contained in the expression 

dE^TdS-PdV (lfi-1) 

The expression “independent of path” has physical significance. With 
respect to vapor-liquid equilibria, it means that the internal energy, E, 
and the entropy, S, of a system depend only upon the state of the system 
as described by temperature, pressure, volume, and composition. The func¬ 
tions E and S are also independent of all previous states of the system. 

398 
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Furthennore, such functions are independent of the history of the system, 
that is, of all processes which have been employed to change the system 
from one state to another. 

In most applications only the difTerence in energy between two states 
of a system is required. Since the energy of a system depends upon the 
state of the system alone, the difference in energy, AE, of two states of a 
system is given by 


AE = E 2 — El (16~2) 

where Ei and Ez denote the energies of the system in the initial and final 
states, respectively. In view of this fact functions independent of path are 
also called “state functions.” Functions of this type are also known by 
names such as, “potential functions,” “exact differentials,” and “point 
functions.” 

The function W (work) and the function Q (heat) are examples of the 
class of functions called “path functions.” 

From the standpoint of thermodynamics the most significant mathe¬ 
matical properties of state functions are summarized in the following 
statement. The necessary and sufficient condition that the line integral 

I = f M(x,y) dx + N{x, y) dy (16-3) 

be independent of the path described by curve C is that 

dM/dy — dN/dx (16-4) 

This statement means two things. First, if the line integral I is independent 
of path, then dM/dy = dN/dx. Second, if dM/dy = dN/dx, then the line 
integral I is independent of path. 

Properties of line integrals are described by Sokolnikoff ei al. (8). 
Additional exercises are given at the end of this chapter. 

Since the internal energy, E, is independent of path, 

{dT/dV)s - {dP/dS)v (16-5) 

which follows from Equation (16-1). This is one of the well-known “Max¬ 
well relations.” For convenience these partial derivatives are referred to 
as the “cross-partials.” Another useful property of line integrals is the 
following one. If the line integral I is independent of path, a function 
. /(^i v) exists such that 


d/(x, y)/Bx - M(,x, y) and d/(a:, y)/dy = N{x, y) (16-6) 
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Thus if J is independent of path, the integrand of Equation (10-3) is seen 
to be the exact differential of /; namely, 

d/ = {d//dx) dx + {df/dy) dy 


Also for such a function, Equation (10-4) states 


a*/ a*/ 

dy dx dx dy 


(16-7) 


Therefore, if the line integral / depends upon path, a function / cannot be 
found which satisfies simultaneously both of the conditions of K<]uation 
(16-6). Etjuations (Hi-O) and (16-7) imply that the explicit statement 
of a function in terms of its independent variables assures its independence 
of path. Thus for any function /, M (x, y) and (x, y) are independent of 
path. For example, suppose/(x, y) = x* + Then 


df = 2x dx -h 2y dy 
dM/dy = dN/dx = 0 

‘and the function M - 2x is likewise independent of path. 

Equation (16-1) implies that K is a function of the independent 
variables S and V. Thus, 


dK = (dE/dS)y dS -f (dE/dV)s dV (16-8) 

Comparison of Eejuation (1(>-1) and (16-8) shows (^dE/dS)v - T and 
{dE/dV)s = —/■*. These relationships also follow from lOquations (16-1) 
and (16-6). 

In addition to the functions E and 5, other thermodynamic functions 
in common use are as follows: the enthalpy H, the work function A, and 
the free energy <7. These are also state functions and arc defined by the 
following equations. 


H = E + PV 

(16-9a) 

A ^ E - TS 

(16-9b) 

G H ~ TS 

(16-9c) 

Combination of these definitions with Equation (16-1) gives 


dH ^ TdS+VdP 

(16-lOa) 

dA * -SdT - PdV 

(lO-lOb) 

dG^-SdT+VdP 

(lO-lOc) 
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Each of these is an equivalent statement of 'the first and second laws of 
thermodynamics for a pure component. 

Of these the free energy function G is the most convenient for the con¬ 
sideration of vapor-liquid equilibria because the independent variables P 
and T are those most easily and commonly measured in the laboratory. 
This dependents is represented symbolically by C? = G(P, T). Thus 


dG = {dG/dT)p dT + {dG/dP)T dP (16-11) 

and comparison with Equation (16-lOc) gives 

{dG/dT)p = -S and {dG/dP)r = V (16-12) 


For a multicomponent mixture the total free energy is a function not 
only of P and T but the moles, of each component present in the mix¬ 
ture, G — G(P, T,ni, He). The total differential is given by 


dG 



dT -H 



dP -f- 



(16-13) 


The convention adopted is that the subscript n, means that all of the n’s 
are held fixed, and 


(.dG/dnt)p^T,nj means {.^G/dni)p^T^nj,nt . 

that is, j does not equal i. Since a pure component may be regarded as 
a mixture in which the composition is held constant, it follows from Equa¬ 
tion (16-13) that 

{dG/dT)p,nt = idG/dT)p = -S and (a(?/aP)r.»< = {dG/dP)T = V 

(16-14) 

In view of this result Equation (16-13) reduces to 

dG = -5 df -)- F dP + 2 (?, dm (16-15) 

1-1 

where 

Oi = (BG/dni)p,r.nf 

Equation (16-16) may be called the first and second laws of thermody¬ 
namics for multicomponent mixtures. The ^.*s are called the partial molal 
quantities. The partial molal quantity 0 , was introduced by Gibbs (2), 
who called it m, the chemical potential. The physical significance of the 
partial molal quantities is best described by consideration of the variation 
of .the volume of any solution with respect to the moles of any one of its 
constituents. After ideal and nonideal solutions have been examined, addi¬ 
tional relationships involving the free energy functions are developed. 
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IDEAL AND NONIOEAL SOLUTIONS 

Several equivalent definitions of ideal solutions exist; that is, any one 
of these may be taken as the definition and the others will follow as eonse- 
quences. Thus the choice of a particular definition is largely a matter of 
personal preference. The definition taken here was selected because it 
describes a physical phenomenon which is easily visualized. Also, it leads 
to a logical introduction of partial molal volumes for the description of the 
volumetric behavior of ideal solutions. In addition this approach is helpful 
in the description of the properties of the partial molal quantities. 

An ideal solution is defined simply as one which obeys Amagat’s law 
of additive volumes. That is, the volume of an ideal solution at a given 
temperature and pressure is equal to the sum of the volumes of its pure 
constituents at the same temperature and prepare. 

V = n\V\ + njWj + WjVa -1- ... + njOe (16-16) 

where 

n,- moles of component t; the total moles of solution is denoted by 

e 

nr = 2 nt 
1-1 

Vi — volume of otw mole of pure component i at the temperature, T, 
and pressure, P, of the solution. 

V — volume of nr moles of solution at P and T. 

By this definition volume is conserved when components that form an 
ideal solution are mixed. Many actual mixtures do not obey the simple 
relationship given by Equation (16-16). Because of the simplicity of this 
expression, to be able to express the variation of the volume of an actual 
solution by use of a similar expression would be desirable. 

As pointed out by Guggenheim (4), the use of partial molal quantities 
produces a formula that is not only symmetrical to E(]uation (16-16) but 
also gives the correct volume of the mixture. This formula consists of 
Euler’s theorem (8) for homogeneous functions. The extensive thermo¬ 
dynamic functions T, E, S, H, A, and G are all homogeneous of degree 1. 
This degree is assigned to that class of functions having the common 
property that 

F(Xni, Xn*, Xna, ..., Xn,) =* XK(ni, n*, ..., n.) (16-17) 

where X is any real number. For example, if the number of moles of each 
component in a mixture be doubled (at constant temperature and pressure), 



Clh«p. H 


Tfurmo^fytmmiea cjf Egidttbrim 403 


the volume of the resulting mixture is twice the initial volume. For such 
functions Euler’s formula is 

V = + ... + (16-18) 

where 

= (dV/dni)p,r.n,- 

« partial molal volume of component t; evaluated at the pressure, 
temperature, and composition of the mixture. 


Although V is not homogeneous in the intensive variables P and T, it 
remains a function of these variables. 

In the physical interpretation of the partial molal quantities, it is helpful 
to investigate their deviations with respect to the corresponding molal 
volumes of pure components at the same temperature and pressure. For 
an ideal solution, the deviation for each component is zero. This is readily 
shown by differentiating each side of Equation (16-16) with respect to n* 
at a given temperature and pressure as follows: 

Vk = idV/dnk)p,T.n, — nk(dVk/dnk)p,T.iij + Vkidnk/dnk)p,T.n, 


+ 



iWl 


(16-19) 


Since v,- and all of the n/s except rik are independent of nt, it follows that 


\\ = VkiP, T) (16-20) 


The representation, VkiP, T), is used to emphasize the fact that the molal 
volume of the pure component k is at most a function of P and T. Also, 
note that the equality given by Equation (16-20) holds for each compo¬ 
nent of the solution defined by Equation (16-16). 

Physical significance of the molal and partial molal volumes is afforded 
by the following examples. First consider a solution whose volume is given 
by Equation (16-16). Suppose the moles of components 2 through c are 
held fixed, the moles of component 1 are varied from ni = o to ni = b, and 
the temperature and pressure are held fixed. This process is represented 
by the straight line in Figure 16-1. The sldpe is then given by 

( dV\ (bvi 4- n^>i ... + ritVc) — (ovi + njVj + ... + n«Ue) 

dnjpj.n, (6 - a) 

= (6 — a)vi/{b — a) = Vi 

or 

f 1 = Vi 

For the case of a nonideal solution whose volume changes as shown in 
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Moles of component \,n^ 

Figure 1(^1. Variation of the volume of an ideal and a nonideal 
solution with respect to the moles of component 1 at constant 
pressure and temperature. 



Figure 16>4B. Variation of the volume of a nonideal solution 
containing the same components as the one in Fig. 16-1. Each 
V in Fig. 16-2 is twice as large as the corresponding V (nonideal 
solution) in Fig. 16-1 and contains twice as much of each 
component. 
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Figure 16-1, the slope of tlw curve at any given value of nj is the partial, 
molal volume. The partial molai volumes depend only on the relative 
amounts of each component present. This fact is illustrated by comparison 
of the curves for the nonideal solution in Figures 16-1 and 1&-2. In Figure 
16-2 the initial solution (at % = 2a) contains twice as much of each com¬ 
ponent as the initial solution (at ni =» o) shown in Figure 16-1. The slope 
Fj at ni = 2a in Figure 16-2 is equal to the slope Fi at ni = a in Figure 
16-1. The analytical proof of this property is readily established.* 


CERTAIN FUNDAMENTAL REUTIONSHiPS OF THE PARTIAL MOLAL QUANTITIES 

Because of the many existing relationships the following discussion is 
limited primarily to those that are needed in the consideration of vapor- 
liquid equilibria. In addition to being state functions, E, S, H, A, and G 
are also homogeneous functions of degree 1 with respect to the n,-’s at any 
given temperature and pressure. At any given temperature and pressure 
these functions may be stated in terms of their partial molal quantities. 
For example, 


// = E n.H.; 5=2 mSi] G = E niOi 

1-1 i-l 1-1 


(16-21) 


* Proposition-. The partial molal volumes, Ft, Fi, Vt, • • •, 9, fat a solution containing 
ni, At, A}, • • •, Ac moles of components 1 through c are equal, respectively, to the partial 
molid volumes of a solution eontsining Xai, Xaj, Xai, • • •*, Xac moles of each component. 

Proof: Since the volume of a solution is homogeneous of degree 1 in the Ui’s, 

V (Xai, Xnt, • • *, XAe) - XF(ai, Af, • • •, a*) 

For convenience let Z,- be defined by Zi >- Xuj 

For definiteness consider component 1. Differentiation of the first expression with 
respect to Zi, yields, 

dV (Z|, • • •, Ze) XdV( ai, • • *, Ai) 9ni 
dZi Sai dZi 

From the definition of Z, it fcdlows that 

dAi/dZi •“ 1/X 

Hence 


6V (Z|, «»», Ze) ^ SV (A|, ■« ’, Ai) ^ ^ 
BZ\ dAi 


dVjZt, Zi) ^ SV(At, A«) ^ p. 
dZi dni ■ * 


Thus in gmeral 
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The line integrals of state functions of sevend variables are independent 
of path (8), and Equation (16-4) and others analogous to it apply; that 
is, the cross-partials oi the expression for the total differential are equal. 
Thus, from Equation (16-15), it follows that 

idCi/dT)p,n, = -idS/dni)p,T,ni = -Si (16-22a) 

(d0i/dP)T.n, » {dV/dni)p,T.ni * f.' (16-22b) 

and 

idGh/dnk)p,T.ni = (dOk/dnk)p,T,ni (16-22c) 

These equations are recognized as the Maxwell relations. Also, in view of 
the discussion following Equation (16-7), it follows that the partial molal 
quantities are independent of path. 

Another fundamental relationship, called the Gibbs-Duhem equation, 
is frequently used in the examination of experimental results of vapor- 
liquid equilibria. It is readily derived by commencing with Equation 
(16-15) and the expression for G as given by Equation (16-21). The total 
differential of G as given by Equation (16-21) is 

dO — n,- dGi -|- 23 dui (16-23) 

1-1 i-i 

Subtracting Equation (16-15) from (16-23) yields the well-known Gibbs- 
Duhem equation 

SdT^VdP+Y^mdGi (16-24) 

i-i 

At constant temperature and pressure, this expression reduces to the more 
familiar form, 

C 

23n.d<5. = 0 (16-25) 

1-1 

In subsequent developments two other forms of Equations (16-24) 
and (16-25) are required. In one of these, the partial derivatives of the 
with respect to pressure are employed. Formally this expression is obtained 
by dividing each differential of Equation (16-24) by dP and writing 

€ 

-F -I- £ n,{dOi/BP)T,ni = 0 (16-26) 

i-i 

The validity of this procedure follows from application of Equation (16-27). 
For convenience this formula for computing partial derivatives (6) is 
called the '‘chain rule.” For this development consider the case of a pure 
component and the functions G * G{P, T), P * P(w, u>), and 
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T T(u, w), where u and to are any pair of independent variables. The 
partial derivative of G with respect to u at constant w as given by the 
chain rule is 

(d<7/du)« = {dG/dP)r{dP/du)^ + {dG/dT)pidT/du)u, (10-27) 

In view of Equation (16-12) this expression reduces to 

(dG/du)^ » -5(dr/dtt)«, + V(dP/du)u (16-28) 

This same result may be obtained from Equation (16-iOc) by use of the 
formal procedure used to obtain Equation (16-26). Hence the operational 
or algebraic property of du is established. 

The Gibbs-Duhem equation stated in the form 

i n< (^‘) = 0 (16-29) 

t-1 ^dnifp,T,n, 

is used extensively in Chapter 17 in the treatment of activity coefficients. 
This expression is developed from Equation (16-25) in a manner analogous 
to that described for Equation (16-26). Physical signihcance may be 
attached to the partial derivatives appearing in Equation (16-29) by 
construction of the following graphs. From a plot of G versus rii, the slope 
of the resulting curve at any given ni gives the partial molal free energy, 
Oi, in the same manner as illustrated for volume in Figure 16-1. Then a 
plot of these slopes, ^I’s, versus ni may be made. The slope of the curve so 
obtained at any given ni is 

(dGi/dni)p,T.nj 

Since Gi is a function of the composition alone (at any given P and T) 
plotting versus Xi might appear more desirable. However, confusion is 
likely to arise, particularly in the interpretation of the partial derivatives 
because, if xi is varied, xt through Xe cannot be held constant. The possibility 
of confusion is avoided by differentiating with respect to ni rather than xi 
because it is clear that % may be varied when na through ne are held 6xed. 
However, in a subsequent section, the partial derivatives of Equation 
(16-29) are stated in terms of mole fractions and properly interpreted. 

A relationship exists between the partial hiolal free enei^, Gi, and the 
partial molal enthalpy. Si. This relationship is developed as follows. 
Equations (16-9a) through (16-9c) also serve as the definitions for the 
functions H, A, and G for mixtures as well as pure components. Partial 
differentiation of each member of Equation (16-9c) with respect to n,- at 
constant temperature and pressure yields 

Gi * Si - TSi 


(16-30) 
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EliBainataon of by use of Equation (16-22a) yields 

1 

T \lT)p,ni " P 7^ 
Since it is readily confirmed by differentiation that 

\ dT TUT/p.n, 

Equation (16-31) reduces to 

\ dT ) “ T* 

P.ni . 
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(16-31) 


(16-32) 


THE PERFECT GAS MIXTURE 

In this section the relationship between the partial molai free energy 
and the partial pressure of a component in a perfect gas mixture is de- 
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Figure 16-3. Alternate path for the calculation of the change in 
the partial molai free energy in going from the standard state to 
the mixture of vapors. 


veloped. A perfect ^ mixture is defined as one for which the molai volume 
of each component present in the mixture is given by 

v\ = RT/P (16-33) 

The volume of the mixture is 

y = 2 n,v\ = (RT/P) 2 n.- (16-34) 

Note that the definition of a perfect gas mixture b more restrictive than 
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definition of an ideal solution. Equation (16-33) requi^l '^e znolal 
volumes of each component to be the same function of P and T\ whereas, 
Equation (16-16) permits each w, to be a different function of P and T. 

The difference between the partial molal free energy for a component 
in its standard state and in a mixture is independent of path and may be 
evaluated by use of any path such as the one shown in Figure 16-3. Al¬ 
though the standard state of each component is arbitrary (denoted by 
Po), it is usually taken to be the pure component in the vapor state at the 
temperature and total pressure of the mixture (Po = P). 

In Figure 16-3 the variables held fixed in going from one state to 
another are enclosed in parenthesis. The changes in the partial molal free 
energy are as follows. 

States ® —> ®: 

rPi rPi RT Pi 

(Piipi, T) -- GKPo, T) = / vUP^^ i 

• ■'/H> 'Po P Po 

States ® -+ 

&i{P, T) - T) = r »; dP = o 

"'pi 

Summing the free energy changes yields 

(5KP, T) = (7KPo, T) + RT In {pi/P,) 

When the particular standard state pressure Po = P is selected, this ex¬ 
pression becomes 

T) - CAP, T) + Kf In (p,/P) (16-35) 

which Tcducec to 

(5KP, T) = (?'<(P, T) + RT In Vi (16-36) 

since the definition of pi is taken to be 

Pi = Pyx 


* Although may he a function of c values of y, in addition to P and T, in the 
interest of brevity this fact is not included in the functional notation (?<*(P, 7*). Assume 
that 


OtHP, T) - T, yji Vh •••» y.) 

The "bar** suffices to distinguish the partial molal quantities from the Qi's for the pure 
oonaponmits. The latter are, of course, functions of P and T alone. 
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IMPERFEa GAS AMXTURES 

The dehnition of fugacity which is used to describe imperfect gas 
mixtures is suggested by consideration of an alternate form of Equation 
(16-35), obtained by partial differentiation of each member of this equa> 
tion with respect to P to give 



Hence 

{dG\/dP)T,n, = RT{d In Pi/dP)T.n, (16-37) 

For an imperfect gas mixture the left hand side of Equation (16-37) 
is equal to T'i, but the right hand side is equal to v'i = RT/P. A new 
variable, the fugacity f\o( a, component in a mixture, is defined such that 
it'is always in agreement with both the derivative of with respect to P 
and V\ as follows; 

(dGVdP)T.n, = RT{d \nri/dP)T.n, (16-38) 

Hence 

V'i - RT{d \nri/dP)T.n, (16-39) 

When the standard state of any component i in the mixture is taken 
to be the pure component (in the vapor state) at the temperature T and 
the total pressure P of the mixture, the difference between the partial 
molal free energy of component i in the mixture and in its standard state 
may be calculated by use of a path analogous to the one shown in Figure 
16-3 to give 

6i(p, T) = r) + ar In (Tv/!) (i6-40) 

where 

CTiiP, T) - free energy of one mole of the pure component i evaluated 
at the standard state conditions, P and T 
f \ - fugacity of pure component % evaluated at the standard 
state conditions, P and T 

7 { » fugacity of the pure component i in the mixture evaluated 
at the total pressure P and temperature T of the mixture. 
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P'or ti pure component in the vapor phase, the fugacity is defined* by 


and 


{dGVdPh « RTid ln/VaP)r (lfi-41a) 

lim (fi/P) = 1 (16-41b) 

/»-*o 


By subtracting Equation (16-^35) from (16-40) and then taking the limit 
as P goes to zero, it follows that 

Urn Cfi/Pi) = 1 (16^2) 

p-a 


THE LEWIS AND RANDALL RULE FOR THE VAPOR PHASE 

Since an ideal solution will be defined in terms of its volumetric be> 
havior, the Lewis and Randall rule (5) should follow as a consequence of 

* Alternately, the fugacity of a pure component in the vapor phase may be defined 
by the equation: 

O’RTlnf^ + B{T) (A) 

where B{T) is the constant of integration obtained by integration of the second ex¬ 
pression given by Equation (16-12) for a perfect gas (Pv «• RT); namely, 

G’• RTbiP+ BiT) (B) 

On the basis of this definition and the experimental fact that actual gases approach 
perfect gases as P tends to sero, that the relationship given by Equation (16-41b) 
follows as a consequence can be shown. 

Proof: 

For any known value 6* for an actual substance, a function c(F) exists such that the 
correct value of the free energy is pven by 

O’ • RT InP + B(T) + t(P) (C) 

From the definition of c(P), note that for a perfect gas 

«(P) - 0 

for all P. Since all gases become perfect as P approaches zero, it follovra that 

» 

Um«(P)-0 (D) 

P-O 

Also from the definition of c(P), the same value of O’ is given by Equations (A) and 
(C) for actual substances. Subtraction of Equation (C) from (A) yields 

RTIn(P/p)t(P) (E) 

Taking the Unfit of both mdes of Equation (E) as P approaches sero gives the desired 

result, Equation (16>41b). 
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this definition. That it does is diown as follows. Partial differentiation of 
each member of Equation (lff-40) with respect to P yields 


/^\ _ /dG^A 

NdP/r.ni \dP )t 


+ RT 


/dlnfyf\\ 

\ dP /T.nt 


For an ideal solution this expression reduces to 


v\iP, T) = v\{P, T) + RT 



Thus 


\ BP fT.ni 


(16-43) 


This equation shows that when the temperature and composition of a 
mixture are held fixed, the ratio /<//* is independent of pressure. At any 
given temperature, the general solution of Equation (16-43) is 


hm = Viivi, (16-44) 


A more precise expression for in is given by recalling that the limit of 
'fi/fi as P goes to zero is y,; that is, 

lim/i/n = yi ^ lim m 

But since fi/fi and m are independent of P, the following relationship 
holds at all pressures, 

fi/fi = yi. (16-45) 

This is the well-known l^ewis and Randall rule for an ideal solution of gases. 
When this result is substituted into Equation (16-40), the expresdon 

(J5(P, T) = GMP, T) + RT In ji' (16-46) 

is obtained. 


THE LEWIS AND RANDALL RULE FOR THE UQUID PHASE 

In the development that follows, the hypothetical state of a liquid at 
zero pressure is encountered. Although hypothetical states are perfectly 
permissible for state functions, it is necessary to define the properties of 
the mixture in this state because they cannot be determined experimentally. 
Although the definition of a hypothetical state is arbitrary, once selected 
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it must be retained for all subsequent developments. Thus the properties 
of a liquid mixture at zero pressure are by definition the same as those of 
a perfect gas mixture. 

In the treatment of vapor-liquid equilibria, the standard state of each 
component in the liquid mixture is commonly taken as the pure component 
in the liquid state at the same temperature and pressure as that of the 
mixture. The difference in the partial molal free energy between the two 
states is independent of path; it may be calculated by use of a path analo¬ 
gous to the one shown in Figure 16-3. The result 

GHP, T) = GHP, T) + RTlnff/f^ (16-47) 

is readily obtained. This relationship together with the dehnition of an 
ideal solution, Equation (16-16), may be used to obtain the l.(ewis and 
Randall rule for a pure component in a liciuid mixture. 

Again, partial differentiation with respect to pressure yields a result 
analogous to the one given by Equation (16-43). In view of the definition 
selected for the hypothetical state of a liquid at zero pressure, it follows that 

lim/.V/f = ar. 

p-»o 

Hence/tV/i' = x. at all pressures and gives the desired result 

Si = Shi (16-48) 

Combination of Equations (16-47) and (16-48) give another useful 
relationship for an ideal solution of liquids, 

(?f(P, T) = GHP, T) + RTlnxi (16-49) 


PHYSICAL EQUiUBRIUM 

The necessary conditions for any mixture (nonideal or ideal) of compo¬ 
nents in each of two phases to be in equilibrium may be taken as follows: 

y* _ j>L 

» 

P* = P^ (16-50) 

< 5 ; = 

Beginning with equations of this type, the Gibbs phase rule, 


(P 4- *0 = c + 2 


( 16 - 51 ) 
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where 

(P — number of phases 
V *= degrees of freedom 
c » number of components 

may be deduced as shown by Denbigh (1). 

Note that since the fugacity /«■ of a component in a mixture (vapor or 
liquid) is defined by a partial differential equation, Equation (16^),* 


O © ® 



Figure 16-4. Paths used to develop Equations (19-63) and 
(16-54). 

it does not follow immediately that 

r, (16-52) 

For example, if y = x + 2, then dy = dx, but certainly y is not equal to 
X. The equality given by Equation (16-52) will be shown to follow as a 
consequence of the definition of the fugacity, Equation (16-38), and the 
necessary conditions for equilibrium, Equation (16-50). Furthermore, 
Equation (16-52) holds regardless of the standard state selected for each 
component, (lilmont (3) has shown that a sufficient condition for Equar 

* The definition of fugacity of a component in a liquid mixture is obtained by refdac- 
ing the superscript v in this equation by the superscript L. 
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tion (16-52) to apply is that the same standard state be selected for a 
component in the liquid phase as that chosen for the pure component in 
the vapor phase. 

For definiteness, suppose the standard state of component i in the 
vapor phase is taken to be the pure component in the vapor state at a 
pressure Po (which differs from the pressure P of the equilibrium mixture) 
and at the same temperature as the equilibrium mixture. Also, for definite¬ 
ness let the standard state be taken as the pure component in the liquid 
state at its vapor pressure Pi at the temperature T of the system. Since 
6i is independent of path, the difference in free energy between a compo- 


© © @ 



Figure 1<^S. Path used to go from the standard state of a 
component in the vapor phase to the standard state of the same 
component in the liquid phase. 


nent in the e({uilibrium mixture and in its standard state may be calculated 
by use of the paths shown in Figure 16-4 and Equation (U>-^'i9). The 
change in the free energy along the path © —* ® —» ® is given by 

C\{P, T) = (W\ T) + RT\n (16-53) 

If a fugacity is to be evaluated at a pressure other than the equilibrium 
pressure P, the particular pressure is carried as the second subscript. 

For the path ® —* ® —♦ ®, it is readily shown that 


6f(P, T) =. 6f(.Pi, T) + RT In (Id-M) 

In order to complete the proof of the equality given by Equation 
(16-52), a relationship must be obtained Indween the free energy of a 
component in standard state ® and in standard state ©. The desired rela¬ 
tionship may be obtained by use of the path between the standard states 
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® and 0 as shown in F%ure l6>-5. For this path the following results are 
obtained. 

States © —» 0 

G^(Pi, T) - G^(P„. T) = RT\n (16-55) 

States 0 —♦ 0 

OHP^, T) - Cn{Pi, T) = RTln UipJM (16-56) 

For a pure component at a pressure equal to its vapor pressure at the 

temperature T, the vapor and liquid phases are in equilibrium, and Equa¬ 
tion (16-50) reduces to 

(TiiP, T) = G^Pi, T) (16-57) 

Therefore, it follows from Equation (16-56) that 

n.p. = ftp. (16-58) 

In view of these relationships Equation (16-55) may be rewritten in the 
form 

GHPi, T) - CniPo, T) = RT In UtpJf\.p,) (16-59) 

For a component in vapor and liquid mixtures which are in equilibrium 
at P and T, 

&i{P, T) = OHP, T) 

by Equation (16-50). Thus the right hand sides of Equations (16-53) 
and (16-54) are equal. Hence 

Gf(Pi, T) - (?[(/»„ T) = RT\iiCmi)Uipjri.i:) ( 16 - 60 ) 


Since the left hand sides of Equations (16-59) and (16-60) are equal, 


(Ti/ft) UtpJM = Sipjri.p, 


(16-61) 


from which the desired result. Equation (16-52), is readily obtained. 

Note that when the pressure of the equilibrium mixture is taken as the 
pressure for each of the standard states. Equation (16-59) becomes 

Gt{P, T) - G\{P, T) = RTlnft/fi (16-62) 


which is referred to in subsequent developments. 
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DERNinON OF THE EQUIUBRtUM CONSTANT K< FOR VAPOR-UQUID 
EQlNUtfRIA 


For any component i, Ki is defined as follows: 

Ki » yi/xi (16-d3) 

When defined in this way, Ki is independent of the standard states selected 
for a component in the vapor and liquid phases. 

When both the vapor and liquid phases are ideal solutions, Ki is shown 
to be independent of composition and a function of P and T alone in the 
following manner. Since at equilibrium, the left hand sides of Equations 
(16-46) and (16-49) are equal, the right hand sides may be equated to 
give 

GHP, T) + iJirinari = CTUP, T) + RTlnyi 


When this expression is solved for pi/xi » iC,, the result 


Ki = exp 


GhP, T) - CTijP, T) 
RT 


(16-64) 


is obtained. The molal free energies of a pure component are independent 
of composition; therefore, the right hand side of Equation (16-64) is a 
function of P and T alone. Therefore, for an ideal solution (vapor and 
liquid), Ki is a function only of P and T. In the investigations described 
in Chapters 2 through 15, Ki was taken to be independent of composition 
and a function of P and T alone. 

When both the vapor and liquid phases of an equilibrium mixture are 
nonideal solutions, Ki is found to be a function of both the vapor and 
liquid compositions. For the case of a nonideal vapor solution, partial 
differentiation of Equation (16-40) with respect to pressure leads to 

/dln7?/A 

V-(P, T) - v’iiP, T) = (16-65) 

V dP 'T.n. 

Since the left hand side of this expression is* a function of P, T and the 
composition of the vapor, the right hand side is a function of the same 
variables. Thus a general solution may be stated in the form * 


7?/f5 = y^'1\{P, T, yi, ys, ..., y*) 


or simply 


h/n = 


(16-66) 
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Note that the left hand side of Equation (16-66) has the limit y, as P 
approaches zero. Thus it follows that 

lim “y f *= 1 

i*-*o 

For a component in a nonideal liquid, the expression 

}i//< = (16^7) 

where 

yi = yi{P>T,xi, ...,Zc) 

is obtained in a manner analogous to that shown for Equation (16-66). 
Equation (16-47) is taken as the starting point in the development of 
Equation (16-67). 

Since = fi at equilibrium, Equation (16-66) and (16-67) may be 
combined to give 

y'if'iyi = yf'fhi (16-68) 

or 

K, = yiSkh’iS' (16-69) 

Equations (16-66) and (16-67) may be rearran^d to give the following 
expressions for the activity coefficients: 


(16-70) 




(16-71) 


Integral expressions for these activity coefficients are obtained as follows. 
Integration of Equation (16-65) is indicated by 




which gives 


. fiVi RTh 


f in - v\) 

J A 


(16-73) 


since 7*//i has the limit yt as P approaches zero. Similarly, for a component 
in the liquid phase, 




(16-74) 
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RaATipNSHIP OF THE B4THALPY OF A COMPONB>IT TO ITS FUGACITY AND 
ACTIVITY 


In the investigation of the convergence methods, the enthalpy of each 
phase was calculated by use of the formula for an ideal solution. For any 
component of an ideal solution of vapor, Equation (16-46) applies. This 
expression may be rearranged to give, 


CKP, T) 
T 


G\{P, T) 
T 


•+■ /? In yi 


(16-75) 


Partial differentiation with respect to T yields 


/d&'i/T\ 

fdCTi/n 

\ dT )f.,„i " 

\ dT )p 


(16-76) 


Since the left hand side of this expression is equal to {—RyP) and the 
right hand side is equal to { — Uy'P), the result 


fVi = m (16-77) 

follows. Hence 

= 2 UiR'-i = £ n,H\ (16-78) 

«-l i-l 

Similarly, for an ideal liquid solution, 

(16-79) 

and 

niRi = E n^H{' (16-80) 

»-i I-l 

^here 

H% Hi = enthalpy of one mole of vapor and of one mole of liquid, 
respectively, of component i, .evaluated at the temperature 
and pressure of the respective mixtures. 


Actually, the effect of pressure on and Hi was also neglected in the 
solution of most of the illustrative examples presented in Chapters 2 
through 15. 

The partial molal enthalpies of nonideal solutions of vapor and liquid 
are related to their respective fugacities as follows. Division of each mem¬ 
ber of the expression for the nonideal vapor, Equation (16-40) by T 



Chap. 16 


420 TharmodynaMevof Vt^tat’-iAquid EquUiMa 


foHowed by partial differentiation with respect to T yields, 


/a^/r\ 


In7?/A 

\ 9T }p,., 

\ BT tp 

\ BT fp.ni 


In view of Equation (16-32), the left hand side reduces to 

\ R'H ) V dr )p,ni 


(16-81) 


The right hand side of Equation (16-81) may be stated in other forms. 
Since y,- is held constant in the partial differentiation with respect to T, it 
is evident that* 


m ^ ( d \nn/(m \ ^ ( d In y^ \ 

\ Rr I \ BT /p.n. \ BT )p,ni 


(16-82) 


The last equality follows from the definition of 7 ®, Equation (16-70). 

Similarly, for a component in the liquid phase, a development analogous 
to the .one shown for the vapor leads to the results 


and 



(16-83) 


(lfr~84) 


Other relationships involving the activity follow. 


THERMODYNAMIC RELATIONSHIPS OF THE ACTIVITY COEFFICIENTS 


In the development of these relationships the liquid phase is used. 
Because of the nature of the liquid phase, it generally deviates from an 
ideal solution far more than does the gas phase. As discussed in the next 
chapter, several empirical expressions consisting of power series in the 
compositions have been proposed for the correlation of the experimentally 
determined activity coefficients at a given temperature and pressure. 

These series may be of any arbitrary form provided they satisfy the 
Gibbs-Duhem equation. In order to test (or select) these series, a state¬ 
ment of the Gibbs-Duhem equation in terms of activity coefficients is 
needed. This expression is developed by commencing with Equation 
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(1&-29). The partial derivatives appearing in this equation are evaluated 
by use of the following expresrion. 

GHP, xc) * GHP, T) + RT In yhi (16-85) 

which was obtained from Equation (16-47) and (16-67). Since Gi{P, T) 
is independent of composition, it follows that 

1 ?^ +(L)(£i<) ] 

LV dni 'p.r.m 'Xi/ \dni/p,T,niJ 


Substitution of this expression into Equation (16-29) produces 


RT'^m 


+RTi (^5;) (^) = 0 

\ dui ‘p,T.ni i-1 'r*' '3ni/i»,r,nj 


(16-86) 


Since 


n,- xjiT ni 

- =- ^ nr, xi = --7-— 

Xi Xi TOi ”|- n 2 + ... Hr We 




n2 


n« 


then 


Wi + n* + .. - + »e 


Wx H- ni ... + ne 


(; 


<dn\l T,P.nj 

(dX2/dni)r,p,nj 


nx ^ 1 
nr nr 
—na/nr 


nr — fii 
Tip 


Thus 


(dx«/dnx)r.f.ny = -ne/np 


<-x '«./ ^dni/p,p,nt \ np / , \np f 


+ •••+“'(“ 5 ^)+"" ('if) “ 


nr — rti — n* — ... — n* 
np 


* 0 


Hence Equation (16-86) reduces to the Gibbs-Duhem equation. 

fd In yh 

ni\ 


=0 

\ dnx *p,r,ni 


(16-87) 
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This expression may be stated in terms of mole fractions. First, division 
of each term by nr pves 




(1&-S8) 


Next, apply the chain rule to obtain 

(d In = (5 In 7</da:i)p,r.n,(da:i/dni)/>,7-.„^ 

= (d lnr^/dxi)p,T,nfl(nT - ni/n})] 

When this result is substituted into Equation (16-88), the following form 
of the Gibbs-Duhem equation is obtained. 


=0 

{.I \ dXi fp.T.n, 


(16-89) 


This formula implies that Xx is changed by changing ni while holding 
through ne fixed. Actually, this type of variation is more restrictive than 
is necessary. A more general result is obtained as follows. 

, Suppose the total number of moles, nr, of the mixture is held fixed, and 
that for any given variation in ni, the quantities nj through n* are to be 
varied in any arbitrary manner whatsoever subject only to the condition 
that nr is fixed. Since 


^ ni •+• Tij -j- na -f* • ■ • “1" n* — nr 
partial differentiation for this case yields 


^ ^ 3(nj + na + ... + n*) 
dnx 

Observe that although the individual variations 


(16-90) 


dna/^ni, drta/dni, ..., dfie/dni 

are arbitrary, the value of their sum is fixed by the relationship given by 
Equation (16-90). 

The general development for this case is formally the same as before— 
down to Equation (16-86). Commencing at this point, 

* /d In 7h * /n,\ /dXi\ 

,-1 \ dni fp.T.nr »-l 'Oni/p,T,nT 


But 
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Thus the second summation of Equation (16-91) haa the vidue 
1—1 '3;»/ wWi/p.r.nr ' dwi / p , t.*t 

(16-92) 

Hence Equation (16-91) reduces to the following form of the Gibbs>Duhem 
equation; 

C 

2]) ni{d In yh/^n\)p,T,nf — 0 (16-93) 

1-1 

Following a development similar to that used to obtain Equation (16-89) 
yields 

E Xi{d In y^i/dxi)p,T.nr = 0 (16-94) 

1-1 

If the total moles of the mixture be understood to be held fixed at any 
value, say 1, the subscript nr may be dropped. 

Further physical significance of the Gibbs-Duhem equation may be 
demonstrated by u^ of Equation (16-26), which involves the derivatives 
of (/{ with respect to pressure at constant temperature and composition. 
When these derivatives are replaced by their values as given by Equation 
(16-22b), the following result, Equation (16-18), is obtained 

F = £ n.y. 

1-1 

This is recognized as Euler's formula for a function which is homogeneous 
of degree 1. Thus, if a proposed activity function satisfies the Gibbs- 
Duhem equation, the homogeneoiis degree of 1 for the volume is preserved. 


THE EXCESS FREE ENERGY FUNCTION 

In the examination of experimental results, the excess free energy func¬ 
tion is found to be useful. The excess free energy per mole of solution, g®, 
is defined as follows: 

9^ = 9 (actual solution) — g (ideal solution) (16-95) 

Thus, 

c c 

g* = 2 a;<(^i’)«»tu«i - 52 a;<(Gf ) We«i 


(16-96) 
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For purposes of partial differentiation the expression G‘ for liie excess free 
energy for nr moles of solution is more convenient. Since 


nrg* = G‘ (16-97) 

it follows that 

t ideal (16-98) 

1-1 t-i 


The excess free energy is readily stated in terms of the activity coefficients. 
Subtracting Equation (16-49) from (16-47) gives 

(tf?)-.™! - = srinTf 

When this result is substituted into Equation (16-98), Ihe expression, 


G^/RT = 52 rii In yf (16-99) 

t-i 

is obtained. Termwise partial differentiation with respect to ni yields 

RT \dni fT,P.ni i-I ' 6ni /T,P,ni i-1 ^dni/T,P,ni 


(16-100) 

The firat summation on the right hand side is recognized as the Gibbs- 
Duhem equation and has the value of zero. In the second summation the 
derivatives have the following values, 


0 ) “ *-• (• 



= 0 

\ani/r,i»,»y V 

imi/r.p.ny '0 

^i/r.F.ny '0 

r.e.ny 


once all of the n's are held fixed except ni. Thus Equation (16-100) re¬ 
duces to 


RT Vdni rp.p.m 


(16-101) 


Since component 1 was selected arbitrarily, an analogous result would 
have been obtained for any other component. Thus Equation (16-101) 
may be stated in the general form. 


1 fdG‘\ 

RT \dn< /r.j»,iiy 


(16-102) 
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where it is understood that for each choice of t (say 1 = 2), tit, fit, rii, K 
are held fixed. 

For the case where nr is held fixed instead of nj, ua, Uc, the followii^ 
result 


J_ (—) ^ (?±) 

RT \dni fp,T, nr 1-1 'dni/i»,r,„r 


(tort) 


(16-103) 


is obtained instead of Equation (16-101). Until the manner in which 
each n« (i — 2 through t = c) is to be varied with respect to ni (with nr 
being held fixed) is specified, no further reduction of Equation (16-103) 
is possible for a general multicomponent mixture. However, for the special 
case of a binary mixture the precise variation of n* with respect to ni at 
constant nr is determined, 

dfii dna dur dria 

= i+_=.o 

dni dtii drii drii 

For a binary mixture in which nr is held fixed. Equation (16-103) reduces 
to 


1 r r r , 

^ It-) = - to rf = to yS-M (16-104) 

ItJ \dni fp.T,nr 

This holds for all values of ni from ni = 0 to ni = nr (or a;i = 0 to ii = 1). 
This expression is commonly stated in terms of mole fractions. Equation 
(16-104) is converted to this form as follows. Partial differentiation by 
the chain rule yields 



Integration from xi = 0 (pure component 2) to Xi = 1 gives 

^ [8* to-. - 8* to-] = / (to (16-105) 

tti •'0 ' 

Since all solutions consisting of pm« components are ideal, 9' = 0 at 
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Zi •= 1 and Zt = 0, Thus Equation (16-105) reduces to the w^l-known 
result of Redlich and Kister (7) 



(16-106) 


for binary mixtures. This expression may l)e employed to check the thermo¬ 
dynamic consistency of the experimental data by plotting In yi/yt versus 
xi. For data which are consistent, the total area under this curve from 
Xi = 0 to Xi = 1 is of course equal to zero. 


NOTATION 


A = total work function; energj' units 

c — total number of comixinents 

C — name of the curve (or path) prescribed for going from one 
state (or point) to another 

E = internal energj'; energy- units 

AE — Ei— E\ ] the differtmce of the energj- of the system at states 
2 and 1. respectively 

/(x, y) — function of the variables x and i/, where x and y do not neces¬ 
sarily represent mole fractions 

/;, f\ = fugacitie.s of pure component i in the vai)or and liquid states’ 
respectiv«‘ly; evaluated at the temperature T and total pres¬ 
sure P of the mixture; atm 

/, = fugacity of a component i in a mixture; it is evaluated at the 
temperature and total pressure of the mixture; atm 

f\,f^ — fugacjties of component i in the vapor and liquid phases 
(mixtures), respectively; evaluated at the temperature T 
and total pressure P of the vapor-liquid mixture; atm 

= fugaeities of component i in the vapor and liquid phases 
(mixtures), respectively; evaluated at a pressure equal to 
the vapor pressure which component i exhibits at the tem¬ 
perature T of the vapor-liquid mixture; atm 

Tx.Po — fugacity of component i in the vapor phase (mixture); 
evaluated at the temperature T of the vapor-liquid mixture 
and at some arbitrarj' pressure denoted by F®; atm 

G = total free energj'; energj' units 
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(?, = free energj' of one mole of pure component t; energy units 
per mole 

0^ » total excess free energy of a solution; defined by Equation 
(16-98) ; energy units 

9* = excess free energj' per mole of solution; defined by Equation 
(16-95) ; energj' units i^er mole 

H — total enthalpy; energj’ units 

Hi = enthalpy of one mole~of pure comfxinent i; energj' units per 
mole 

ffi = partial molal enthalpy of component i; energy units per mole 

I — value of the line integral along the prescrilwid curve C from 
one sfjecified point to another specified [xjint on cur^ e C 

Ki = value of y,/xi for component i in a vapor-liquid mixture at 
equilibrium; sometimes called the equilibrium constant, the 
vaporization-equilibrium constant, the Henry-law constant, 
and the equilibrium ratio 

M{x, y), N(x, y) = functions of the variables x and y, where x and y do not 
necessarilj' represent mole fractions 

n, = number of moles of component i; i may take on all values 
from 1 through c; moles 

nr = total number of moles 

p, = partial pressure of comiwnent i in a mixture; defined by 
p, = Py,; atm 

P = total pressure; the pressure of the vapor-liquid mixture; atm 

P, — vapor pressure of com])oncnt i at the temjieraturc T of the 
vapor-liquid mixture; atm 

Po = arbitrary pressure of a standard state; atm 

R = gas constant in consistent units; defined by ft = PV/T 

S — total entropy; energy units per ®ft (or ®ft) 

Si = partial molal entropy of component t; energy units per “ft 
per mole 

T = temperature; the temperature of the vaix)r-liquid mixture; 
“ft or “ft 

V — total volume of solution; evaluated at the temperature and 
pressure of the solution; volume units (ft*, cm*, liters) 
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Vi » volume of one mole of pure component t; evaluated at the 
temperature and pressure of the solution; volume per mole 

i^i » partial molal volume of component t; evaluated at the tern* 
perature and pressure of the solution; volume per mole 

l/i, = mole fractions of component i in the vapor and liquid phases, 
respectively 

7 *, 7 ^ «= activity coefficients of component i in the vapor and liquid 
phases, respectively 

X = arbitrary multiplier 

exp 2 = e*, where e is the base of natural logarithms 

(d6/dn,)r,i>.«, = change in G with respect to m, where G is regarded as a func¬ 
tion of P, T, ni, na, .. •, nc. The subscript nj means all of the 
n’s are held constant except n,-. 

idG/dP)T,tn = change in G with respect to P, where G — G(P, T,ni.. .,ne). 
The subscript n,- means all of the n’s are held fixed. 


Subicripts 

c = total number of components 
t s any component of the mixture 


Supvneripts 

E = excess free energy function for the liquid phase 
L = liquid phase 
V = vapor phase 


PROBLEMS 


16-1 (a) Evaluate 


along the path y 
( 1 , 1 ). 


/ « I xydx+ ydy 
Jc 


X (curve C) from the point (0, 0) to t^e point 

Ans. / 5/6 



Chap, Jtf 


Thmrmoifynamie* qf Fqpw^iJqujil EquiUbrin 429 


(b) Repeat part (a) for the case vdiere curve C consists of the strai^t line 

y’=‘2x from (0, 0) to (i, |), and then the straight line connectmg the 
points (i, I) and (1, 1). 4n«. I » 85/96 

(c) Compute the ^^ues of 

dMjdy and dN/dx 

(d) Attempt to find the function f{x, y) such that M{x, y) « xy, and 

y) = y- 

16-2 Evaluate 



(a) along the straight line between the two points 

Pi = 1.0, Ti = 492 
Pa = 2.00, Pa = 1568 


where R — 0.73. Ant. I = 213.16 

(b) along the line P = 1.0 to the point P = 1.0, T = 1568; then along the 
line T = 1568 to the point P =® 2.0 and T =* 1568. Ant. / = 213.16 

(c) Compute 

mfdT and dAT/dP 

(d) Corresponding to the points given in Part (a), compute Vt — for 
one mole of a perfect gas. 

(e) Find the function such that Af(P, T) = — P7'/P*andiV(P, T) — R/P. 
16-3 (a) Evaluate 

7= I PdV 
Jc 

along the straiidit line connecting the points Pi =: 1, Fi ~ 359 and 
p, = 2, F, 718. An$. I = 1077/2 

(b) Along the straight line P = 1 from Vi — 359 to Fa *= 718; then along 
the line V = 718 to the point Pa = 2, Fa = 718. Ana. / = 359 

(c) If Af (F, P) *= P, what is the implied value of iV(F, P) in the integrand 
of /? Compute 

dM/dP and diV/dF 

16-4 Show that 

{dVi/dni)ps.*i » X(d*F/dZj)i>.r.»„ 

where Xn*-. 

16-5 Show that Uie exprei^on given by Equation (16-40) is obtuned by use of 
a path analogous to tbat described in Figure 16-3. 



430 Thermodytusmica qf Vapor-IJquid Equilibria 


Chap. 16 


16-6 Derive Equation (16-47) by the procedure indicated ii\,the text. 

16-7 Verify the results given by Equations (16-53) and (16-54). 

16-8 Beginning with the first principles, show that instead of Equation (16-73), 
the following expression may be obtained. 


In 


Py 




16-9 Show that Equation (16-77) holds for the case where the standard state 
of a component in the vapor phase is the pure component in the vapor 
phase at the temperature T of the equilibrium mixture and at some arbitrary 
pressure Po independent of the pressure P of the vapor-liquid equilibrium 
mixture. 


16-10 Although in the developments the use of paths for the calculation of the 
change of the partial molal free energy was employed, do not overlook that 
Qi is independent of path and thus depends only on the initial and final 
states. Instead of the definition of fugacity given by Equation (16-38), the 
following more general one which involves total differentials, 


RTdhi'fi 


(A) 


may be employed where it is understood that G’ and are functions of 
P, T,yu pe. 

Show that; 

(a) Equation (16-38) follows as a consequence of Equation (A) 

(b) Equations (16-40), (16-53), and (16-62) may be obtained by use of 
Equation (A) and paths going directly from the initial to the final 
states. 
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In the correlation of the ^-values for the components of multicompo¬ 
nent mixtures, two general approaches have been taken. In the first, the 
effect of composition is included as an implicit function of the /T-value. In 
the second, the effect of composition is accounted for by use of separate 
correlations for the activity coefficients. The first method has proved very 
successful in the treatment of hydrocarbon mixtures composed of similar 
compounds, such as paraffins and olefins. Efforts to extend it to include 
mixtures of paraffins (or olefins) and aromatics have met with only mod¬ 
erate success. 

Although the experimental determination of the volumetric (P-F-T) 
behavior of pure compounds and mixtures and the determination of K- 
values for both binary and multicomponent mixtures form the basis for 
the various correlations presented, the description of the experimental 
techniques is not within the scope of this book. 

Many of the iC-values now available for hydrocarbon.systems were 
determined experimentally, whereas others were computed on the basis of 
P-F-T data for either the pure components or iC-data for binaries. Although 
the presentation of all the details pertaining to each method proposed for 
the correlation of the IC-values is impossible, descriptions of the baric 
principles involved in some of the methods presently available are given. 

This chapter is divided into four parts. In Part I, methods that make 
direct use of thermodynamic relationships for the correlation and calcula¬ 
tion of /C-values are presented. Part II contains methods based on the use 
of convergence pressure, and Part III is concerned with the use of activity 
coefficients. Part IV contrins a brief summary of methods for including 
the effects of temperature, pressure, and composition on enthalpy. 

432 
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I 

use OF FUGAcmes for the calculation of k-values 

Some of the proposed methods of this type are presented in an order 
which follows their chronological developments fairly closely. 

In the earlier applications the /iC-values were calculated on the basis of 
RamU'i and Dalton's Urns. Raoidt's law is given by the relationship 


The expression 


Pi = P0i 

(17-1) 

Pi = Pyi 

(17-2) 


may be taken as the definition of partial pressure, or it may be shown to 
be a consequence of Dalton's law 

±p.-p 

i-l 

where it is understood that 

p. = niRT/V (17-3) 

Elimination of the partial pressure from Equations (17-1) and (17-2) 
gives 

Pyi = PiXi (17-^) 

which is commonly called the combination of Raoult’s and Dalton’s laws. 

Thus for mixtures that obey both Raoult’s and Dalton’s laws, 

Ki = Pi/P (17-5) 

Observe that this relationship not only neglects the effect of composition 
on Ki but to some extent the effect of pressure on the behavior of a compo¬ 
nent in the vapor and liquid phases. 

To account for the effect of pressure, Lewis and co-workers (45, 46) 
used the following expression 

Ki = /?>,//; ' (17-6) 

whereas Souders, Selheimer, and Brown (81) employed 

K, = ff/r, (17-7) 

For the case where both the vapor and liquid phases are ideal solutions, 
the relationship of Brown and co-workers is readily obtained by combining 
Equations (16-62) and (16-64). Since the effect of pressure on the fugacity 
of a pure component m the liquid state is small for pressures well above 
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its vapor pressure at the system temperature (70), Equations (17-6) and 
(17-7) are usually very nearly equivalent. 

For a pure component that exists as a vapor at its standard state con¬ 
ditions (the total pressure and temperature of the mixture), a formula for 
the calculatiou of fugacity at the standard state is obtained by integration 
of Equation (16-41a). If the given component is a member of a group of 
compounds having similar physical and chemical properties, it will gen¬ 
erally obey the law of corresponding states. Compounds that obey this 
law have equal compressibility factors at the same reduced temperature 
and pressure. These variables, are defined as follows: 

Z - compressibility factor; Z, = Pvi/RT. 

Pr - reduced pressure; Pr = P/Pcy where Pe is the critical pressure 
of component i. 

Tr = reduced temperature; ‘Tr — T/Tc, where Te is the critical 
temperature of component i. . . 

For a pure component, it is readily shown that 

/: dPR 

( 2 - 1 )-^ ( 17 - 8 ) 

H •'ft 


by use of Equations (16-12), (16-41), and the definition of Z. For com¬ 
ponents which obey the law of corresponding states, the right-hand side 
of Equation (17-8) is seen to be independent of the identity of the com¬ 
ponent at any given reduced temperature. On this basis generalized 
“fugacity charts” (47) have been prepared from which values olfi/Pm&y 
be read directly. Generally,is plotted against Pr at parameters of Tr. 

At a pressure equal to the vapor pressure possessed by component i at 
the temperature of the mixture, 

because this set of values of P and T represent an equilibrium state. Thus 
the fugacity, /f ,/•„ of the liquid may be obtained by use of fugacity charts 
(Equation (17-8)) by taking 


P = Pi 


Pr = Pi/Pc 


If the liquid state exists at all pressures between Pi and the total pressure 
P of the mixture, the fugacity of the liquid is found by integration of 
Equation (16-41a) (restated for the liquid phase) from P,- to P, which 
gives 

, , Df(P - P.) 

fi = Stf, exp ■ . .. (17-9) 
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In this integratbn the change in the molal volume of the liquid with pres* 
sure was neglected. 

Although Equations (17-8) and (17-9) reprint direct methods fpr 
the calculation of the fugacities appearing in Equations (17-6) and (17-7), 
many combinatioiu of values of P and T give rise to hypothetical standard 
states for Which other procedures are required for the calculation of the 
corresponding fugacities. The following combination of P and T give 
hypothetical standard states. 

(1) If T < Tt and P > Pi, the vapor phase does not exist. 

(2) If T < Tt and P < Pi, the liquid phase does not exist. (How¬ 
ever, it does exist for P ^ P,-.) 

(3) If r > Tt, the liquid phase does not exist at anv P. 

As discussed in Chapter 16, a hypotlietical state is ^thermodynamically 
permissible; but the properties of the substance in this st|ite must be 
defined because they are experimentally unattainable. The method of 
extrapolation from a known physical state to a hypothetical state serves 
to define the latter. In theory the method of ^extrapolation is completely 
arbitrary, thus permitting the selection of a set of extrapolation procedures 
that give a collection of /C-values in reasonable agreement with an experi¬ 
mental set of IC-values. Obviously, more than one set of extrapolation 
procedures may be found. Thus it is understandable that, despite the 
similarities of the formulas employed by Lewis and Kay and by Brown 
and co-workers, their methods of extrapolation differed appreciably. 


METHOD OF LEWIS AND KAY 

For all values of P and T where the vapor phase exists, the fugacity 
of the vapor is found by use of Equation (17-8) or an equivalent fugacity 
chart. For values of T < Tt the fugacity of the liquid at its vapor pressure 
is also found by use of a fugacity chart, as described in the discussion that 
follows Equation (17-8). 

If either the vapor or liquid phase of the pure component does not 
exist at the respective standard state condition, one of the extrapolation 
procedures of Lewis and Kay (45) [with minor modifications by others 
(70, 77) ] is used. For the region where the vapor phase of the pure com¬ 
ponent does not exist (T < Tt and P > P*), the fugacity of the vapor is 
obtained from a chart for the supereaturated vapor. It was constructed on 
the bads of fugacities calculated by use of Equation (17-6) rearran^d to 
the following form 


fi = 
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Experimental values of Ki were used, and was computed by use of a 
fugacity chart (Equation (17-8)); note that ftp, - fi,Pi. For T > Te, 
the liquid state of the pure component is hypothetical. The fugacity ftp^ 
is obtained by a linear extrapolation of the plot of either 

loKftpi or Jog Pi versus l/Tp. 


METHOD OF SOUDERS, SELHEIMER, AND BROWN 

This procedure for the determination of K-values is in many respects 
similar to the one proposed by Lewis and Kay. The two methods differ 
primarily by the extrapolation procedures used to define the hypothetical 
standard states. 

For values of P and T such that the standard state for the vapor exists, 
the fugacity of the vapor is found by use of a fugacity chart [Equation 
(17-8) ]. Similarly, when the standard state of the liquid exists, its fugacity 
is found by use of a fugacity chart and Equation (17-9). 

For sets of values of P > P, and T < Tc, the standard state of the 
vapor is hypothetical. Also, for all such sets of values of P and T, Ki < 1. 
The division occurs ai P = Pi and T < Te, and for all sets of P and T 
of this type, K,- = 1. Values of K, < 1 were determined by extrapolation 
of a log K versus log P plot to values of P > Pi at T < Te. 

For T > Te, the liquid state is hypothetical for all values of P. For all 
such sets of P and T, values of K were found by extrapolation of a plot of 
log K versus Tr to values of 7 « > 1. Experimental values of K, and heats 
of solution data formed the basis for the extension of the curve for values 
of r > 

The Lewis-Kay method and the method of Brown and co-workers 
account for the effect of temperature and pressure on K but largely neglect 
the effect of composition. 


OTHER METHODS WHICH ACCOUNT FOR THE EffEQS OF TEMPERATURE AND 
PRESSURE ON K-VALUES 

Recently several correlations which include the temperature and pres¬ 
sure effects but neglect composition effects have been published. Among 
these were the methods of Scheibel and Jenny (76), Hadden (26), Natural 
Gasoline Supply Men's Association (56), Maxwell (5l), and DePrieater 
(15). In general, these correlations are both more accurate and more 
easily applied than the earlier methods of Lewis ei al. and Brown et al. 

In addition to the effects of temperature and pressure, the methods 
that follow include the effect of composition on K-values. 
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method of GAMSON and WATSON: EFFEO OF COMPOSITION ON 

K-VALUES 

In order to include the effect of composition as well as temperature and 
pressure on IC<-value6, Gamson and Watson (22) employed standard states 
which were defined by procedures of extrapolation involving the pseudo- 
critical temperatures and pressures of the phases. Alter certain refinements 
had been made by Smith and Watson (80), Smith and Smith (78) prepared 
a set of /C-charts for hydrocarbons. Values of K are given over wide ranges 
of temperature and pressure. This method is regarded by Hougen, Watson, 
and Ragatz (34) as probably the most reliable one for estimating A-values 
close to the critical point. At conditions removed from the critical, the 
methods that follow give more accurate JFC-values than do the charts of 
Smith and Smith. 


USE OF THE BENEDia-WEBB-RUBIN EQUATION FOR THE CALCULATION OF 

K-VAIUES 

Over a period of years investigators have collected a sizeable amount 
of P-V-7’ data for pure components and if-values for many binary and a 
few multicomponent systems. Benedict, Webb, and Rubin (5) used experi¬ 
mental results from about 35 sources in the evaluation of the constants 
appearing in their equation of state for the 12 hydrocarbons; methane, 
ethylene, ethane, propylene, propane, i-butylenc, *-butane, n-butane. 
t-pentane, n-pentane, n-hexane, n-heptane. Mentioned most frequently 
among the sources were the works of B. H. Sage and W. N. Lacey and 
their co-workers and the works of J. A. Beattie and his co-wqrkers. 

In the first of a series of papers Benedict, Webb, and Rubin (3) pro¬ 
posed the following equation of state. 

P RTp+ (BoRT - Ao - Co/7^)p* + (bRT - o)p» -b oap* 

+ ^ C(1 + YP*)] exp (-V) (17-10) 

* 

The parameters Ao« Bo, Co, a, b, c, a, and y are constants that depend only 
on the identity of a component; they are independent of whether the com¬ 
ponent is in the liquid or in the vapor state. Values of these for the 12 
hydrocarbons are given in Reference (5). The molal density (moles per 
unit volume) is represented by p. Again R denotes the gas constant in 
consistent units. With a single set of constants this equation describes 
both the vapor and the liquid phases of a substance. Benedict and co¬ 
workers elected to take p and T as the independent'variables and P as the 
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o^ndent vuiable because P is single-valued for all choices of p and T. 
The choice of F as the dependent variable with P and T as the independent 
variables would have required that F be a multivalued function because 
the vapor and liquid phases have different volumes at the same temperature 
and pressure. 

In the second paper (4) the equation of state is extended to include 
the description of mixtures. Two methods were considered by Benedict 
et al. (4) for the evaluation of the constants for this case. They recom¬ 
mended the following one because it gives good accuracy and is ample. 
For the liquid phase the values of the constants, Ao, Bo, Co, a, h, c, a, and 
y for the mixture are calculated on the basis of those for the pure compo¬ 
nents as follows: 


c 


1-1 

(17-lla) 

C 

£ XiBoi 

1-1 

(17-1lb) 

(i, 

i-l 

(17-llc) 

it.XiW’)’ 

t-1 

(17-1Id) 

1-1 

(17-lle) 

(SliCCi)*'*)' 

i-1 

(17-1 If) 

(t, 

1-1 

(17-llg) 


(17-llh) 




By replacing x« by in Equations (17-1 la) through (17-1 Ih), the formulas 
for the evaluation of the constants for the vapor phase are obtained. The 
constants (Aoi, Boi, Coi, a„ b,-, c,-, a.-, yi) within the summations are those 
of the pure components, and again they depend only on the component i 
and are independent of whether the phase under consideration is vapor 
or liquid. 
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In the calculation of the fugacities and partial molal quantities, Benedict 
et al. (4, 5) took the standard state of a component in either the vapor or 
liquid phase to be a perfect gas at a pressure of one atmosphere and at the 
temperature T of the mixture. Since the partial molal quantities are inde¬ 
pendent of path, integration of Equation (16-38) from the standard 
state to the final vapor and liquid states yields 

0:iP, T) - CA (1, T) = RTlnfi (17-12a) 

(5f(P, T) - T) = RTlnff (17-12b) 

respectively. The superscript zero is used to distinguish the free energy of 
one mole of a perfect gas from that for one mole of a pure component at 
the same conditions. To develop Equations (17-12a) and (17-12b) by 
use of paths from the initial to the final states is both informative and 
satisfying. One set of paths out of the infinitely many sets that could be 
proposed is given in Problem 17-2. 

Actually, because of the choice of p and T (or V and T) rather than 
P and T as the independent variables, Benedict et al. (3, 4, .^) found it 
more convenient for development purposes to make use of the work func¬ 
tion A (see Equation (16-lOb)) rather than the free energy function (i. 
For a component in the liquid phase mixture, they obtained the following 
formula: 

RT\n Cfi/xA = RTlnpRT 

-H [(fio + Boi)RT - 2(AoAo.')>'* - 2(CoCo,)‘'V7^> 

+ llRT{b%yi^ - (a^a,)»'=»>* 

-I- fCa(a*a.)>« + a(a*a.)‘«V 

p - exp (-yp^) exp (-yp^) 
r [ yp^ ~ 2 

_ 2^ 
r \y) 

ri - exp (-7P*) , ,, 7p®exp(~7p®) 

X ---exp (-7P*)--- 

L 7P® 2 

(17-13) 

In the interest of simplicity the superscript “L” was omitted from the den¬ 
sity; understand that p = p*. The formula for the fugacity of a component 
in "a gaseous mixture is obtained from Equation (17-13) by replacing 
fi by fi, Zi by and p* by p*. Also, in the evaluation of the constants for 
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the vapor mixture^ assume that the j^/s are to be employed in Equations 
(17-1 la) through (17-llh). Except for pressures below atmospheric, 
Equations (17-10) and (17-13) give accurate results for mixtures of 
similar compounds. In order to improve the accuracy at low pressures, 
Benedict et cU. (5) used values of Co, that depend upon the specified tem¬ 
perature of the mixture. 

For a two-phase multicomponent system at equilibrium, the values for 
c independent variables must be specified in order to fix the system. After 
r values have been picked, the corresponding values for the dependent 
variables may be found by use of Equations (17-10) and (17-13). 

The necessary conditions for equilibrium to exist between vapor and 
liquid phases are given by Equation (16-50). Although in theory the 
choice of the particular variables to be fixed is arbitrary, in practice certain 
choices are preferred over others because of the characteristics of the equsr 
tions describing equilibrium. 

Benedict ei al. (4) chose to fix the total pressure, P, the temperature 
T, and c — 2 values of the mole fractions in the liquid phase. (These will 

be taken as x, through Xc-j) . In the counting of the number of variables, 

only c — 1 values of the Xi's and c — 1 values of the pi’a are listed. Assume 
that the values of x* and are to be computed by use of the defining 
equations; 

2 X, = 1 and 2 y. = 1 

i-i i-i 

When P is fixed, that P* = P, and P^ — P follows from Equation (16-50). 
Also, since it has been shown that/f = f,, Equations (17-10) and (17-18) 
may be applied to give the following (c -H 2) equations. 

P^(p^ x._0 = P (17-14a) 

Vu Vi, • • •. Vc-i) = p (17-14b) 

RT lnfi(p^, Xe_j) = PI’ ln/l[(p*, yi, yt, ..., y«-i) (17-14c) 

« • • 

• ■ • 

«r X,-,) = RT b'f.ip’, yi, (17-14d) 

in c 4- 2 unknowns: Xe-i, (c — 1) values of y„ p* and p*. Obviously, the 
solution of this set of equations is at best difficult. If a computer is employed 
to solve them, use of the method of Newton and Raphson (see Chapters 1 
and 7; would probably be advantageous. When a solution is obtained, the 
values of Ki follow immediately for each component, since Ki = y</x,. 

For the 12 hydrocarbons, the method gives good accuracy. Benedict 
et al. (5) reported that the average deviation of the calculated values of K 
from the experimental values was less than 5 percent. 
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THE KELIOG CHARTS 

Determination of the equilibrium conditions by solution of Equations 
(17-14a) through (17-14d) was considered impractical for making dis> 
tillation calculations. In view of this conclusion, Benedict, Webb, Rubin, 
and Friend (6) devised a graphical method for the presentation of the K- 
values determined by use of these equations. A total of 325 charts were 
required to record the /f-values of the 12 hydrocarbons. A collection of 
charts of this type has been published by the M. W. Kellog Company (54). 
These charts are commonly called the “Kellog Charts.” 

A reduction in the number of composition parameters was necessary 
in order to present the K-values for all possible combinations of vapor and 
liquid compositions over wide ranges of temperature and pressure on a 
reasonable number of charts. All of the vapor and liquid compositions can 
be expressed in terms of two variables, the molal average boiling points 
of the vapor and the liquid, respectively. These are defined as follows: 

r«='t,y,Tsi (17-15) 

ri = £ XiTsi (17-16) 

where 

Ty, = normal boiling point (®R or ®K) of component i 
Tm, Tm * molal average trailing points (®R or *K) of the vapor and 
liquid, respectively; these are sometimes referred to in the 
literature by “A/ABP.” 

Each of the 324 charts refers to a particular component at a given pressure. 
A total of 26 pressures was given. Below 1000 psia, A-values are presented. 
Between 1000 psia and 3600 psia, the ratio of the fugacity to the mole 
fraction is given. A schematic representation of a typical chart is presented 
in Figure 17-1. In the insert the effect of the composition of the vapor on 
the K-value is given. 

The use of these charts for making bubble point and dew point calcula¬ 
tions is complicated by the fact that the mplal average boiling points for 
both phases are required in advance. Thus, in the calculation of bubble 
points (where xi, Xt and P are given), it is necessary to assume trial 
values for both the bubble point temperature, T, and the molal average 
boiling point of the vapor, Tm. The correct pair of temperatures has been 
selected when 

i-l i-l 
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Figure 17-1. Sketch of a typical Kellog Chart. 


and 

Tm (calculated) — Tm (assumed) = 0 
are satisfied simultaneously. 

Another disadvantage of the Kellog charts is the necessity for inter¬ 
polation between charts with respect to pre®ure. This limitation was re¬ 
moved by DePriester (15). 


CORREIATIONS OF DePRIESTER 

In addition to the reporting of the experimental A'-values for the certain 
light hydrocarbons present in thirty-three mixtures at temperatures 
ranging from — bO^F to 300®F, DePriester (15) also presented two graphic 
correlations. He referred to these as the “general correlation” and the 
“Pressure-Temperature-Composition” (P.T.C.) charts. The generalized 
correlation consists of two nomograms that give A as a function of only 
temperature and pressure. One nomogram is for temperatures from —100" 
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to 70"F and the other one for temperatures from 1K)®F to 400®F. The 
nomograms were developed by DePriester for making preliminary calcula¬ 
tions prior to the use of the P.T.C. charts. 

Twenty-four P.T.C. charts were constructed on the basis of the data 
presented on 192 Kellog charts. The P.T.C. charts cover the pressure range 
of 14.7 to 1000 psia, whereas the complete set of Kellog charts cover the 
range of 14.7 to 3600 psia. Minor corrections of the K-values obtained 


Chort tor determinoTion Chort tor determination 



Given: ‘ 

r - T,, p . 

Find; K 


Solution: K =A^B^ 

Figure 17-2. A sketch of a typical set of DePriester Charts 
(P.T.C.) for a given component t. 

from the Kellog charts were made on the basis of available experimental 
data prior to the construction of the P.T.C. ‘charts. 

The P.T.C. charts make use of a liquid factor, At, and a vapor factor, 
Bi, which are defined as follows: 

A, - fi/Pxi (17-17) 

B. - Pyi/j: (17-18) 


Then 


Ki = AiBi 


(17-19) 
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The liquid and vapor factors are seen to differ from the fugacity-mole 
fraction ratio of Equation (17-13) only by the multiplier P. The effects 
of the compositions of the vapor and liquid phases on the iC-values was 
again represented by use of the respective molaJ average boiling points. 
Two charts were used for each of the 12 hydrocarbons. Schematic repre¬ 
sentations of the charts for a given component are presented in Figure 17-2. 

Bubble point temperatures are computed by use of these charts in tlw 
same manner described for the Kellog charts. 

For the comparisons made by DePriester (15), the P.T.C. charts gave 
more accurate results than did the Kellog charts. The average deviations 
of the calculated values of K from the experimental values were 7.7 and 
6.4 percent for the Kellog and P.T.C. charts, respectively. 


GENERAUZED K-CHARTS OF EDMISTER AND RUBY 


Edmister and Ruby (21) drastically reduced the number of charts 
required to present the data contained on the Kellog charts. They altered 
the fugacity-mole fraction ratio employed by Benedict, Webb, and Rubin 
1[4) as follows 

For the vapor: fi/PVi 

For the liquid: ft iPaci 


Then 



(17-20) 


The separate ratios for the vapor and liquid may be considered as activity 
coefficients and were so called by Edmister and Ruby. For the vapor the 
above ratio is the reciprocal of the Bi employed by DePriester. However, 
for the liquid the vapor pressure, P,-, of the pure component (evaluated at 
the equilibrium or system temperature) is employed rather than the total 
pressure used by DePriester. Introduction of the vapor pressure neces¬ 
sitates a statement of the source of the data employed for temperatures 
below the critical and the extrapolation procedure employed for temperar 
tures above the critical temperature. At temperatures where the vapor 
pressures were below atmospheric pressure, the vapor pressure data were 
taken from A. P. I. Research Project 44; see Reference (1). Between the 
atmospheric boiling point and the critical temperature, a straight line plot 
of log Pi versus the reciprocal of the absolute temperature was used. For 
temperatures above the critical, a straight-line extrapolation of this plot 
was used to give the vapor pressures. 
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Edraister and Ruby were able to generalize the results of Benedict 
et al. (6) by introduction of the following parameters. 


T» system temperature (^R) 

Tti critical temperature (®/2) of component i 


(17-21) 


Pb 


Tmr 


rpli 
I MR 


P, system pressure (psia) 

Pci critical pressure (psia) of component i 


(17-22) 


Tm molal average boiling point (®i?) of the vapor {MABP) 
Tsi normal boiling point ("/?) of component i 

(17-23) 

Tm molal average boiling point CR) of the liquid {MABP) 
Tni normal boiling point (®E) of component i 

(17-24) 


In addition to these, two intermediate parameters, denoted by $* and 0^, 
are employed. Except for methane, the parameters 0* and 0^ are independent 
of the identity of the component; 0^ is a function of Tmr and Tr, whereas 
0^ is a function of Tmr and Tr. For methane two additional charts were 
provided for the determination of 0* and The variables 0” and 0^ have 
the property that at the critical temperature {Tr = 1) of any component, 


0v ^ QL ^ I 


By use of these parameters, Edmister and Ruby needed only six charts 
(plus one table containing the vapor pressure data) to present all of the 
information contained on the Kellog charts. Interpolation between charts 
with respect to pressure as required by the Kellog charts was also elimi¬ 
nated. A schematic representation of the charts for the vapor phase is 
presented in Figure 17-3. 

The generalized charts of Edmister and Ruby are used to compute 
bubble points in the same way described for the Kellog charts. A set of 
the generalized charts'" of Edmister and Ruby (21) consist of Figures 1 
through 6 of their article. The accuracy of these charts is good. Edmister 
and Ruby report an avera^ deviation of the calculated K-values from the 
experimental, values of 6.4 percent. 

* Edmister and Ruby (21) state "Large scale, detailed drawings of Figures 1-6, 
which can be read to a much higher degree of accuracy are on file with A.D.I. Auxiliary 
Publications Photo-duplication Service, Library of Congress, Washingtem, D. C." 
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Figure 17-3. Sketches of the generalised charts of Edmister 
and Ruby. 


PART II 

USE OF CONVERGENCE PRESSURE IN THE CORRELATION OF K-YALUES 

During the same years that the methods resulting from the Benedict- 
Webb-Rubin equation of state were under development, correlations of 
K-values based on experimental results were also under development. The 
correlations resulting from the latter approach have an advantage over the 
charts (6, 15, 21, 54) that are based on the equation of state of Benedict 
et al. (4) in that less trial and error is required. However, as pointed out 
by Edmister and Ruby (21), the equation of state of Benedict, Webb, and 
Rubin has the advantage of giving values of other properties, such as 
enthalpy, that are thermodynamically consistent with the iC-values. For 
a binary system Brown (8) demonstrated that the convergence pressure 
is the critical pressure corresponding to the specified temperature of the 
system. Thus the system temperature becomes the critical temperature of 
a particular binary mixture. The concept of convergence presstue has either 
been recognized or employed in the correlation of /C-data by a variety of 
investigators (8, 25, 30, 60, 73, 82, 85). It appears to be an outgrowth of 
the plots of log K versus log P suggested in 1932 by Souders, Selheimer, 




Chi^. 17 


Comiaiion Vapor-Liquid EquUiMa Data 447 


and Bmwn (SI). The pressure at which all of the K*s of a multicomponent 
mixture appear to approach unity on a log K versus log P plot at constant 
temperature has come to be known as the com'ergence pressure. The pos¬ 
sibility of predicting the convergence pressure of a multicomponent mixture 
by means of an equivalent binary mixture was suggested by Katz and 
Kurata (38). Eventually such a method was developed by Hadden (26,27). 
The development of this method depends upon the phase behavior of 
binary mixtures, a discussion of which follows. 



Figure 17-4. Phase behavior and locus of critical temperatures 
and pressures for binary mixtures of components A and B. 

Consider the hypothetical system consisting of components A and B. 
Figure 17-4 was constructed on the basis of the general characteristics of 
the experimental results of several investigators (2, 39) and the discussions 
of others (8, 17, 70, 79); it represents the phase behavior of a typical 
binary mixture. With respect to concentration the limiting conditions of 
the mixture are represented by the single curves for pure A and B. These 
are the vapor pressure curves for pure A and pure B, and they are seen to 
terminate at the critical temperature and pressure for each component. 
Each envelope contains all of the two-phase mixtures ranging from bubble 
point liquid to dew point vapor. The left and right boundaries of each 
envelope represent the bubble point and dew point curves, respectively. 
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The intersection of two envelopes gives the compodtion of the vapor 
and the liquid at the temperature and pressure that locate the point of 
intersection. For example point “Z>” of Figure 17-4 defines the equilibrium 
state: 

P == Po, T = Td 
yA = 0 . 8 , Xa = 0.6 
Ka = i, Kb = 0.2/0.4 = i 

At the critical temperature and pressure the liquid and vapor phases 
are indistinguishable. One such point exists for each envelope. The curve 
connecting the points for all envelopes is called the “locus of criticals.” 

The phenomenon of “retrograde condensation” is also illustrated by 
Figure 17-4. As pointed out by Brown (8), if either the bubble point or 
dew point curve is crossed twice while passing through the two-phase 
region by either isobaric or isothermal paths, retrograde condensation will 
occur, lines EF and GH represent isothermal and isobaric paths, respec¬ 
tively, which would produce retrograde condensation. 


CONVERGENCE PRESSURE 

According to the Gibbs phase rule. Equation (16-ol), the number of 
degrees of freedom for a two-phase system is equal to the number of com¬ 
ponents. Thus for a binary there are two degrees of freedom so long as two 
phases persist. The fixing of any two variables, such as the system pressure 
and the system temperature denoted by T, and P„ completely determines 
the properties of the system. That is both of the A.'s, as well as the vapor 
and liquid compositions, are determined along with convergence pressure, 
which is the ordinate of the point of intersection of the line T, - T* and 
the locus of criticals as illustrated in Figure 17-5. This type of graph was 
used by Hadden (27). It consists of a combined graph of the locus of 
criticals and the associated log P versus log K plot for the binary. 'Ihis 
combined plot illustrates that each system temperature selected not only 
determines the convergence pressure but also the log P versus log K 
isotherm. 

For a ternary system with two phases present, there are three d^rees 
of freedom, and three variables must be fixed in order to completely deter¬ 
mine the system. Carter, Sage, and Lacey (12) elected to fix T, P, mid 
the composition parameter Cs, which is defined as follows, 


Cj - xt/ {xt •+• :i^) 


(17-25) 
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Figure 17*5. Convergence pressures for a binary mixture. 


where the components are numbered in the order of decreasing volatility. 
For each set of values for P, T, and Cs, the convergence pressure is uniquely 
determined as illustrated in Figure 17-6. The log P versus log K plots were 
constructed on the basis of one choice of Ct, namely, C* = 0.4. This figure 
illustrates the fact that only the specification of Ct and of the system 
temperature determines the convergence pressure and the log P versus 
log K isotherm. Also, this figure demonstrates that a ternary system may 
be regarded as three binaries; components 1 and 2, components 1 and 3, 
and components 2 and 3. The broken line in* Figure 17-6 represents the 
locus of criticals for the ternary mixture with Ct = 0.4. 

Hadden (27) found that better correlations were obtained by use of 
a composition parameter based on mass (lb-mass or gm-mass) fractions 
rather than mole fractions. For a ternary mixture the mass-composition 
parameter is defined by 


Mj = mt/(m2 + m$) 


(17-26) 
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Figure 17-6. Convergence pressure for ternary systems. 


The mass fractions are denoted by the m% which are defined as follows: 



Also, note that the letter ‘*n” is used in this definition, rather than “c,” 
to denote the total number of components. For developments in which c 
is used to identify the critical temperature and pressure, n is used to repre¬ 
sent the total number of components. 

By using the composition parameter M 2 , Hadden found that the critical 
temperature of a mixture of components 2 and 3 in a ternary mixture at 
a specified value of Mt could be computed with sufficient accuracy for use 
in subsequent correlations by use of the simple proportionality 




1 


(17-27) 
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Temperature. *F 


Figure 17-7. Convergence preaeure and critical temperature 
relationehipa. 


where 

critical temperature (^F) of a mixture of components 2 and 
3 at the specified value of Mg. The lower case is used to 
emphasize the fact that the temperatures are in ’’F. 
tet, ta - critical temperatures of components 2 and 3. 


These temperature differences are shown in Figure 17-7. Substitution of 
the definition of Mg into Equation (17-27), followed by rearrangement 
yields 


tc7 


mgteg 4- mgta 

mg + mg 


(17-28) 


wMch is recognized as the weight average of the critical temperatures of 
components 2 and 3. 

Cafculation of the convergence pressure for a ternary mixture may be 
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accomplished by the following fonnula, proposed by Winn (86), 

(Py - P,)/M, = (P, - P,)/l (17-29) 

where 

Ps, P| » convergence pressures for the binaries composed of com¬ 
ponents (1, 2) and (1, 3), respectively, at the system 
temperature If then Ps is taken equal to Ihe 

critical pressure for component 2; that is Ps =» Pet. 

P* =» Pf = convergence pressure for the ternary mixture at the 
specified values of Ms and C 


These pressure differences are likewise depicted in Figure 17-7, and in 
view of the definition of Ms, Equation (17-29) miuces to 


Pic = Pv 


witPs + mjP| 
ms -f“ ms 


(17-3Q) 


Although a composition parameter involving component 1 and ex¬ 
cluding either component 2 or 3 may be defined, it was found to be of no 
practical value (27). 

Equations (17-28) and (17-30) and Figure 17-7 strongly suggest the 
representation of a ternary mixture (at Ms fixed) as an equivalent binary 
composed of component 1 and the pseudoheavy component 5. Equation 
(17-28) serves to define the pseudoheavy as that hypothetical component 
having a critical temperature fc? (the weight average temperature of com¬ 
ponents 2 and 3 at the specified value of Ms). The binary composed of 
components 1 and 5 has a convergence pressure Px = Pit, which is also 
the convergence pressure of the ternary mixture. Thus for the determination 
of convergence pressure, the ternary may be replaced by an equivalent 
binary mixture. 


MULTICOMPONENT MIXTURES 

By an extension of the procedure described for a ternary, the “equiva¬ 
lent binary" for any multicomponent mixture may be found. The equivalent 
binary is the one with the same convergence pressure as the multicomponent 
mixture at the specified system temperature and the specified composition 
parameters. For each component that is added to a mixture after the second 
one, a composition parameter is fixed. For example, for a quaternary mix¬ 
ture, the convergence pressure (as well as the log P versus log K plots) is 
determined by fixing the system temperature and the composition param¬ 
eters Ms and Mj. The lightest component of the quaternary mixture is 
taken as the light component of the equivalent binary. Determination of 
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the “paeudc^eavy” component of the equivalent bmary mixture is a two* 
atep process. First, is determined on the basis of components 3 and 4, 
and ^en tev is determined on the basis of components 2 and 3. This brief 
description of the extenaon to quaternary mixtures serves to suggest the 
followup set of formulas for the general multicomponent mixture. The 
composition parameters are defined by 




Mi 


m2 


4" mi + ... + mn 
ms 

ms -h mt -h ... 4- m„ 


= 




mn-i 4- rrin 

The formulas for the critical temperatures are as follows: 


(17-31) 


1 — ten (ten ten—\)Mn—\ 


UiKZl = tn=l — — ten-t)Mn-i 

<■ 


(17-32) 


teS = ttV — (tsV — ta)M 2 
Likewise, the convergence pressures are given by 


Pirri = P„ - (Pn - Pn-x)M^s ' 
Pn=3 * P«=I — (Psn — P„_s)Afn-J ' 
Pv = Px - (Px - Pt)M2 


(17-33) 


t 

By use of the definitions of the ilf's [Equation (17-31) ], it is readily shown 
that Equations (17-32) and (17-33) reduce to 


4x 


IS 

m^i 

tm, 

i-* 


(17-34) 
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22 rriiPi 

Pk - Pf - i:2_ (17-85) 

tini 

<*1 

Of these fonnulas only Equation (17'n34) is used in the correlations that 
follow. The critical temperature of the pseudoheavy component could be 
calculated by use of Equation (17-32), but Equation (17-^4) is geiuerally 
more convenient. Again the pseudoheavy component is that component 
which has a critical temperature tet (based on the specified values of Mt, 
Mi, ATm-i). The equivalent binary, component 1 and component 3, 
has the same convergence pressure at the system temperature i, as the 
multicomponent mixture. Thus the convergence pressure is determined by 
the specification of t, and the values forn — 2 composition parameters, or 

Px » PM, Mi, Mi,..., Mn-i) (17-36) 

This development follows that of Hadden (27). Although the convergence 
pressure could be computed by use of Equation (17-35), the use of an 
equivalent binary is both easier to apply and also gives more accurate 
results. 

As ^own in Figure 17-6, the specification of t, and (c — 2) values of 
the M’b also determines the isothermal plots of log P versus log K. Specifi¬ 
cation of the system pressure at P = P, fixes the system completely. Thus 
for each component i 

Ki = Ki{P., t„ Mi, Mi, ..., (17-37) 

In the treatment of multicomponent systems the m/s are commonly 
specified rather than the M's. For any given set of liquid compositions, the 
corresponding set of composition parametera may be computed. However, 
the converse is not true (see Problem 17-4). Fixing the composition param¬ 
eters leaves mi and irin undetermined. Upon specification of both P« and 
U and (c — 2) values of the M's, the system is fixed and thus mi and m« 
are determined. 


ANALYSIS OF THE BASIC POSTULATE OF THE METHODS THAT USE 
CONVERGB4CE PRESSURE AS A PARAMETER 

This postulate is that the plot of log P versus log K tar component i 
in any multicomponent mixture depends only on tibe system tonperature 
and the convergence pressure (or Ut ). The assumptions contained in this 
postulate are best explained by means of the following analysis. First con- 
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aider a teniaiy mixture. For mch a mixture the specificatbn bf Ms deter¬ 
mines <«v as shown by Equation (17-27). Also, thk vdue of («t determines 
the convergence pressure Pk as shown by Figure 17-7. Hie further specifi¬ 
cation of determines the log P veieus log Kt plots, and fixing the tfystem 
jnessure at P - P« determines Ki for each component. Ihus 

Ki « Ki{P„ U, Ms) = Ki{P„ tcj) = Ki{P„ t„ Pk) (17-38) 

Observe that for each tev (or Pk one and only one 3ft exists [see Equation 
(17-27)], and consequently, one and only one log P versus log Ki plot 
exists for each component. Thus for a ternary mixture, the bade postulate 
amounts to an alternate statement of Gibbs phase rule and therefore con¬ 
tains no assumptions. 

However, this is not the case for multicomponent mixtures that con- 
tam more lhan three components. For a quaternary mixture, Gibbs phase 
rule gives 

Ki « Ki{P., U, Ms, Ms) 

For this system Equation (17-32) may be written in the form 

U = C<e4 - (<c4 - tes)Msli(l - Ms) (17-^9) 

To replace Ms, Ms in the expression for Ki by without any assumption 
being involved would require that a one to one correspondence exist be¬ 
tween tcT and each distinguishable pair of values for Ms and Ms. However, 
Equation (17-39) does not satisfy this condition because for each tev, 
infinitely many pairs of values for Ms and Ms exist that satisfy Equation 
(17-39). 

In general, for each distinguishable pair of values for Ms and Ms a log P 
versus log Ki plot for any given component exists for each system tempera¬ 
ture t,. If for each pair of values of Ms and Afj that give the same value of 
tev (or Pk), one and only one log P versus log Ki plot is assumed to exist 
for each component at the system temperature t„ then the bade postulate 
is obtained, 

Ki = KiiP„ U, <ct) = Ki{P„ t„ Pk) (17-40) 

The analysis presented for a quaternary mixture is readily generalized for 
multicomponent mixtures to give the same result. Equation (17-40). 

Hanson and Brown (29) were among the first to seek experimental 
confirmation of Equation (17-40). On the bads of their results and those 
of other investigators. Equation (17-40) is generally accepted as a good 
approximation for mixtures of components of the same type. Further 
support for the validity of Equation (17-40) follows from the good agree¬ 
ment between the A/s given by correlations based on this relationship 
and those given by tbe Kellog charts. 
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Three of the most recent correlataons based on Equation (17-40) are 
desmbed. The first of these consists of a set of charts recently published 
by the Natural Gasoline Association of America (NGAA) (57). 




Pressure, psta 


Figure 17-S. Sketches of typical NGAA Charts. 


METHOD 1: THE NGAA CHARTS 

This method is in essence that described in the previous section in the 
process of the development of Equation (17-40). Members* and former 

* Bryon B. Woerts (chairmait), E. A. Gonoatsky, K. H. Hachmuth, R. H. Jacoby, 
H. L. Stone, C. J. Walters, C. £. Webber, E. I. Orgsnick, C. L. DePriester, J. W. 
Kilmer, H. H. Rachford. 
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membere of tiie ''NGAA Equilibrium Hatk> Committee” have prepared 
charts containing plots of log K versus log P for each of several convergence 
pressures. There are a total of 135 charts. The convergence pressures range 
from 600 to 20,000 psia. The components consist of the paraffins and olefins 
(methane throu^ decane) and nitrogen. Charts are also presented for 
several binaries whose components are members of different classes of 
compounds. 

In addition to the log K versus log P plots, the set of NGAA charts 
contains one in which the locus of criticals for each of several binary mix¬ 
tures is presented. The use of the set of charts is illustrated graphically by 
Figure 17-^. First, the pseudoheavy component for the mixture is deter¬ 
mined by use of Equation (17-34). The intersection of the line t - tcv 
with the lociis of criticals determines the critical pressure foi component 2. 
If component ^ does not happen to correspond to a pure component, a 
symmetrical locus is sketched as shown in Figure 17-8. The intersection 
of this curve with the line t = t, determines the convergence pressure Pr. 
The iiC-value for any particular component at the system pressure and 
temperature is then found by use of the appropriate log K versus log P 
plot as demonstrated in the lower diagram of Figure 17-8. 

In the determination of the bubble point temperature corresponding 
to a specified system pressure and liquid-phase composition, the procedure 
described might appear to lead to a trial determination of both the system 
temperature and the convergence pressure. However, because of the rela¬ 
tively small dependence of the Ki’a on the convergence pressure, the trial 
and error procedure is reduced primarily to the finding of the bubble point 
temperature. This characteristic relationship between the K/s and Pk 
permits the use of a single convergence pressure over either the entire 
column or several plates. 

If the system temperature is less tnan the critical temperature of the 
lightest component of the mixture, a convergence pressure for the mixture 
does not exist. However, in order to use the charts, one must be chosen. 
Following Hadden (27), this pressure is called the “quasi-conveigence” 
pressure. Both Hadden (27) and Winn (86) recommend that for such 
systems the convergence pressure be taken equal to the critical pressure 
of the lightest component. Another choice has been recommended by 
Cajander, Hipkin, and Lenoir (11). 

Another problem which sometimes arises is the choice of the light com¬ 
ponent of the equivalent binary mixture for multicomponent mixtures 
that are dilute solutions of the relatively light components. Hadden and 
Grayson (28) recommended that the light component of the equivalent 
binary be selected as the lightest component of the mixture having a mole 
fraction (in the liquid phase) equal to or greater than 0.001. 
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METHOD 2t CORREUTtONS OF WINN, HADDEN, AND GRAYSON 

In 1948 Hadden (26) presented nomograms that included the effect of 
compoffltion on the IC-values by use of convergence pressures. Later Winn 
(86) produced a nomogram that used convergence pr^sBure as the com> 
position parameter. Recently, the work of Winn (^) was extended by 
Hadden and Grayson (28). Description of the original method of Winn 
and the recent extensions of Hadden and Grayson follow. 




100 Psi 5,000 

System pressure, psio 


Given; ts ' 

Ps ' 

- Pk\ 
f/f ■ f'Hi 
Find: /T, 


Figure Sketch of nomogram of Winn. 


A sketch of the basic nomogram and the associated convei^nce-pres- 
sure plot presented by Winn (86) is shown in Figure 17-9. These graphs 
were employed in the subsequent procedure proposed by Hadden and 
Grayson. The nomogram constructed by Winn was for a convergence pres¬ 
sure of 5000 psia. However, selecting a suitable grid pressure, makes 
possible the use of the single nomogram for all convergence pressures. The 
appropriate grid pressure, Pg, for a given convei^noe pressure is found 
by use of a graph like the one shown in Figure 17-9. (Note that for Pk ^ 
5000 psia, Pg = 5000 psia). 
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'!&e broken lines in Figure 17-9 reprint the steps required to scdve 
the illustrative example stated Uiere. The general procedure is as follows: 

Step (1): On the basis of P, uid Pk, determine P, graphic^ly as shown. 

Step {2): Connect the point {t,, P,) on the grid with the point K ^ I on 
the IC-scale. Denote the intersection of this line and the pressure 
isobar P » P, by a circle as shown. 

Step (3); Connect the point of intersection found by Step 2 and the normal 
boiling point (on the component ^ale) by a straight line. The 
intersection of this line with the /iC-scale gives the desired value 
of K. 

For convergence pressures greater than 5000 psia, K is determined 
directly by connecting the point (t„ P,) and the normal boiling point (on 
the component>scale) by a straight line. Interaection of this line with the 
X-scale giv^ the desired value of K. 

A method is given (86) for the extensbn of the nomogram for compo¬ 
nents heavier than n-heptane, the heaviest component on the component 
scale. The procedure consists of calculating the K for ethane (denoted by Ks) 



Tempcroture, *F 

Fifture 17-10. Graphic determination of convergence pressure as 
proposed by Hadden and Grayson. 
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and the K for n-hept«ne (denoted by K^) at the specified conditions for 
the ^stem. The K for any component i heavier than n-heptane is caicnlated 
by use of the formula 


K, 

Ki *- 

{K^/K,y 


(17-41) 


where & is a constant for any component. An improved and extended set 
of values for h were recently stated by Hadden and Grayson. 

Several other extensions were made by Hadden and Grayson. The 
original nomogram covered the temperature range of 40 to 800°F. A second 
nomogram similar to the one depicted in Figure 17-0 was developed for 
the temperature range of —260 to 100®F. In addition seven charts similar 
to the sketch shown in Figure 17-10 were provided for the determination 
of convergence pressures. 

Good accuracy for the method was reported by Hadden and Grayson, 
who found that the average deviation of the calculated values from experi¬ 
mental values of K was 6.8 percent. 

A complete set of the 10 working charts is presented in the article by 
Hadden and Grayson (28). 


METHOD 3: NOMOGRAMS OF LENOIR AND CO-WORKERS 

In a series of articles (11, 43, 44, 55), Lenoir and co-workers presented 
a procedure for the determination of K-values. In principle it is like the 
previous method, but it differs in many details. Like Hadden, Lenoir 
selected an equivalent binary for the determination of the convergence 
pressure of the multicomponent mixture. However, the procedure for the 
selection of this binary differs from the one employed by Hadden (27). 
Lenoir proposed the following procedure for a mixture composed of n 
components, numbered in the order of decreasing volatility. 

The pseudolight and pseudoheavy components are defined by the 
methods employed for the determination of their normal boiling points. 
These methods are summarized by the following formulas. 

n—1 

Tm » -^= 4=1 - ( 17 - 42 ) 

i: {XiFm) Tni 
- 

52 Bi 


(17-43) 
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where 

Fui, Fii = empirically determined weight factors for the mole 
fractions. 

Tsi = nonnal boiling points C*R) of components 1 through n. 

Tnt, Tni = normal boiling points CR) of the pseudolight and 
pseudoheavy components, respectively. 

The values of Fui and Fu are read directly from experimentally determined 
curves of log F^i versus log ( Tm/Tn,^) and log Fu versus log (Tiva/Tvi), 
respectively. After the normal boiling points of the pseudoUght and pseudo¬ 
heavy components have been computed, the equivalent binary is vued to 
determine the convergence pressure by use of one of a series of graphs of 
the type depicted by Figure 17-10. Instead of u^g the identities of the 
components as parameters as indicated in Figure 17-10, Lenoir and White 
(44) employied normal boiling points. The graphical procedure for the 
determination of the convergence pressure is analogous to that described 
for Method 2. On the basis of the convergence pressure so obtained and the 
specified temperature, the /^-value for a given component is found by use 
of one of two nomograms which were prepared by Cajander, Hipkin, and 
Lenoir. These graphs constitute revisions of earlier ones by Myers and 
Lenoir (55). 

The nomograms make use of the “iiCiD-concept,” which amounts to the 
identification of a component by the value of its /C at a pressure of 10 psia, 
a convergence pressure of 5000 psia, and at the system temperature. For 
paraffin and olefin hydrocarbons, the /f-values for two different hydro¬ 
carbons were found to be approximately equal provided their respective 
/Cio-values and convergence pressures are equal. These values of K are ob¬ 
tained by use of “Kircharts,” which consist of plots of K versus tempera¬ 
ture for a wide variety of components. A sketch of one of the nomograms 
is shown in Figure 17-11. One of the nomograms was for system pressures 
ranging from 10 to 500 psia and the other for pressures ranging from 150 
to 1000 psia. 

The iiC-value of a given component in a multicomponent mixture at a 
specified temperature and pressure is determined by the following 
procedure. 

Step (1): Compute the normal boiling points of the pseudolight and 
pseudoheavy components by use of Equations (17-42) and 
(17-43), respectively. 

Step (2): On the basis of the equivalent binaiy found in Step (1), deter¬ 
mine the convergence pressure by use of a chart similar to the 
one illustrated by Figure 17-10. 
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Corrections for ^,o>70 



Figure 17«11. Sketch of nomogram of Lenoir and co-workera. 


Step (3): For the particular component whose i(-value is desired, deter¬ 
mine its /iTiirvalue at the system temperature by use of the ap¬ 
propriate /Cjo-chart. 

Step (4): If Kto < 70, proceed to Step (5). If Ku > 70, correct it by use 
of a graph similar to the one shown in Figure 17-11. This gives 
a /Tiirvalue evaluated at the convergence pressure of the system 
rather than 5000 psia. 

Step (5); Locate the value of Kw found by Step (4) on the HTurScale of 
the nomogram as shown in Figure 17-11. Locate the point 
( Pk, P*) on the grid, and connect this point with the one located 
on the /iTio-scale by a streught line. The intersection of this line 
with the liC-scale gives the value of K for the fpven component. 
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This oaleulatioDal procedure, which represents the most recent one of 
Lenoir and co-workers, requires the following set of working charts. 

1. Two weight-factor (F# and Ft) charts; see Lenoir and White (44). 

2. Eleven convergence pressure charts; see Lenoir and White (44). 

3. Twelve KvrchBXtB] presented by Cajander, Hipkin, and Lenoir ( 11 ). 

4. Two nomograms; presented by Cajander, Hipkin, and Lenoir ( 11 ). 
0 . A quasi-convergence pressure chart; see Cajander, Hipkin, and 

Lenoir ( 11 ). 

The accuracy of the method is good. Cajander, Hipkin, and Lenoir 
( 11 ) report an average deviation between calculated and experimental 
values of K of 4.6 percent. 


PART HI 

USE OF ACTIVITY COEFFICIENTS IN THE DETERMINMfQN OF K-VALUES 


When unlike molecules are mixed in the liquid phase, the single composi¬ 
tion parameter expressed by convergence pressure does not always ade¬ 
quately describe the effect of composition on the /C-values. The variation of 
K for a given component in a mixture at a fixed temperatiue and pressure is 
a function primarily of the composition of the liquid phase. In fact, experi¬ 
mental evidence shows that large variation in the K’a results from changes 
in the liquid compositions at pressures so low that the vapor is not only 
an ideal solution but also a perfect gas mixture. Thus for many systems 
Equation (16-69) reduc<»'.to 


„ yf/f yfP. 

Ki * —— S- 

fi P 


(17-44) 


In spite of the apparent simplicity of this equation, the expressions for 
the activity coefficients for multiobmponent mixtures become almost too 
cumbersome for practical application. In view of this complication only a 
few of the various expressions proposed for the correlation of activity co¬ 
efficients as a function of composition are presented. However, the few 
that are presented are treated thoroughly. Since the expressions of Van 
Laar (83, 84), Margules (49), Scatchard and Hamer (74), and one of the 
equations of Benedict el al. (7) represent special cases of a more general 
equation of W’ohl (87), the expression proposed by Wohl will be taken as 
'a starting point. Because of the volumetric functions “ 9 ” appearing in this 
expresfflon, Wohl (87) called it the “g-equation.” 
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THE q-EQUATION 0$ WOHL 

In the original article of Wohl (87) the equation was stated for binary 
and ternary mixtures. Recently it was restated and extended formally by 
Hougen, Watson, and Ragatz (34) to include multicomponent mixtures 
composed of any number of components. For a binary mixture, the four- 
suiiix form of the ^-equation is given by 

RT(q^i + Jill) ,.j i.« 

+ E (17-45) 

where 

a»|-, ..., at}Vfc( = constants of the type an — a,< 

gi, qt — constants; they may be regarded as a measure of the 
molal volumes of components 1 and 2 

^ nigi ^ fhqt 

— , Zj = - 

nigi + »2?2 ni?i + »29 s 

If the activities are correlated on the basis of the first summation on the 
ri^t hand side of Equation (17-45) alone, the resulting expression is 
called a two-suffix (t, j) equation, and it represents the interaction of mole¬ 
cules in groups of two. If both the first and second summations are em¬ 
ployed, it is called a three-suffix {ifj, k) equation. The second summation 
represents the interaction between molecules in groups of three. The three- 
suffix g-equation is particularly significant because under different condi¬ 
tions, it reduces to each of the well-known relationships proposed for 
binary mixtures. 

The Z’s may be called generalized volume fractions since they are of a 
form analogous to the volume fraction, 


_ niVi 

niDi + njt)2 

and since the g’s may be considered related to the molal volumes of the 
pure (xmiponents (74). However, since the g’s may also be regarded as 
arbitraiy constants, the Z’s will be called “g-factors” as suggested by 
Wohl (87). 
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THE THREE-SUFRX cf EQUATION FOR UNARY AADCTURK 


In Uie expansion of Equation (17-45) for this ease, the number of 
terms and hence the number of a's occurring in the first summation is given 
by finding the combinations of 1 and 2 taken two at a time. The result is 
Oit and On- Similarly, the number of terms occurring in the second summa¬ 
tion is equal to the munber of combinations of 1 and 2 taken three at a 
time. Thus 


S* 

—-- = ZiZjait "1- ZiZiUn + ZiZtZiam + Z^iZiOtu 

RTiqiXi 4- 9aXj) 

4" ZiZiZjOui 4" ZiZjZjOiM 4“ Z^iZjan2 

4" Z^2Z\0>m (17-46) 

Since the a’s containing different combinations of the same numbers are 
equal by definition, Equation (17-46) reduces to 

- -- =s 2 ZiZjOi2 4 ZZiZifliu 4" SZlZiOm (17-47) 

RT{xiqi 4- xjqz) 

which is readily rearranged to give 
RT{xiqi 4- xtqi) 

= ZiZ2£2ait 4“ 3 Zi0u2 4" ZZsai2t2 


= ZiZ2[[Zi(2ai2 4" Soiu) 4* Z2(2ai2 4* 80122 ) “■ 2(Zi 4" Z 2 )ai 2 4' 

Since Zi 4- = 1 for a binaiy and since nr 9 * = (7*, the last expression 

may be stated as follows: 

^ . [n. + g) «.] (Z.Z.) [Z. Q B + Z.a] (17-48) 

where 

A — 9i(2au 4* 30122 ) 

B = 9t(2ai2 4" 3 ou2) 

In order to obtain the expresdons for in yi and In ya, Equation (17-48) 
is differentiated wiUi respect to ni and nt as required by Equation (16-102). 
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Thus 
In yf 




+ Z\A 


a£i\ 

dn\/p,T.%t 


2ZiZiA 



From the definitions of Zi and Zi it is readily shown that 


(17-49) 


'£Z,\ 

‘5ni/ r,T.Ht 


Zi /dZa\ —Zj 

[ni + (7j/9i)ns]' [ni + ( 92 / 91 ) n*] 


Substitution of thos(^ expressions into Eciuation (17-40) followed by the- 
collection of t^'rms yields the expressions known as the "three-suffix 9 -cqua- 
tions" for the activity coefficients for a binary mixture. 


In y\ 


= Z'Ja + 2 (—- a)z, 

L \ 92 / J 


An analogous development gives 


(17-50) 


In 72 



R + 2 - b) Za 


(17-51) 


Observe that the terminal values at infinite dilution are given by taking 
the following limits. 

lim In 71 * ■= A] lim yt = B 

2 i -*0 2(—0 

Evaluation of the constants A and B in these and other e(]uations to follow 
is discussed in a subsecpient section. Other well-known equations will now 
be obtained from Equations (17-50) and (17-51). 


THE THREE-SUFHX EQUATIONS OF AAARGULES 

If 91/92 = 1, Equations (17-50) and (17-51) reduce to the equations 
of Margiiles (49). At 91/92 = 1, it follows from the definition of Zi and Zi 
that Zi = Xi and Za = Ja. Thus 

In = jr{[A + 2(fl - ^)i,] 

In T.‘ - i![B + 2(A - B)xJ 


(17-4i2n) 

(17-!j3a) 
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Since Si ^ .1 — xt, Equations (17~62a) and (17~53a) may be stated as 
functions of xs and xi alone, respectively, as shown by Carlson and Colburn 
(13). 

In =® (2J5 — il)z| “f" 2(.4 •^,B)xt (17“52b) 

In Y» “ (2A - B)xl + 2(B - .I)*! * (17-^b) 


THE EQUATIONS OF VAN LAAR (TWO-SUFFIX q-EQUATION) 


The two-suffix ^-equation for a binary mixture consists of the expan¬ 
sion of only the first summation on the right hand side of Equation (17-45}. 
Following the same approach shown for the development of Equation 
(17-52), the equation of Van Laar (83, 84} follow as a direct result. 
Alternately, by taking gi/ga = AfB^ it is readily shown that Equations 
(17-50) and (17-51) reduce to 



Ax\ 

Ixa + (A/B)xiJ 



Bx\ 

[xi +\B/A)xtJ 


A 

[1 + (A/J5)(x,/x,)]» 

_ B _ 

[1 + {B/A){xt/x{)J 


(17-^4) 

(17-55) 


which are the well-known Van Laar Equations stated in the form suggested 
by Carlson and Colburn (13). 


THE SCATCHARD-HAMER EQUATIONS 

If the relationship gi/ga - vjvt is supposed to exist, Equations (17-50) 
and (17-51) reduce to the equations of Scatchard and Hamer (74), which 


are as follows: 

In - ZI 

A + 2 I 


(17-56a) 


In yi = Z! 

B + 2\ 


(17-57a) 

where 






Zi = 


nii>i 


niVi -I- n*vt' 


Zt 


fWt 


niVi -H nivs 
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Alternately, Eqi^tions (17-56a) and (17'-57a) may be stated in the form 


In 7 f = A 

fWvi ^ 

\Awi 

)z5- 

2A 1 

e-) 

\Zl 

(17-56b) 

In 7 * B 1 

nAvt ^ 
\Bvi 

i)«5 - 

2B\ 

e-) 

\z\ 

(17-57b) 


which was proposed by . Carlson and Colburn (13). 


COMPARISON OF THE EQUATIONS OF WOHL, MARGULES, VAN LAAR, AND 
SCATCHARD AND HAMER 

On the basis of the existence of a relationship between the 9 ’s and the, 
molal volumes of the pure components, the taking of qi/qt = 1 amounts 
to saying that the mclal volumes of the pure components are about equal. 
Thus as Wohl (87) points out, the equations of Margules may be expected 
to be useful in the treatment of mixtures composed of molecules that are 
not highly dissimilar. For mixtures of somewhat higher degrees of dis¬ 
similarity, the Van Laar equations may be expected to be slightly superior 
to the Margules equations. In general, the choice of qi/qt = vi/vt contained 
in the Scatchard-Hamer equations can be expected to be superior to the 
choice of qi/q^ = 1 upon which the Margules equations are based. The most 
general form of the three-suffix 9 -equations is represented by Equations 
(17-50) and (17-51). These equations are superior to those obtained 
from them. However, this advantage is achieved through the use of a 
third constant, qi/qt. 

Another useful set of equations for the treatment of binary mixtures is 
presented in a subsequent section. Before consideration of these, the 9 - 
equation of Wohl will be applied to a ternary mixture. 


APPUCATION OF THE q-EQUATION OF WOHL TO MULT1COMPONB4T 
MIXTURES 

Formally, the extension is readily accomplished by replacing the term 
(*i 9 i + *i 9 i) in Equation (17-45) by 

C 

where c is equal to the total number of components present in tl^ given 
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mixture. Also, the denominator ( 91^1 + qtnt) of each Z [as defined below 
Equation (17--45)] is replaced by 


£ nAQk 

Because the large number of terms involved in three- and four-sufiix 
equations for ternary mixtures, only the expressions for a two-suffix 
ternary are given. For this case the general form of the 9 -equation is 


’ 

RT(xigi + xtg» + Xjgs) 


2 ZiZiGii 
i,j 


(17-58) 


which gives upon expansion 

—— - 1 - - -- = ZiZiOa + ZiZiOn + ZiZifiit - 1 - ZiZi<hi 

RT{xiqi + Xj 9 j -I- Xtqt) 

*1- ZtZtfiit "H ZjZiBivi ~ ZiZ^Oit -j- ZiZt^ctiz “H ZiZzZon (17—59) 


If a set of constants, the A’s, be defined by 


2aisgi — Aij 


2oij92 = An 


2aitqi — All 
2 aji 9 j = An 

then it follows that 


2oi3gs =® An 
2anq% = An 


91 / 9 * ~ An/An’, 91/93 = An/An", 9 */ 9 » ~ An/An’, 

and 

An/An = (An/An) {An/An) 

Introduction of these constants followed by the multiplication of both 
sides of Equation (17-59) by the total number of moles, nr, yields 

(?* / A 21 Au\ r /Aa 2 Au\'| 

~ ifii -j- n 2 — h ni | IZiZiAu + ZiZiAu Z 2 Z 3 f—-—] j 
RT \ An An/ L . \ A 31 /J 


(17-60) 

As required by Equation (16-101), partial differentiation of Equation 
(17-60) with respect to ni holding idl other variables constant yields 

■ In 7 ? - AyOi + + {a„ + A„ - ZJ, (17-«1) 

\ ^31 / 
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In an analogous manner the following expressions for the activity coeffi¬ 
cients for components 2 and 3 ore obtained. 

In yi => AttZ\ -H A 2 iZ\ -f fifj* H- Ati - -—\ ZtZi (17-62) 

\ A\t / 

In Ti “ AbZ! + AaZ\ + + 4b - Z.Z, (17-63) 

\ Af) / 

The terminal values of the activity coefficients given by Equations (17-61), 
(17-62), and (17-6;i) are os follows: 


lira In yf = A 12 ] 

Xl -*0 

Zl-*1 


lim In ji - Au 

Xi-*0 

Xr-l 


lira In 72 * 
21-0 


A 2 i] lim In = il 2 i 
2»-*0 
Zl->1 


lim In yt = An', lim In 7 ^ = ^lai 

2 t -*0 2 a -*0 

Zr*i Z\-*i 


When these limits are taken, the particular Z which does not appear in 
each limit is understood to have the value of zero, for example, if 2 'i » 0 
and Zi - 1 then Zj » 0 since Zi + Z 2 + Zi — 1 . The most significant 
characteristic of these limiting values is that they are the limiting values 
A and B found previously for binaries. These results may be summarized 
as follows: 


Components 
Binary Mixture 

A 

B 

1.2 

Alt 

All 

1, 3 

All 

Aai 

2,3 

Au 

An 


If Qi/^i “ ~ Qt/Qi ~ I| then Au — A 2 i, Ai 2 — A 21 , Ati * 44,22 

and Zi = Xi, Z 2 = xt and Za = xa. For this choice of the ^'s. Equations 
(17-61), (17-62), and (17-63) reduce to 

In 7 f “ ifiaxi + iliaX* -H (iiia + ^lia — 442i)x2Xa (1764) 

in 72 “ A 22 XI -b i4iix! + {Au + 44ii — 4ln)xiXi (17-65) 

In 7 i = iliaXi + iiaix* + (4ia d" Aai Ai 2 )xiX 2 (17-66) 

By a different approach, Benedict et al. (7) obtained this set of equations. 

The three-suffix (^-equations for ternary mixtures are developed in a 
manner analogous to that shown for the two-suffix equations. Four-suffix 
^-equations are presented by Wt>hl (87) and others obtained therefrom, 
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such as the four-suffix Van Laar, Margules, and Scatchard-Hamer 
equations. 

Of the large number of other e<]uation6 proposed, among which arc 
(7, 14, 23, 24, 31, 59, 64, 75), only the recent ctiuutions of liedlu^h and 
Kuter are presented. A summary of many of the methods ineJudod in this 
list of references has been presented by Reid and Sherwood (09). 


THE EQUATIONS OF REDUCH AND KISTER 


Recently Redlich and Kister (66) proposed a set of ccpiations that 
have the advantage of being both flexible and convenient to use. These 
equations are similar to those proposed by Gilmont et al. (24). In compari¬ 
son with the Van Laar equations, Redlich et al. (67) assert that tiu'ir 
equations arc much less cumbersome for mixtures that cun be represented 
by only the first one or two terms of the eciuations and, furthermore, that 
their equations are always entirely sufficient for mixtures which rc<iuire 
three or more terms. 

For a binary mixture the Redlich-Kistcr equation for the excess free 
energy is 

qK 

= XiXa[_B -f C(xi — Xs) + D(xi — xt)^ + ...] (17-67) 

ni 

where 

B, C, D, ... = constants. 


In order to obtain the corresponding expressions for the activity coefficients, 
both sides of Equation (17-67) are multiplied by nr (where nj- = rii -f nj) 
and 


21 

BT 


nin* f C D 

- R H-(ni - ni) -f (ni 

nr nr nr 


— na)* 4- 




(17-68) 


Then by Equation (16-101) 





\ r c 

) B + (ni - ni) 
'p.r.m »r 


D 

-f — (ni - na)* -|- 
nr 




+ 


nifii N / a[R -f (C/nr)(na - na) -f (R/nr)(ni - na)* + ...] ’ 
k ftr • ' 


e.r.iii 


Application of the rules of partial differentiation yields 


’ ^i/nr \ 

k dni /e.r.na 


Hi 1 

nr nr 


nr — ni 
nr 


% 

Wr 
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for the first derivative appearing in the expression for In yf. Contmuation 
of the dififerentiati<MQi as indicated yields 

I. /«i\ f C D 

In 7 i * (—) B -I- — (3ni ~ nj) + — (ni - nj) (6ni - n*) 

\nr/ L nr nr 

E 

H— 1 (^ 1 "“ w*)*(7nj ■— n*) + •. • 
nr 

When stated in terms of mole fractions, the Redlich-Kister equations for 
a binary mixture are obtained. 

In yi = z|[B + 0(3x1 - xs) + D{xx — Xt) (5xi - Xa) 

+ E{x\ — Xa)*(7xi — Xa) ■+■ •••3 (17-69) 

In 72 = + C(xi — 3xa) + D{xi — Xa) (xi — 6xaj 

+ E{xx - xa)*(xi - 7x,) + ...] (17-70) 

Another form of these equations used by Redlich and co>workers 
(66, 67) is obtained by subtraction of Equation (17-70) from (17-69) 
'followed by rearrangement to give 

In yi/yx = R(xa — Xi) + C(6xiXa — 1) + D{xi — xa)(8xixa — 1) 

+ E(xi - xa)*(10xixa - 1) + ... (17-71) 

Redlich and Kister (66) extended their excess free energy function to 
include the description of multicomponent mixtures. For the case of mix> 
tures in which the interaction is of the binaiy type, they proposed the 
following expression. 

1^ “ E = (E *<*.) [«</ + (17-72) 

K1 i.j nl i,j 

where 

9^ = excess free energy of one mole of the mixture. 

9,7 = excess free energy of the binary mixture (y); also since (v) 
and (jt) represjent the same binary, 9 ,, = 9 )*- 

Equation (17-72) asserts that the excess free energy for the multicompo¬ 
nent mixture is equal to the sum of the excess free energy functions for 
each independent binary mixture. For the case of a ternary mixture, 
Equation (17-72) becomes 

9» ^ 

RT^ RT'^ RT^ RT 


(17-73) 
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where tiie expamnons for 9 u and 9 n are analogous to that whidi follows 
forgit, 

Qu 

“ Xixf[Bn + Cvi{xi — x*) -h ...] (17-74) 

RT 

If, in addition to binary interactions, ternary interactions ( 1 , 2 , 3) are 
involved, Equation (17-73) is modified to give 

RT RT^ RT^ RT 

+• X\Xix%[Bm 4" CitiiXi — Xi) + Ciji(a;* — X\) + .. .3 (17-75) 

By the scheme of Redlich and Kister, a system of four components may be 
represented by use of six independent binaries (6 values of 9 »>)> four 
series for all distinguishable combinations of XiXiXk, and one aeries for XiXjXtXi. 


EVALUATION OF THE CONSTANTS IN THE EXPRESSIONS FOR THE ACTIVITY 
COEFFIQENTS 

Suppose vapor-liquid equilibria data are available for a given binary 
mixture and that the constants in a particular set of expressions must be 
found for the activity coefficients. On the basis of these data, values for 
the activity coefficients are calculated directly by use of Equation (17-44) 
rearranged to the form 

tf - Kifi/ff - fyi/ffx, (17-76) 

The experimental quantities that are generally known are as follows: 
P, T, Pi, yi, and x,-. For many mixtures, deviations occur in the liquid 
phase at pressures low enough so that the vapor behaves like a perfect 
gas. For such mixtures Equation (17-76) reduces to 

Tf - PyJPuci (17-77) 

If these approximations are not valid, the /ugacities of the pure compo¬ 
nents are computed as discussed under Method 1. Note that the definitions 
of the hypothetical states employed in the calculation of the y's from the 
fugacities must be retained when the y’s are used to compute K's by use 
of Equation (17-44). 

After the 7 ’s have been computed from the data, they may be checked 
for consistency 1 ^ making a plot of In yf/ya versus xi as suggested by 
Equation (16-106). If the data are consistent, the area above the line 
yi/ya 1 should be equal to tihe area below it. Since this relationship. 
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Equation (16-106), » based on holding P and T fixed, only one value of 
X would be possible for a binary mixture. Thus the data may fail this test 
and yet be consistent because of the variations in either or both P and 7*. 

For the case of an equation with two constants, such as Equations 
(17-53) and (17-54), only two values of the 7 ’s and the corresponding 
values of z are required to determine the values of |ite 8 e constants. If 
several data are available, they may be used to find the best set of values 
of the constants by use of a curve fitting procedure such as the method of 
least squares. Since expresdons have been given for both yf and yf which 
contain the same constants, two sets of constants may be obtained by use 
of the same set of experimental data. The selection of the best set of con¬ 
stants could prove difficult unless, because of subsequent considerations, 
the best curve fit is desired for yt rather than 72 . If eciual weight should be 
placed on the experimental values for each 7 , the equations should be 
restated in a form containing both 7 ’s such as 


In yf/v} 



In the curve-fitting of these data, the particular e(]uation must be stated 
in linear form. For most of the equations stated, more than one linear form 
exists. For example, consider Equation (l7-52b). This equation is of the 
following linear form. 


where 


y = oiXi + otXt 


Oi = (2B — A), Xx = xi 


(17-78) 


a, = 2(A - B), A”, = x\ 
y = In 7 f 


Another linear form is obtained by dividing each member of Equation 
(17-52b) by a;! to give 


y = oi + OiXi (17-79) 

where 

Oi = (2B - A); JTi “ x| 

Inyi 

o, = .2(A-B); y--r- 


Although the dependent variable Y should not generally contain a func¬ 
tion of the independent variable, the linearized equatbn with an intercept 
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may yi^ld better results than the linearized form with an intercept of zero. 
Note that the best curve ht from the standpoint of application is not neces¬ 
sarily the one which'minimizes the error in the dependent variable"^ Y but 
the one which minimizes the error of a function such as 

L L 

Twcp ~ 7wl 

Yexp 

or a similar one which will lead to a minimum of error in the final result, 
K, as given by Equation (17-44). The final correlation may also be chocked 
for thermodynamic consistency by \m, of E(iuation (1(>-106). 

When equilibrium data are lacking, activity coefficients may be esti¬ 
mated from the azeotropic compositions and boiling point. Large collec¬ 
tions, as well as methods for extending these data, are available (32, 34, 
42, 48, 53). Since =* Xi at the azeotrope, Eejuation (17-77) reduces to 

7. = P/Pi (17-80) 

which may be employed to compute 71 and 7 j. On the basis of these 7 ’s 
and the value of Xi at the azeotrope, two constants {A and B) may be 
determined for any particular set of equations such as those of either 
Margules or Van Laar. 


APPROXIA^TE TREATMENT OF MULTICOMPONENT MIXTURES 

Many mixtures are encountered in a refinery in which two distinctive 
types of components such as aromatics and paraffins are present. With 
respect to the determination of activity coefficients, McMillin and co¬ 
workers (52) have treated such mixtures as pseudobinarics. For relatively 
narrow boiling mixtures, good results have been obtained. According to 
this procedure the mole fractions in equations such as Margules are re¬ 
placed by pseudomole fractions, which are defined as follows: 

^ moles of aromatics in liquid 

^ moles of aromatics + moles paraffins in liquid 

moles of paraffins in liquid 

J s . • .. . . 

moles of paraffins -f moles of aromatics in liquid 

Then yf and yi become the activities for the aromatics and paraffins, 
respectively. 
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CFFECrS OF TEMPERATURE, PRESSURE, AND COMPOSITION ON ENTHALPY 

Of these, the corrections for temperature and pressure are the ones 
most commonly applied. Attempts have been made both ^pirically and 
theoretically to include the effect of composition on ^thalpy. Enthalpy 
correlations are commonly presented in the form of charts. Some of l^e 
basic principles upon which these charts are based follow. 


EFFEa OF TEMPERATURE ON ENTHALPY 


It has become customary to correct the enthalpy for the effect of tem¬ 
perature with the pressure held fixed at zero. The specific heat capacities 
are commonly stated as functions of temperature at a pressure of zero. 
Among the numerous collections of heat capacities which have been pub¬ 
lished are those in the following references (16, 36, 40, 41, 62, 71, 72). From 
the definition of the heat capacity. 


{aHi/dT)p = Cp. (17-81) 


it follows that the change is enthalpy resulting from a change in tempera¬ 
ture at P = 0 is given by 


^:(0, T,) - miO, Ti) 



(17-82) 


Observe that the actual substance obeys the perfect gas law {Pv = RT) 
at P = 0. For the case where Ti = 0®K, a large collection of enthalpies 
have been tabulated (1, 71, 72). 


EFFEa OF PRESSURE ON ENTHALPY 

For one mole of a pure component integration of Equation (16-IOa) 
gives the following formula for the change in enthalpy with pressure at 
constant temperature 

iTiiP, T) - T) = 

If either the equation of state or P-V-T data are available for a given 
compound, Equation (17-83) may be used to compute the change in 
enthalpy with pressure at constant temperature. 
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Frequently, data are presented in terms of compressibility factors 
{Z * Pv/RT). For substances having equal compressibility factors at 
the same sets of reduced temperatures and pressures (the law of corre¬ 
sponding states), the following formula is useful. 


m(PB, Th) - HKO, Tn) 

Tci 



n dZ \ dPa 
dTsKg Pr 


(17-84) 


For substmices which obey the law of corresponding states, the right-hand 
side of Equation (17-84) is independent of the identity of the component. 
Therefore, the left hand side is independent of t; and although this ratio 
is independent of t, the individual members depend on the identity of the 
component. Numerical values of this enthalpy difference have been tabu¬ 
lated for both liquids and vapors by Hougen, Watson, and Ragatz (34), 
and charts have also been prepared by Lydersen el al. (47). Other useful 
collections of data are (20, 37). 


EFFEa OF COMPOSITION ON ENTHALPY 


As shown in Chapter 16, the enthalpy is not affected by composition 
for the case of an ideal solution; that is. Hi = Rt. The partial molal enthalpy 
of a component in a nonideal solution may be calculated by use of the 
equation of state for the mixture if the equation is available. When the 
standard state of a component in a mixture is taken to be a perfect gas at 
1 atm. and at the temperature of the mixture, the expression [[similar to 
Equation (16-82)] which relates the partial molal enthalpy and the 
fugacity is derived as follows. Division of each member of Equation 
(17-12a) by T followed by partial differentiation with respect to T 3 rield 8 , 



/aG“(/r\ 

V dT ” 

\ BT /p.., 



(17-85) 


In view of Uie relationship given by Equation (16-32), the desired 
expression 


H\-m ^ /djn^\ 
ftT* ” V ay 


(17-86) 


is obtained. For a component in the vapor phase, the expression for In }i is 
analogous to the one given by Equation (17-13) for a component in the 
liquid i^base. Partial differentiation of In with respect to T (with the 
other variables held constant as indicated by Equation (17-86)) leads to 
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the following formula for the partial molal enthalpy as shown by Papa- 
dopoulos, l^ord, and Friend (61). 

ffi - in = [(So + SoJSr - 4(iloilo*)»« - 8 

+ 3C(6*6,)‘/»S7’ - I(o«a<)»rt>* 

+ + («<«)»'*>• 

. ^ (c.e»)^V f l - exp (~ 7 p«) exp (--7P«) 

7 ^ L yp* 6 


7P«exp(-7p«) 1 ^ Wiyihy^I __ £Qi 

3 J r*7p» K 

where 


I 

% 




1 + 7P* + 


(7P«)^ 

2 


(7P»)» ' 
3 . 


exp (~7P*) 


(17-87) 


J = SoSr - 2iio - p + [26sr - 3oy 


iicp* 

+ 6oop‘ + — [1 4- 7P* “ i(7P*)®] exp (-7P*) 


A' =« S7’ 4- 2 (boRT - ^0 - P 4- HbRT - a)p* 

3cp» r 2(7p*)n 

4“ 6aop* 4- — 1^1 4- 7P* - exp (-7P*) 

Qi » ST 4- [(So 4- B,i)RT - 2(Aoi4oO‘'* - 2 P 

4- 3[(6*6,)>«S7’ - (a»a.)>* 4- 3(aa)*'»C(oa<)»/» 4- (aOi)*«y 
3(c»c,)‘V 

+ —" ■ (1 4- 7P®) exp (-7P*) 

—( 7 P*)*'* 7<®'* exp (“7P*) 
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COmaATION OF B4THALPY DATA 

For an ideal solution the enthalpy of the mixture is given by 

H’(p, r) - i; iijr,(p, T) 
and 

H*(P, T) - E iiifff (P. T) 

i-l 

In theory only the molal enthalpies of the pure components at the tem¬ 
perature and pressure of the mixture arc required. Charts for pure compo¬ 
nents have been prepared by several authors (10, 35, 50, 65, 88). Con¬ 
struction of these charts is based on the relationships given by Eciuations 
(17*-82) and (17-83) and various experimental data. The results are com¬ 
monly presented in the form of P (or T) versus enthalpy at parameters 
of T (or P), The enthalpies read from these charts arc based on a datum- 
value for enthalpy rather than a standard state value. The datum-value 
differs from the standard state value, as used here, in that both the tem¬ 
perature and pressure are fixed in the definition of the datum. The value 
commonly assigned for the datum enthalpy is zero. I''or example, Prengle 
and Greenhaus (65) assign a value of zero for the enthalpy of the saturated 
liquid of n-butanc at 1 atm. and 31.10®F. As discussed in Chapter 5, a 
different datum may be employed for each (iomponent when the constant- 
composition method for making enthalpy balances is employed. 

In the application of Equations (17-88) and (17-89), two complica¬ 
tions arise. For a component in the Ii(iuid phase whose critical temperature 
is below the temperature of the mixture, no' litiuid phase exists for the pure 
component. Values of the enthalpy (li(iuid) of such a <!omponent are given 
by a line labeled “gas in solution" on some charts (51, 68). This line is 
based on an extrapolation procedure which assumes that a gas in solution 
at any temperature has the same partial density and enthalpy as the pure 
component at a pressure given by extrapolation of its vapor pressure curve 
above the critical point to the temperature of the system (19, 51), 

The second difficulty in the use of the charts for pure components 
arises for those components in the vapor phase that have vapor pressures 
less riian the system pressure at the system temperature. These compo¬ 
nents do not exist in the vapor phase at the system temperature and pres¬ 
sure. Edmister (19) recommends that the vapor enthalpy of such a compo¬ 
nent be taken equal to that of the saturated vapor at the system 
temperature. 

Maxwell (51) avoided the second difficulty by making the assumption 
that the effect of pressure on the enthalpy of a mixture is the same os that 
for a pure component with the same molecular weight os the mixture. His 


(17-88) 

(17-89) 
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procedure consists the evaluation of the enthalpy of the vapor at the 
eystem temperature and at low pressure (0 to 1 atm) by use d the pure 
component charts. On the basis of the enthalpy of the mixture at the system 
temperature and zero pressure, the enthalpy of the mixture at the temperar 
ture and pressure of the mixture is obtained by interpolation with respect 
to molecular wei|^t. 

The last procedure is somewhat similar to the “equivalent component” 
method proposed by Ragatz ei al. (68). Such charts may be prepared from 
the pure component charts by making appropriate cross plots to give 
enthalpy as a function of temperature, pressure, and molecular weight 
as described by Edmister (19). Nomograms of this type have been pre¬ 
pared by Scheibel and Jenny (76). 

Still a different procedure has been proposed by Peters (63), whose 
method makes use of the pure component charts. In addition to the pres¬ 
sure parameter, the molal average boiling point appears as a parameter on 
each chart. This parameter includes to some extent the effect of composi¬ 
tion on the enthalpy of a component in the liquid phase. 

The partial molal enthalpies, R/s, that include the effect of tempera¬ 
ture, pressure, and composition have been determined by use of the results 
of Benedict and co-workers (3, 4, 5, 6) by Canjar and Edmister (9) and 
by Papadopoulos ei al. (61). A graphical procedure was used by Canjar 
and Edmister while Papadopoulos ei cU. (61) computed the partial molal 
enthalpies directly by use of Equation (17-87). Based on the same param¬ 
eters used by Edmister and Ruby (21), Edmister and Canjar (18) pre¬ 
pared nomograms for the partial molal enthalpies. 

The partial molal enthalpies are used to make enthalpy balances for a 
column in the same manner as described previously in Chapter 5 for the 
molal enthalpies of the pure components. For example, when partial 
molal enthalpies are employed, Equation (5-9a) becomes 


DlHl - + Qc 


(17-90) 


Hd == XoiRoi (for a partial condenser) 




i-1 







where 
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Except for the evaluation of the partial molal enthalpies, calculations are 
carried out in the same manner as described in Chapter 5. 


NOTATION 

(See also Chapter 16) 


Cs» & composition parameter 

9* — excess free energy per mole of solution 

G* = excess free energy of nr moles of solution 

Oi = free energy of one mole of a perfect gas at any temperature T 
and at a pressure of 1 atmosphere 

= enthalpy of one mole of a perfect gas at any temperature T 
nii ~ mass fraction of component t in a solution 
Mt, 3fn-i == composition parameters based on mass fractions 

n = the total number of components; it replaces “c” in equations 
where c is used to denote a critical property 

Pe = critical pressure (absolute) 

Pb = reduced pressure; Pg = P,/Pe 

Pt — system pressure. The system pressure is also denoted in some 
cases by P. 

PjT = convergence pressure 

tci = critical temperature (*F) of component i 

leT = critical temperature (**F) of the pseudoheavy component of the 
equivalent binary; it is the weight-average of the critical tem¬ 
peratures of components 2 through n 

U ~ system temperature (’’F); also, the system temperature (“R or 
°K) is sometimes denoted by / and T, 

Tti * critical temperature (®R or *K) of component i 

Tn * reduced temperature; Tg = Pi/T* 

Tt » system temperature (®jR or ^K) 

Tm molal average boiling point. It is computed by Equation (17-15) 
(or (17-16)) and obtained in or ®JiC. Usually it is then con¬ 
verted to ®F for plotting purposes as indicated by the graphs 
drown in this chapter 
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Figure P17-2. Paths for the case where the standard state is a 
perfect gas at 1 atm and the temperature T. 


7Vi = normal boiling point of component i 
p — molal density 

PROBiEMS 

17-1 Develop Equations (17-8) and (17-9). 

17-2 (a) For the path given in Figure P17-2, show that the difference in free 
energy between states (1) and (4) is given by 

r /'^o RT 1 

(5?(P, D - (?S(1, r) = lim / —/ v\dp\ 

1*0-^ Ul P ■'1*0 J 

= RTlu'fi 

(b) Show that the change in free energy between states (1) and (9) is 
given by Equation (17-12b). 

17-3 Develop Equations (17-28), (17-30), (17-34), and (17-35). 
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17^ Show that a five eomponent mixture for which Afs, Mt, and are fixed 
may be re^uded aa an equivalent binary composed of component 1 and a 
pseudoheavy component denoted by 5 whose mole fractions may take on 
all positive numbers which satisfy the following equations simultaneously 

nil -h WT = 1 


Wlj 

(1-M4)(l-Af,)(l-Afj) 

17-5 Develop Equation (17-50). 

17-6 Develop Equation (17-61). 

17-7 Develop Equation (17-69). 

17-8 Develop Equations (17-83) and (17-84). 

17-9 (a) Shov/ that the enthajlpy of a perfect gas at unit fugacity (or unit pres¬ 
sure) is equal to the enthalpy of the actual substance at zero pressure 
and at the same temperature; that is, show that 

^?(i, T) = mio, r) 

(b) Show that 

/fS(P, T) = T) 

17-10 Verify the result given by Equation (17-90). 
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